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— INTRO:
.[-] finalise abstract
.[+] early refs to multifractal idea
.[+] refs to multifractal applications
.[+] and make sure it is forceful, clear, thorough
.[-] CONSISTENCY re interpretation of b for BCI data
— MANDM:
.[-] [EDITH] Number of records in FRBA data
.[+] check BCI data for tetrad widths and other details

— RESUlTS
.[-] [EDITH] Table 1: b, with errors

— DISCUSSION
.[-] Make sure it is clear, forceful, thorough. Wait for results to before reworking.

— SUBMISSION PREP
.[-] get comments: Bernard, William, Jeremy, Richard, Hussein, Annick, Tony, Anna
.[-] get EcolCompy decision
.[-] recheck submission guidelines
.[-] word and figure counts
— POSTSUBMISSION .[-] Put on arXiv

3

.[-] Send to those who gave comments + Rosenzweig, Jiguet, Banavar, Harte D, Harte J, Pueyo, Silander,
McGill, Lomolino, etc ?

Abstract

Spatial variation is a prime focus of ecology, but also one of its most recalcitrant sources of technical
difficulties. Ecologists often think of variation as departure from a mean value. However, some
densities vary too much to have a stable mean across scale. In such cases, a multifractal model is
appropriate. We consider species richness data in which the richness and area are normalised at all
scales. The remaining variation in the data is here called the spatial variability. The normalisation
decouples spatial variability from trends in the mean richness. We construct a scale-free multifractal
model for spatial variability. Our model can be interpreted as a power law in the parameter b. We
show that b soundly characterises four data sets on species richness (Cape Proteaceae, southern African
birds, French nesting birds and trees on Barro Colorado Island) and clearly distinguishes among them.
We find that spatial variability as ranked according to b is inconsistent with ranking by richness. This
suggests a number of research questions. The method should be generally applicable to any spatially
varying densities.
In our model, b is constant across scales and is applied to normalised data. b is scale-free in that
it measures the average tendency across all scales in the data for spatial variability as scale decreases
independently of the scale in the data.

keywords: species richness, spatial variation, multifractals, Proteaceae, French nesting birds, neotropical
trees, southern African birds, scale-free.

INTRODUCTION
The patchwork charicature of ecological thought goes like this: planet Earth is covered with irregular
patches, some large, some small. Each patch has its particular set of species and processes which operate
uniformly across the patch. The tasks of ecology are: (1) describe and explain what happens in each
patch, and (2) describe and explain why the patches are where they are.
As a charicature, it is not so bad. Ecologists do use mappable units like biomes, ecosystems and vegetation
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types. They do make patchwork maps where each unit has a uniform coloration, for example the South
African biomes map of Figure 1(a). But ecologists are quite aware that within such a mappable unit there
is variation, illustrated here by the detail of vegetation types in Figure 1(b). They know that bioregions
contain biomes which contain vegetation types which contain habitats which contain microhabitats. In
other words, the patchwork charicature captures a necessary simplification, but fails to recognise that
ecology as a science operates nimbly over many scales.

[Figure 1 about here.]

