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BasicComputability:

•Turingmachines,computablefunctionsonnumbersN,onwordsΣ
∗

•transfertocountablesetsM:

numberingν:⊆N→Mornotationν:⊆Σ
∗
→M,

pisa“name”ofx,ifν(p)=x,

finiteinformationsufficestoidentifyx∈M

Turingmachinesoperateonnames.

•foruncountablesetsM:

infiniteinformationneededforidentifyingx∈M,

Solution:useinfinitesequencesp∈Σ
ω

as“names”,

representationapproach,Type-2TheoryofEffectivity(TTE)
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ComputabilityonΣ
ω

Type-2machine

computablefunctionfM
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fM(p1,...,pk)=q,iffoninput(p1,...,pk)themachinewritesq.

Definition:Visr.e.,iffVisthehaltingsetofaType-2machine.

Theorem:fiscontinuous,iff(∀p)f(p)=g(q,p)

forsomecomputablegandsome(“oracle”)q∈Σ
ω
.
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InducedComputability/Continuity

multi-representationδ:Σ
ω

⇒M

pisa“name”ofx∈M,ifx∈δ(p).

hrealizesf:M⇒M0w.r.t.multi-representations(γ,γ0).
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xy∈f(x)∩γ0◦h(p)
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γγ0

h(p)isanameofsomey∈f(x)

ifpisanameofx∈dom(f)

fis(γ,γ0)-computable,iffitisrealizedbysomecomputableh.

fis(γ,γ0)-continuous,iffitisrealizedbysomecontinuoush.

γ≤γ0,γ≡γ0:computablereducible,equivalent

γ≤tγ0,γ≡tγ0:continuousreducible,equivalent
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ComputableT0-spaces

X=(X,τ,β,ν)suchthat

•(X,τ)isasecondcountableT0-space,

•ν:⊆Σ
∗
→βisanotationofabaseβofτwithrecursivedomain,

•U6=∅forU∈β,

•computableintersection

ν(u)∩ν(v)=
⋃

{ν(w)|(u,v,w)∈E}forsomer.e.setE.
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ImportantRepresentations
•Points:

Goal:“x∈U”isr.e.(forx∈XandU∈β)

Definitionofδ:⊆Σ
ω
→X:

δ(p)=x⇐⇒pisalistofallw∈Σ
∗

suchthatx∈ν(u).

Universalpropertyofδ:Foreveryrepresentationδ
′
ofX,

δ
′
(p)∈ν(u)isr.e.⇐⇒δ

′
≤δ.

•Opensets:

Observation:(∀V⊆X){p|δ(p)∈V}isopen,iffV∈τ.

Goal:“x∈O”isr.e.(forx∈XandO∈τ)

Definitionofθ:⊆Σ
ω
→τ:

θ(p)=U⇐⇒O=
⋃

{ν(w)|wislistedbyp}

Universalpropertyofθ:Foreveryrepresentationθ
′
ofτ,

δ(p)⊆θ
′
(q)isr.e.⇐⇒θ

′
≤θ.
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Kisquasi-compactifeveryopencoverofKhasafinitesubcover.

•Quasi-compactsets:

Observation:

(∀K⊆X){p|K⊆θ(p)}isopen,iffKisquasi-compact.

Goal:“K⊆O”isr.e.(forquasi-compactK⊆XandO∈τ)

Definitionofκ:⊆Σ
ω
→K:

κ(p)=K⇐⇒pencodesalistofallfinitebasecoversofK.

Universalpropertyofκ:Foreveryrepresentationκ
′
ofK,

κ
′
(p)⊆θ(q)isr.e.⇐⇒κ

′
≤κ.
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•Continuouspartialfunctionsf:⊆X→X
′
:

(forX=(X,τ,β,ν)andX
′
=(X

′
,τ

′
,β

′
,ν

′
)andrepresentations

δ,δ
′
ofpoints)

Goal:apply:(f,x)7→f(x)iscomputable.

Definitionofδ→:Σ
ω
⇒PC(X,X

′
):

f∈δ→(p)⇐⇒(∀v∈dom(ν
′
))f

−1
[ν

′
(v)]

=dom(f)∩
⋃

{ν(u)|(u,v)islistedbyp}

Universalpropertyofδ→:

ForeveryrepresentationδofPC(X,X
′
):

applyis(δ,δ,δ
′
)-computable⇐⇒δ≤δ→.
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•Relativelycontinuouspartialfunctionsf:⊆X→X
′
:

(forX=(X,τ,β,ν)andX
′
=(X

′
,τ

′
,β

′
,ν

′
))

Letη:Σ
ω
→F

ωω
bethecanonicalrepresentationofthecontinuous

partialfunctionsh:⊆Σ
ω
→Σ

ω
withGδ-domain.

Definitionof[δ→pδ
′
]:Σ

ω
→PC(X,X

′
):

For(δ,δ
′
)-continuousf:⊆X→X

′
,

f∈[δ→pδ
′
](q)⇐⇒ηqisa(δ,δ

′
)-realizationoff.

p

p

p

p

- ?

-

?

pηq(p)

x

ηq

f

δδ
′

Theorem:[δ→pδ
′
]≡δ→
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Someresults:
Withrespecttothestandardrepresentationsthefollowingfunctionsare

computable:

•unionandintersectiononτ,

•countableuniononτ,

•composition(f,g)7→f◦gforcontinuousfandg,

•(f,O)7→f
−1

[O]forcontinuousfandopenO,

•(f,K)7→f[K]forcontinuousfandquasi-compactK.
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Atopologicalspace(X,τ)is

•aHausdorffspace,ifanytwopoints

canbeseparatedbydisjointneighborhoods,

•aT3-space,ifeverypointxandeveryclosedsetnotcontainingx

canbeseparatedbydisjointneighborhoods,

•aT4-space,ifanytwodisjointclosedsets

canbeseparatedbydisjointneighborhoods.
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ConsideracomputableT0-spaceX=(X,τ,β,ν)withrepresentation

•δofpoints,

•θofopensets,

•ψ,ψ(p)=X\θ(p),ofclosedsets,

•κofquasi-compactsets.
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Def.ComputableHausdorffSpace:

Themulti-function(x,y)|⇒(U,V)iscomputable,

wherex,y∈X,U,V∈β,x∈U,y∈V,U∩V=∅.

Def.ComputableT3Space:

Themulti-function(x,A)|⇒(U,V)iscomputable,

wherex∈X,Aisclosed,U,V∈τ,x∈U,A⊆V,U∩V=∅.

Def.ComputableT4Space:

Themulti-function(A,B)|⇒(U,V)iscomputable,where

A,Bareclosed,U,V∈τ,A⊆U,B⊆V,U∩V=∅.

Theorem:

computableHausdorff⇐=computableT3⇐⇒computableT4
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Letρ:⊆Σ
ω
→Rbethestandardrepresentationoftherealline.

Theorem:(computableUrysohn)

ForeverycomputableT3space

themulti-function(A,B)|⇒fis(ψ,ψ,[δ→ρ])-computable,

whereA,Barenon-emptyclosed,A∩B=∅,f:X→[0;1]is

continuous,f[A]=0,f[B]=1

Theorem:(computablemetrization)

ForeverycomputableT3spacethereisametricd:X×X→R

generatingthetopologythatis(δ,δ,ρ)-computable.
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