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What is ,u-calculus?'

propositional modal u-calculus

propositional modal logic

\ +

least and greatest fixpoint operators




Why the 1 in p-calculus ?I

¢ a monotone function from a complete ordered set into itself.
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vr.p(x) = the greatest fixpoint of ¢



Why the p in p-calculus ?I

Take ¢ a modal formula, x occurs only positively in .

Let K = (W, R) be any Kripke structure (any transition system), and
Vi P — (W) any valuation.



Why the 1 in p-calculus ?I

Take ¢ a modal formula, x occurs only positively in ¢.

Let K = (W, R) be any Kripke structure (any transition system), and
V : P — p(W) any valuation.

p() : p(W) — p(W)
lzl] = = lle(@)]|2ms

is a monotone function from (p(K), C) into itself.



Syntax I

pu=p|T|Ll~ploAhp|lpVve
proposit?(:llal logic




Syntax I

pu=p|l T L]l-0|lpoAo|pVel

modal logic



Syntax I

pu=p|T|Ll-plonep|loVe|Op|Op|

TV
p-calculus

where x is a propositional variable which occurs only positively in nx.p

(n = v, ).



Why p-calculus? I

The fixpoint operators makes the calculus very powerful (and really hard to
understand....)



Why p-calculus? I

It can express :

liveness: “something good (p) will happen”

ux.pV ox



Why p-calculus? I

It can express :

safety: “something bad (p) will never happen”

ve.—~p AUz



Why p-calculus? I

It can express :

fairness: “something good (p) will happen infinitely often”

ve.py.(p A Gx) V Oy



Why p-calculus? I

and much more. ..

Walukiewicz formula W,,:

HEp VTt ... px1 ((p — O /\ (r—ax;) AN (—p—0 /\ (r — z;)))

1<n 1<n



Why p-calculus? I

Modal / Temporal Logic Automata Theory

N

— calculus

N

(Descr.) Set Theory Game Theory



Semantics '

Let K = (W, R) be a Kripke structure (a transition system) and V : P — p(W)

a valuation.

Ipllv = V(p)
ITIV =W
LIV =0

[=ellv =W\ [l
e Ally = 1lelly Nllvy

oV olly = llellv Ullvly



Semantics I

Let K = (W, R) be a Kripke structure (a transition system) and V' : P — p(W)

a valuation.

[0l = {s € W:3t.(s,t) € RAt € [|¢|[V'}
100l = {s € W:Vt.((s,t) € R) — (t € |lel[i7)}



Semantics I

Let K = (W, R) be a Kripke structure (a transition system) and V' : P — p(W)

a valuation.

lpzp@)|[F = (S S W : |le(S)IIF € S}

lva.p(@)[[F = (J{S € W : S C [lp(S)IF}



Semantics I

ol = {(K,V.s): s € W As € [|0] [V}



Completeness I

Kozen’s axioms for the p-calculus:
e axioms and rules for the modal logic K
e the “unfolding” axioms: p(ux.p(x)) — px.p(x),

e Park’s fixpoint induction rule: (p(v) — ¥, uz.p(x) — )



Completeness I

Theorem 1 (Walukiewicz (93)) The p-calculus has a complete and sound

axiomatization.



From now on... I



From now on... '

... forget what you have seen about the semantics.

Let’s play games.



Evaluation game for classical propositional logicl

position player next position
<pi7 ’U)> - -
(=), w) V and F switch their roles (1, w)

(1 V ¢p,w) | V chooses between (1), w) and (¢, w) V choice
(¥ A p,w) | F chooses between (1, w) and (¢, w) F choice




Example 1
(gVr)Ap

Vv p (p,q)




Evaluation game for modal logicI

position player next position
(pi, w) - -

(=), w) V and F switch their roles (1, w)

(1 V ¢p,w) | V chooses between (1), w) and (¢, w) V choice

(¥ A p,w) | F chooses between (1, w) and (¢, w) F choice
(O, w) V chooses a node w’ s.t. w — w'’ (P, w)
(O, w) F chooses a node w' s.t. w — w’ (1, w")