Species richness (here, number of species in a mappable unit) is a case in point. Possibly its most
important use is as a measure of biodiversity (Rosenzweig, 1995; Connor & McCoy, 2001; Magurran,
2004), in which case ecologists emphasise variability. On the other hand, ecologists also treat species
richness as uniform. For example, they directly compare the richness of mappable units across a range
of sizes, from a few cm2 (Watkins & Wilson, 1992) to 1/4-degree “squares” (Moline & Linder, 2000)
to whole bioregions (Rosenzweig, 1995). Here, the standard methodology includes using a species-area
relation (SAR) of the form S = f (A) to correct for differences in area (Rosenzweig, 1995; Lewis, 2006).
In other words, when comparing species richness across mappable units, ecologists have to treat each unit
as if it were uniform. Once f is determined for a unit, all samples with area from that unit have the same
richness S = f (A).
How, then, do ecologists manage to combine the two points of view? Typically, they treat predicted S as
an expected value and therefore constant for a given unit. Observed S for given mappable unit is of course
unique, but if it happens to be a subunit, one should expcect S = f (A) + ∆ for some non-zero error ∆ as
is discussed in detail by Dengler (2009). However, the variation of observed S about its expected value
f (A) is usually not reported (an exception is Plokin et al. (2000) who uses theory from Coleman (1981)).
Part of the difficulty is statistical: methods based on geostatistics (Cressie, 1993; Fortin, 1999), such
as Ripley’s K, correlograms and Mantel tests, rely on spatial randomness that is both stationary and
isotropic. However, it is far from obvious that the assumptions of stationarity and isotropy are suitable
for spatial variability in species richness. Moreover, it is well known that whatever its form, the function
f must be non-linear (Tjörve, 2003; Drakare et al., 2006; Dengler, 2009), which implies another set of
statistical challenges.
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In this paper, we suggest an alternative approach. Our methods are widely applicable; species richness
is just one of many variables that could be used. Instead of directly studying the variability of richness
in S, we consider the relative richness Ŝ = S/S̄ for given sample area A, where S̄ is the mean richness.
Correspondingly, we use relative area Â = A/A0 , where A0 is the area of the largest mappable unit in
the data. These transformations remove the the trend of the area effect in species richness, so that all the
remaining variation in Ŝ is due to spatial effects such as position, shape and relative size of the sample.
We do not attempt to study this variation in its full detail. Instead, we focus on what we call the spatial
variability in species richness: it is the of distribution Ŝ in a sample with a given Â. Obviously, the spatial
variability may differ across scales.
An obvious measure of the variability in Ŝ is its standard deviation σ(Ŝ), equivalently CV (S), the
coefficient of variation of the untransformed data. The CV is the standard statistical tool for comparing
distributions with unequal means, and so it would seem a natural choice for tracking spatial variability.
Unfortunately, as can be seen below, this measure may vary strongly with sample area. Whilst this very
clearly indicates that spatial variability changes with sample area, it also means that using σ(Ŝ) returns
the area effect which the transformation of variables was designed to remove.
An alternative is provided by multifractal analysis, which intrinsically across many scales. Moreover,
multifractal analysis applies to any spatial data whether they are isotropic or not or stationary or not (Harte,
2001). A multifractal is “a density that shows increasing detail at finer scales at all levels”, to paraphrase Harte
(2001). In other words, when a spatially varying quantity is multifractal, there is no such thing as a
uniform patch, no matter how fine the scale. In our terms, σ(Ŝ) increases as Â decreases. We contend
that such a decrease is frequently observed for real data, and we exhibit five instances here.
The multifractal idea has been around for a while (Paladin & Vulpiani, 1987; Harte, 2001). It has been
applied in sciences cognate with ecology, such as meteorology, seismology and soil science (Rodrigueziturbe
et al., 1994; Lovejoy et al., 2001; Ozik et al., 2005; Lovejoy & Shertzer, 2006) as well as ecology
itself (Pascual et al., 1995; Schmitt & Seuront, 2001; Halley et al., 2004; McGill et al., 2007) and species
richness in particular (Borda-de Água et al., 2002; H. et al., 2007; Yakimov et al., 2008). Its main value