Example 2
(OOp Vv Op) Ar




Evaluation game for p-calculus

xaluation same for jocalonis)

position player next position

(pi, w) - -

(=), w) V and F switch their roles (1, w)
(1 V ¢p,w) | V chooses between (1), w) and (¢, w) V choice
(¥ A p,w) | F chooses between (1, w) and (¢, w) F choice
(O, w) V chooses a node w’ s.t. w — w' (¢, w)
(O, w) F chooses a node w’ s.t. w — w’ (1, w")
(pz.1h, w) - (¢, w)
(vz.ih, w) - (1, w)

(z, w) - (Ya, w)




From a game-theoretical point of view... I

...the game behind the p-calculus is a parity game



From a game-theoretical point of view... I

... “pu means finite looping”



From a game-theoretical point of view... I

... “v means infinite looping”



Example 3

pr(p Vv o)




pr(pV o)

=)
(- ()
() =) =) -)

(p)



Example 4
va(py((p A Gx) V Gy))



yd ”’/ |
(—)’ (\) (;) (=)
(=) (=) l (-)
) S ()
(=)
|
) (=)
(p)
E(—)

(_) (p)(p)(p) etc



Proposition 1 (Game-theoretical version of the “fundamental theorem”)

s € ||ol|¥ iff V has a winning strategy in E(p, (K, V)) starting at s.



The fixpoint alternation depth'

The fixpoint alternation depth (fad) of a formula is the number of non-trivial
nestings of alternating least and greatest fixpoints.



The fixpoint alternation depth'

p1:=(pV $g) ADr

fad(p1) =0



The fixpoint alternation depth'

o = px(pV $x) ADr



The fixpoint alternation depth

<
<

<
<




The fixpoint alternation depth'

fad(p2) =1



The fixpoint alternation depth'

w3 = vy(pz(p Vv Gx) AOy)



The fixpoint alternation depth




The fixpoint alternation depth'

fad(pz) =1



The fixpoint alternation depth'

s = vy(px((p Vv Ox) Ay))



The fixpoint alternation depth




The fixpoint alternation depth'

fad(ps) =2



The fixpoint alternation hierarchy

For n = v, u, n(®) is the smallest class of formulae s.t.:
o & ® C n(P);
o If ¥(z) € n(®) and z occurs only positively, then nz.y) € n(P);
o If 1,0 € n(P), then o A p, ¥ V @, G, Oy € n(P);
o If 9, p € n(®) and z is bound in v, then p[y x| € n(P)



The fixpoint alternation hierarchy

e X =TIIf - formulas without fixpoints;

i EZH = p(I18);
° HZ_H = V(Eﬁ).

AH = S A T



The fixpoint alternation hierarchy

Clearly the fixpoint alternation hierarchy is strict.



g g a4 a
SN SN S NS



The fixpoint alternation hierarchy

LMZUEZZUHZ
ncw

new

fad(p) =niff n =inf{k:p e AL}



The semantical fixpoint alternation hierarchy'

SE = {|lg]] ¢ € ¢}
I = {||¢|| : ¢ € 14}

AX =YK NnIx



The semantical fixpoint alternation hierarchy'

Theorem 2 (Bradfield (96), Lenzi (97)) The semantical fizpoint alternation
depth hierarchy is strict.

Proof: For every n, the Walukiewicz formula

HITnVIn—1 - - -,uajl((p — <> /\ (T — :CZ)) A (_'p — [ /\ (7“ — CCz)))

1<n 1<n

is LE_complete.



S NS N N

4 4 4
X < i Mo M
N N N N



... but it looks like ...



/\/\/\/

\/\/\/\



The Borel Hierarchy'

As soon as they were introduced, Baire set up the Borel sets in a hierarchy : the
Borel hierarchy, which relies on counting how many operations complementation
and countable union are necessary to create a Borel set.

Definition 1
1. 3V = {open sets)}

2. I ={Bt: Bex)
3. A =3x"n1r’

430 ={A=JA4.: A, e )

neN B<a

B= == m= = =m= ] Al

aceOn acOn a<wi oa<wq a<wi



Borel Sets from Above.

Suslin showed that, for countable alphabets:

B= ] =) = 2 nlI =A]

a<wi
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What about a hierarchy for A sets?



We think p-calculus can help. ..



Sets of models of u-formulae are sets of labelled infinite trees. Hence, they can
be seen as sets of reals.



e sets of trees regarded as Cantor or Baire space




Example: Xi-complete I

ve(py((p A Ox) V Oy))



yd ”’/ |
(—)’ (\) (;) (=)
(=) (=) l (-)
) S ()
(=)
|
) (=)
(p)
E(—)

(_) (p)(p)(p) etc



For every n > 2, sets of models of Walukiewicz formulae

pavin-i...pei((p =& N\ (r—=z)A(mp =0 N (r — )

1<n 1<n

are in AL\ Al ...



For every n > 2, sets of models of Walukiewicz formulae

PV -z ((p — O /\ (r— i) A (=p — 0 /\ (r — x;)))

1<n 1<n

are in AL\ Al ...

... but where are they located?



e This gives a hint on what a hierarchy of A} \ Al sets might be.

o There exists already a hierarchy of Al \ Al (under determinacy). It has not
been described though.



Wadge game G(L, M)

Spoiler s ; Duplicator

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.



Wadge game G(L, M)

Spoiler ; Duplicator

AN

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.



Wadge game G(L, M)

Spoiler Duplicator

AN AN

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.



Wadge game G(L, M)

Spoiler Duplicator

S AN

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.



Wadge game G(L, M)

Spoiler S ; Duplicator

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.



Wadge game G(L, M)

Spoiler s ; Duplicator

/ AN

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.



Wadge game G(L, M)

Spoiler . ; Duplicator

/ \ skip!

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.



Wadge game G(L, M)

Spoiler S " Duplicator

/ AN
/ AN

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.



Wadge game G(L, M)

Spoiler S " Duplicator

/ AN / AN
/ N

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.



Wadge game G(L, M)

Spoiler S ; Duplicator

/ AN / AN
/ N

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.



Wadge game G(L, M)

Spoiler S ; Duplicator

/ AN / AN
/ N

Duplicator may skip his turn, but not forever.
Duplicator wins iff t € L <= s & M.

L < M iff Duplicator has a winning strategy in G(L, M)



Wadge game G(L, M)

L < M iff Duplicator has a winning strategy in G(L, M)
L < M iff there exists a continuous f s.t. L = f~'M



Wadge hierarchy I

L < M iff Duplicator has a winning strategy in G(L, M)
Under determinacy:

e <has antichains of lenght at most 2

e < has no infinite descending chain:

LQ>L1>L2>...Ln>Ln+1>...



Wadge hierarchy I

LV LS



Wadge degree I

e degree ()=1

o degree (L)=sup{degree(M): M < L}



First results '

e Measure of strength: height of hierarchy for AX;

e part of this work derives from previous works on weak alternating tree

automata, with Filip Murlak



Addition '




Addition '




Addition I

A A

A
A

L+ K = L with the possibility to switch to K or K°C



Addition I

A A

A
A

L+ K = L with the possibility to switch to K or K°C
LKe AR — L+ KeAK



Multiplication I



Multiplication I

L
L M

A
AL
\ A



Multiplication I

[\







Multiplication I

T
- Y
Aﬁ<

<

A
A

<

LeAX — L.ke AK for each k



Multiplication I

A
- Y
Aﬁ<

<

A
A

<

LeAK — L. ke AR foreachk L € AR — L.we AK



Exponentiation I




Exponentiation I




Exponentiation I




Exponentiation I




Exponentiation I

Le AKX — qf ¢ AK



AKX sets I

The hierarchy of AX sets is closed under
addition o, 8~ o+ 3,
multiplication a~ a - w,
exponentiation o~ w,

w

and hence has the height at least ¢y = pr.w® =w



AK sets I

The hierarchy of AX sets is closed under
addition
multiplication < w®,

exponentiation of base wq,



U=,

neN

The hierarchy of U ¥V is closed under
neN

addition
multiplication < wq,

exponentiation of base wq,

A c =)

neN



AK sets I

Conjecture: The height is ¢



AK sets I

We know that there is no AX set between levels w* and w;.



Future Work I

Prove conjecture right

Decidability for AKX

Generate the whole hierarchy

Decidability

Prove strong relations between Wadge degrees and fad

Al Wadge hierarchy