is lies in reducing a complex and noisy spatial pattern across many scales to a simple curve. Variables
relevant to ecology that have complex and noisy spatial patterns include environmental drivers like rainfall
and soil type, and biotic responses such as vegetation type, vegetation cover, animal densities and species
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richness.
The multifractal model we use is based on MFp1p2 (Perrier & Laurie, 2008; Laurie & Perrier, 2009),
which is an explicit self-similar construction of a multifractal density. It has been shown that an assumption
of self-similarity is quite appropriate for species distributions and species richness Šizling & Storch
(2004). We use a simplified form of MFp1p2 model that depends on only one of its parameters, which
is denoted by b. The parameter b models the increase in variability upon halving an area. Note that
1 <= b < ∞ and that b = 1 corresponds to uniformity, that is, when both halves are equally rich.
There are particular advantages to applying MFp1p2 to species richness: firstly, very good data sets are
available (we use four, there are many more); secondly, MFp1p2 is particularly easy to interpret in the
case of species richness; thirdly, spatial variability in MFp1p2 depends only on the parameter b.
In this paper, we use b to characterise four different data sets: Proteaceae in Cape Fynbos, birds in
southern Africa, birds in continental France and trees in the Smithsonian permanent 50 ha plot on Barro
Colorado Island. We selected these data sets for variety: the data have different spatial formats, refer
to several types of taxa, vary in taxonomic focus, come from both hemispheres and both sides of the
Atlantic, and refer to units of study of different kinds and sizes. This variety suits our purpose, which is
to illustrate the wide applicability of the method. We find that b is a suitable descriptor in each case, and
that moreover it establishes a clear ordering in spatial variability: Cape Proteaceae are the most varied,
followed by southern African birds, French birds and last of all the Barro Colorado trees.
We note that b gives the increase in the variability of Ŝ under MFp1p2 when sample area Â is halved for
any Â. Hence b is a scale-free measure of spatial variability: it has the same value at all scales—more
precisely, between all scales. The variability increases by a constant factor at all scales under the model.
When it applies to real data, we consider that the correct interpretation is that the intensity of processes
generating spatial variability is the same at all scales in the data.
We do not claim b can be directly measured via bisection of a mappable unit and calculating the richness
ratio between the two halves. Multifractal analysis is across all scales, and b as estimated should should
be seen as an overall measure of the rate at which bisection leads to increase in spatial variability.
Moreover, in our model the multiplying factor is really a binomial (see below), and should be estimated
from two distributrions related by a process of bisection. Nevertheless, it is interesting to consider b as
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also meaningful between particular scales Â and Â/2. We claim that in this sense, b is approximately
constant cross scales in four of analyses. The exception is supplied by the Barro Colorado data, where
we carried out the analysis at two spatial scales, the finer of which is approximates the trunk size of
large individuals. In the case of the fine scale data, MFp1p2 is not reliably fitted to the data. We suggest
mechanism whereby this may be an individual size effect.
MFp1p2 is also a neutral model, in the sense of (Frank, 2009). According to Frank’s classification, power
law models such as ours arise from the combination of numerous effects that cancel each other out with
respect to all information except their geometric mean. Furthermore, we show below that in our model
the geometric mean of the relative richness is preserved. We therefore suggest that, across scales where b
is nearly constant, nature preserves nearly nothing except the geometric mean of richness of the processes
that contribute to variation in richness. Departures from our model, as for instance in Barro Colorado at
the fine scale, indicate that the amalgamation of processes are preserving other information. Not only
is our model a neutral model, but with only one parameter it is a candidate for the most parsimonious
neutral model of spatial variability.
The plan of the paper is as follows: in the next section we describe the data sets and analytical methods
we used, and in the section after that we present the results. We end with a discussion.

MATERIALS AND METHODS
Data
The four data sets described below differ in format. In two cases, the data are given as counts inside the
cells of a regular lattice; in one case the data are for sample sites randomly placed in cells of a regular
lattice, and in one case the data are for individuals with a precisely given location. In every case, we
constructed an SAR, which is just a representative set of (A, S) pairs via species lists for sample areas; in
three cases these areas were amalgamations of cells at the finest scale and in the other case the areas were
rectangles of random shape and position. Once constructed, all four SAR sets were treated identically
in computations. Note that this starts by transforming the data to relative richness Ŝ at each scale, as
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described below.
The data also refer to units of study of different kinds. In two cases, the unit is political, in one case it is
an arbitrary rectangle, and in one case it is the full extent of a vegetation type in a floristic region.
The taxonomic focus in two cases is on birds, in one case on trees and in one case on a family of plants.
South African Protea Atlas. (Henceforth referred to as SAPA data). We consider all species in the family
Proteaceae that occur in the Cape Floristic Region (CFR henceforth) (Takhtajan, 1986; Rebelo, 1991).
This is the smallest of the worlds six floristic regions, among which it has the highest endemicity. The
CFR ranges in latitude from 30◦ S to 34◦ S and contains almost the entire fynbos biome. Our working
definition of fynbos is simply the presence of at least one proteoid species. This is both simple and
consistent with Cowling & Holmes (1992, Table 3.5); for our purposes, such a coarse definition is
sufficient. We focus on the intersection of the CFR and fynbos, henceforth referred to as Cape fynbos.
Tony Rebelo of SANBI kindly furnished us with data derived from the Protea Atlas, based on 252 513
occurrence records of 374 species at 61 591 localities. The records were amalgamated into species lists
for the 9 426 1′ × 1′ tetrads (henceforth called the focal cells) that contained at least one record of a
species of Proteaceae, yielding 9 426 data pairs (A, S) with A = 1. Centred on each focal cell an l × l
tetrad was constructed, for l = 3, 7, 15, 31, 63, 127, 255, 511 and 1023. At the largest scale, every tetrad
included all of Cape fynbos. For each tetrad a species list was constructed and the fynbos area in the
tetrad recorded, so that the full data set contains 94 260 pairs of (A, S) data.
Southern African Bird Atlas. (Henceforth referred to as SABA data). Les Underhill of the Avian Demography
Unit of UCT kindly made available the records of the Southern African Bird atlas (Harrison et al.,
1997). The region consists of South Africa, Lesotho, Swaziland, Mozambique, Zimbabwe, Botswana
and Namibia, but the Botswana data were omitted as it was gathered for 1/2-degree squares while the rest
of the data are species lists for for 1/4-degree squares. A few of squares had no data and were omitted
from area calculations in the same way as for Cape fynbos. Records for off-shore islands are included in
the data but were also omitted for the analysis. The SAR was constructed in almost exactly the same way
as that of the SAPA; the only difference was in the selection of tetrad widths, for which l = 1, 3, . . . 171
were used here. The full data set contains 36714 pairs of data.
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French Bird Atlas. (Henceforth referred to as FRBA data). Frédéric Jiguet kindly gave us access to data
on French nesting birds, as collected in preparation for the French Bird Atlas(Yeatman-Berthelot, 1994).
The occurence data consist of species lists for 1093 georeferenced 2 km by 2 km squares; the sites were
selected by first dividing France into cells and then choosing one or more random points in each cell for
the georeference of a 2 km by 2 km square. Following Jiguet et al. (2005), we omitted Corsica from
the analysis. The data were amalgamated into A, S pairs as follows. First a regular grid with 619 cells
of approximately 32 km by 32 km was constructed and species lists for each cell were compiled. Then
area and species number were recorded for randomly placed rectangles. More small than large rectangles
were used; a cell contributed to an A, S pair when than half its area fell within the sampling rectangle. A
data set with 28507 records was obtained.
Barro Colorado Island 50 ha plots. (Analysed at two scales, henceforth referred to as BCI data and
BCIFINE data). The data are publicly available (Condit et al., 2005; Condit, 1998; Hubbell et al., 1999;
Condit et al., 1996) and give the position and species of all trees with diameter at breast height larger than
10 cm on Barro Colorado Island, Panama. Six surveys spanning more than 30 years were carried out;
they yield identical species-area data on the scales we considered. We rasterised the 1000 m by 500 m
rectangle into 128×64 unit cells of 8 m×8 m and recorded the species in each cell. As for the SAPA, we
amalgamated these into tetrads l × l, now with l = 1, 5, 9, . . . , 121, and recorded the number of species
in each. The area A is the overlap beteen the tetrad and the 50 hectare plot. The yielded the BCI data
set that contained 90112 records. For the coarse scale data set BCICOARSE, only areas with more than
25 cells were retained, resulting a set with 73724 records.
These data sets are partly illustrated in Figure 2, which show log Ŝ at one scale for each data set.

[Figure 2 about here.]

The model
Applied to species richness, the parameter b can be interpreted as the ratio of the species richness between
the two halves of a bisected unit. MFp1p2, and our model, is constructed as a cascade of bisections,
starting at the largest scale. The initial unit therefore has relative area Â0 = 1 and there are 2k subunits
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with area Âk = 2−k at level k. Similarly, the initial relative richness Ŝ0 = 1. After one bisection, the
√
√
distribution (that is, the variability) of Ŝ is the set { b, 1/ b}. Then, by a derivation similar to one given
in Laurie & Perrier (2009), the probability distribution of richness Ŝk at level k is given by the model is

Pk (Ŝ = b

j− k
2

 
k
)=
/2k .
j

(1)

A handy way to remember this is as follows: after k bisections, the frequencies of relative species richness
√
√ k
are binomially distributed according to
b + 1/ b . In this sense, our model is a power law for the

variability of species richness. Note that at every level the geometric mean of Ŝ equals 1.

To compare two multifractals, we follow the common practice of comparing their Rényi dimensions
D(q). For MFp1p2 these depend only on b (Laurie & Perrier, 2009):




2
log(bq + 1) − q log(b + 1)



log 2 
1−q

D(q) =

b
2


log(b + 1) −
log(b)
log 2
b+1

if q 6= 1

(2)

if q = 1.

For given data, on the other hand, one may calculate the approximate Rényi dimensions, which we denote
as D̃(q) (Perrier & Laurie, 2008). Now suppose that there exists a b such that D(q) ≈ D̃(q) is a good
approximation. Then with this value of b, our model gives a good approximation to the scaling of the
variability in the richness as reflected in the data.

Log-log footprints
By log-log footprint we mean a log-transformed scatterplot: log(Ŝ) vs log(Â). Note that rescaled Â =
A/A0 is used, so that Â0 = 1 in all the data sets. This yields a footprint in the sense that data pairs show
up only once, even though they may occur often in the data. Taking MFp1p2 as an example, consider
equation 1, which gives the frequencies of the various values of Ŝ. In the log-log footprint, only the values
of Ŝ are plotted versus their corresponding values of Â. Because at each Â there are several Ŝ, at every
k the plot is a vertical line with k + 1 dots. For observed data, the footprints are denser because more
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values of Â and Ŝ are observed. The spread in Ŝ can readily be observed along the vertical slice through
the footprint at a given Â. A wider spread simply means that this vertical slice is longer. Multifractals
are characterised by log-log footprints that are wide at the left and narrow at the right. In the case of our
binomial model, the footprint is strictly triangular.
As a first look at the data, log-log footprints are very useful: if roughly triangular to the left, the data are
likely to be multifractal; if moreover the edges more or less straight, the data are likely to be well fitted by
MFp1p2. To fit our model, the data should approximately have a horizontal line of symmetry as well. For
comparison, we also superimposed the footprints as given by Equation 1 of our model, using the best-fit
value for b given by fitting the Rényi dimensions (see below).
Log-log footprints have frequently appeared in the literature without direct discussion, for example MJ &
JE (2001), Ulrich & Buszko (2007) and Dolnik & Breuer (2008). In Burns et al. (2009) they are criticised
for their influence on the interpretation of effects at small scales. The claim is that log-log analysis may
lead to artificial effects being taken as real. However, our data data are normalised and so at all scales
have the same mean. Any scatter that is observed is real, and so are increases in scatter at smaller scales:
taking the logarithm may distort lengths, but will not change ranking by length.

Standard deviation
For each Â with 20 or more replicates in the data set, we calculated the standard deviation σ(Ŝ) of the
corresponding relative richness values. This somewhat reduced the size of each data set; the percentage
of discarded Â values differs between data sets but is not large. The choice of minimum number of
replicates is arbitrary. We settled on 20 as a compromise between maximal completeness of the results
and accuracy of the estimated standard deviation. We plotted the results against log(Â) in order to have
the same horizontal scale as the log-log footprints. The model standard deviations were plotted here also,
using the best-fit value for b (see below).
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Rényi dimensions
For each data set, we calculated the approximate Rényi dimensions D̃(q) using the algorithm of Perrier
& Laurie (2008). Because of the wealth of data, each run of the algorithm chooses somewhat different
representative values of S at a given A and hence different runs may report slightly different D̃(q). In
each case, we used the results from 10 runs. We then estimated the value of b the gave the best fit D(q)
these D̃(q) in the sense of least squares. For the best b, we calculated the χ2 distance between D(q) and
the estimates D̃(q). Unlike (Borda-de Água et al., 2002), but like (Yakimov et al., 2008), we obtain
strictly decreasing estimates D̃(q) for the BCI data, both fine and coarse.

RESULTS
Variability is Ŝ increases as the scale Â decreases. This can be seen in the log-log footprints of Figure 3,
where there is a clear increase in the width of the footprint to the left. However, it is not entirely consistent.
For example, the southern African plots (SAPA and SABA) both show a pattern of increase just before
a break in range of Â plotted, while the Barro Colorado (BCI) plot has the best coverage and the most
consistently triangular footprint. We note substantial differences in sampling methods and extraction of
(A, S) data. The SABA and SABA sets have very similar sampling methods and were aggregated in the
same way, while the French data were aggregated in a different way to the rest, resulting in better cover
of the range of Â. The BCI data on the other hand are fundamentally different from the rest, giving the
positions of individuals rather than presence of species in a plot. It may be that these differences give
rise to sampling effects that explain much of the inconstencies observed, but this question requires further
research.

[Figure 3 about here.]

Interestingly, while the σ(Ŝ) plots of course show the same general increase with decreasing Â, the
deviations from the model values are far more evident. There appears to be a clear pattern associated with
the method of aggregation in the case of SAPA and SABA. Since the agreggation is based on squares of
l × l intersecting with the sample, using only a few values of l, the data are only abundant near one value
13

for each square. Thus the coverage arising from each l × l square is high for a short range of relative
areas Â, and rapidly falls with decreasing Â, leaving a gap until the next smaller value of l. This seems
to correlate with an increase in the estimate of σ(Ŝ), suggesting that these estimates are higher for values
of Â with fewer available Ŝ, and that perhaps the threshold of 20 values of Ŝ gives unreliable estimates
of σ(Ŝ).

[Figure 4 about here.]

The estimates of D̃ from the first four data sets, with best fit D(q) superimposed, are given in Figure 5.
In all four cases, the fit is good, as measured by the χ2 error, the root mean squared error (Table 1), and
also by visually (Figure 5). It should be noted that small but systematic differences occur between the
best D(q) from the model and the estimated D̃(q) from the data. In all cases, it appears that the best fit
is for model D(q) very slightly smaller at most q than the average of the estimates D̃(q). Note that this
is not an error: increasing b would improve all the fits for negative q while making all of them worse for
positive q. Thus it appears as if the real data is systematically asymmetric around q = 0.

[Figure 5 about here.]

Table 1 gives the best fit values of b for the five analysed data sets, with the associated χ2 values, ranked
from largest to smallest. For BCIFINE the model fails, due to the anomalous scatter for negative q in
the plot of D̃(q) (Figure 6). Although the errors are acceptable, and therefore it is clear that the data are
multifractal down to the finest scale, application of the model is invalid. Thus there is a clear ranking in
the value of the best b: SAPA > SABA > FRBA > BCI, but it is valid for BCI only at larger scales. See
Discusssion for an interpretation.

[Table 1 about here.]

[Figure 6 about here.]
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DISCUSSION
The scale-free property of the parameter b has two sources: the transformation of the data to relative
richness and area, and the self-similar construction of our multifractal model. As a result of the transformation,
the data are scale-free. However, standard statistical tools are not: we show for example that the standard
deviation σ(Ŝ) varies across scales. In order to construct a scale-free measure, one also needs a scale-free
model, for which self-similar multifractals is one possibility.
The next question is whether b is reliable and informative. Our results indicate that it is reliable, and
if used correctly perhaps highly reliable. The evidence for this is that our species-area data were not
assembled for the purpose of estimating b (with the partial exception of the FRBA data set), so the
method is likely to be robust. Moreover, in the one case where b is inappropriate, this is clearly revealed
by the scatter in D̃(q). Informative b certainly is. Firstly, it supplies an unambiguous ranking of our
four data sets. Secondly, the actual values in the ranking suggest that southern Africa as a region may
be unusually variable across many taxa. Finally, the very low variability of BCICOARSE indicates that
spatial variability is indeed decoupled from overall richness S0 and therefore informative in its own right.
But what does it actually mean for relative species richness to resemble a multifractal model?
Intuitively, a multifractal is an infinitely detailed texture (as opposed to a fractal, which is an infinitely
detailed shape). Biologically, however, infinite detail makes no sense. So the comparison is indirect, for
example via the Rényi dimensions or the multifractal spectrum. Similarly, a finitely constructed density
such as MFp1p2 up to k levels cannot be multfractal. But it can resemble a multifractal, and indeed
MFp1p2 up to k levels has approximate Rényi dimensions D̃(q) very close to the Rényi dimensions
D(q) of MFp1p2 in the limit k −→ ∞ (Perrier & Laurie, 2008).
We envisage many applications of b. We have already noted the possibility that southern Africa may
be unusually variable spatially. We note that in the cases considered, (birds and Proteaceae) it is also
unusually species-rich. On the other hand, Barro Colorado is also very rich in tree species, but the richness
turns out to vary comparatively little spatially. It would be very interesting to map b and compare it to
richness in a survey of many data sets for many different taxa and places.
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On the other hand, for a particular data set in one place, one is often interested in covariates of richness (van
Rensburg et al., 2002), (Cadotte & Fukami, 2005),Rahbek & Graves (2001); Storch et al. (2005); Latimer
et al. (2005). But these covariates will themselves have spatial variability, and hence their own b. We
would expect that components strongly correlated with richness would also resemble it with respect to
the parameter b.
In the case of our model, the explicit formulation makes it possible to visualise for a given b the texture
at any scale, simply by explicitly implementing the sequence of bisections to that scale and mapping the
final result (Perrier & Laurie, 2008). Such simulated densities, whether richness, abundance or some
other ecological variable, may also serve as input into the simulation of density-dependent processes.
For example, simulating fire on a multifractal landscape is likely to lead to different patterns of spread
from those of fires in a uniform landscape with the same average fuel load. Similarly, herbivore foraging
depends on food plant density, pollinator search depends on visible flower density, and the intensity interand intraspecific competition clearly depends on competitor density.
An important application is to reserve design. It has been suggested that the species-area relationship
could be used as a tool in conservation planning (Desmet & Cowling, 2003). It should be clear that if
richness is multifractal, this would be a mistake. For example, taking the number of species conserved as
target, one may ask: what is the spread in the number of species conserved in reserves of size A—that
is, relative size Â? For convenience, we choose Â = 1/8, which is slightly better than the 10%
recommended by the IUCN. Thus we consider b3 for the SAPA, SABA, FRBA and BCI. It gives the
ratio of species richness between the most and least succesful placing of a reserve. As may be expected,
for the SAPA and SABA, the risk is large: the ratio of best to worst is 2.59 and 1.73 respectively. It is
possible that our worst possible reserve conserves less one-quarter as many species as the richest possible!
Clearly, one should not just use area as the criterion for the conservation value of a possible reserve. For
FRBA and BCI the risk however is modest to small, with respective ratios of 1.26 and 1.09.
It is remarkable that such a simple assumption as constant b holds as well as it does in the four cases
considered here. Let us consider the ways in which it fails.
Firstly, there is the question of individual size. Species richness at scales from somewhat below individual
size is clearly extremely simple: most samples contain either 0 or 1 species at all finer scales and therefore
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simple scaling breaks down at this level (Pueyo, 2006). We observe this in the case of the Barro Colorado.
At the finest scales, we are using an 8 m × 8 m unit cell, which is smaller than the zone of influence of
a large tree. Although clearly multifractal, the approximate Rényi dimensions in Figure 6 of BCIFINE
show several anomalous values far from the fitted D(q). It therefore seems prudent to regard this as a
case where our model does not fit the data.
Secondly, we observe that D̃(q) ≥ D(q) for all q. The observed dimensions grow too fast for the model
for q decreasing to the left from 0, and too slowly for q increasing to the right, with the anomaly being
larger for negative q. A similar pattern in the Rényi dimensions has been previously reported by (Borda-de
Água et al., 2002; Yakimov et al., 2008).
Is it possible that ecological densities are often, even usually, multifractal? As noted in the introduction,
ecological applications of multifractals are becoming quite numerous. If so, the patchwork charicature is
even less bad that it seemed at first. Firstly, any ecological work will be necessarily be neglecting fine
scale detail. Secondly, much of the spatial noise would in fact be due to multifractality. In our opinion,
simple multifractal models would often be able to model the noise quite accurately. Perhaps an intuition
of multifractality underlies the patchwork charicature, and is what enables ecologists to operate nimbly
across scales.
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Figure 1: Biomes and vegetation types, illustrating how ecologists typically focus on spatial details at
one level only.
(a) The seven biomes of South Africa. The fynbos biome comprises the purple patches in the southwest
corner.
(b) Vegetation types in a tetrad centred on Cape Town, lying entirely within the fynbos biome. Subtypes
of fynbos appear as various shades of purple while ochres, greens and blues correspond to other
vegetation types.
(Vegetation maps were supplied by L.W. Powrie of SANBI. See also http://www.sanbi.org/
vegmap/images/vegmapcape.jpg and http://www.sanbi.org/vegmap/images/
biomes.jpg.)
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(a)

(c)

(b)

(d)

Figure 2: Maps of relative richness Ŝ in four data sets, showing increased variability with decrease in
relative area Â. Green indicates low richness, yellow to blue indicate intermediate richness, and reds
indicates high richness. Colours have the same significance in each of the maps, but Â does not.
(a) Proteaceae in Cape Fynbos, relative richness in 9426 tetrads each 1′ × 1′. (b) Birds in southern Africa
(minus Botswana), relative richness in 3684 tetrads each 1/4◦ × 1/4◦. (c) Birds in continental France,
relative richness in 619 tetrads each approximately 30 km × 30 km. (d) Trees on Barro Colorado Island,
relative richness, 512 squares each 31.25 m × 31.25 m.
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Figure 3: Loglog footprints of the data (blue), overlaid with the model footprint (red) for the best fit value
of b from Table 1. Each data point gives relative richness versus relative area of a sampling unit. (a)
SAPA (b) SABA (c) FRBA (d) BCI.
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Dataset
SAPA
SABA
FRBA
BCICOARSE
BCIFINE

b
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0.0000008
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Table 1: Table of the best b, with errors, as estimated via the Rényi dimensions. RMSE = root mean
square error.
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