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Abstract. The notion of the affine figure closest to a given quadrilateral can be given a precise
mathematical definition. The resulting figure is referred to as the equivalent parallelogram associ-
ated with a quadrilateral. Equipped with such a concept, it is then feasible to consider finite element
approximations in which the original quadrilateral elements are replaced by their equivalent parallel-
ograms. The idea is appealing, not least because of the resulting economy arising from computations
performed on an element generated by an affine map. Furthermore, numerical experiments reported
recently indicate that highly efficient and accurate schemes result when such a concept is combined
with the enhanced strain method or the method of incompatible modes. The purpose of this work is
to analyze finite element schemes resulting from approximation of quadrilaterals by their equivalent
parallelograms. The focus is on low-order (bilinear) elements, and the analysis is carried out in
the context of linear elasticity for standard approximations as well as for those which use enhanced
strains. The affine approximation applies only to the element map, and the primary unknown (the
displacement vector in the context of elasticity) is approximated by conventional piecewise bilinear
functions. The analysis confirms convergence at the optimal rate, provided that the deviations of
the quadrilaterals from their equivalent parallelograms are at most O(h).
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1. Introduction. The use of low-order elements in finite element analyses of
complex problems carries with it significant advantages. Most particularly, such
schemes are highly economical and for this reason are attractive.

Finite element analyses based on four-noded quadrilaterals in two dimensions, and
on eight-noded hexahedral elements in three, are widely used. Unfortunately, they
are not without their drawbacks. In problems of solid mechanics in which bending
deformations dominate, analyses based on these elements exhibit poor accuracy, at
least when coarse meshes are used. In addition, in the incompressible limit, or when
the compressibility is small, locking behavior is experienced.

There is a vast literature that is devoted to the construction of methods which
are intended to overcome the problems referred to, while retaining the advantages
of using low-order elements. One commonly used set of remedies is that based on a
combination of underintegration plus stabilization (see, for example, the work of [4]
and [8]). The great advantage of this approach is its efficiency, in that only a single
integration point is used. However, the eigenvalues of the stiffness matrix are required
in the process, and it is not possible to evaluate these without a relatively high degree
of effort, for nonaffine elements.

Another popular approach is that associated with the enrichment or enhancement
of the strain by the addition of suitably chosen basis functions. The key work dealing
with enhanced strain formulations is [14], which in turn contains as a special case
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the nonconforming method of incompatible modes due to Wilson, Taylor, Doherty,
and Ghaboussi [17] for rectangular elements and extended by Taylor, Beresford, and
Wilson [16] to incorporate arbitrary quadrilaterals. The method has been successfully
extended to nonlinear problems (see, for example, [15]). Reddy and Simo [11] have
shown, for linear problems and for affine elements, that the enhanced strain method
is stable and convergent, while Arunakirinathar and Reddy [3] have extended that
work to include the case of arbitrary quadrilaterals.

The enhanced strain method is still not without its drawbacks. For example,
the quality of approximations for arbitrary elements declines with an increase in dis-
tortion of the elements. Consideration of this shortcoming, together with a desire
to improve the efficiency of computations associated with arbitrary quadrilaterals or
hexahedra, leads naturally to the notion of replacing the arbitrary quadrilateral by
the affine element that is closest to it, in a manner that can be made precise. Such
an affine element is known as the equivalent parallelogram in two dimensions, and
the equivalent parallelepiped in three. It is important to bear in mind that the affine
approximation applies only to the element map and that the primary unknown (the
displacement vector in the context of elasticity) is still approximated by piecewise
bilinear functions in two dimensions and by piecewise trilinear functions in three.

It has been shown in [2] that the interpolation error obtained by using the equiv-
alent parallelogram instead of the original quadrilateral is of the same order as that
corresponding to the usual interpolation error. The element stiffness matrices associ-
ated with the equivalent elements are therefore admissible alternatives to the “exact”
stiffness matrices of the original elements, while at the same time they are far easier
to construct. This set of ideas has been proposed, and then tested numerically, first
in the context of problems of linear elasticity in [9] and subsequently for problems in-
volving nonlinearly elastic materials in [12, 13]. In all cases the numerical results are
encouraging and suggest a significant improvement in efficiency and accuracy when
this approach is used, particularly in circumstances in which element distortions are
significant.

The purpose of this work is to carry out a detailed analysis of these affine-
approximate finite element methods, for linear problems. The analysis is confined to
plane problems but can be extended to three dimensions with little difficulty, though
the details are messy. The analysis includes treatment of finite elements without and
with the inclusion of enhanced strains. The key results, with respect to both classes
of approximations, is that the method converges at the optimal rate provided that
the element distortion is sufficiently small—more precisely, provided that deviation of
the quadrilateral from the equivalent parallelogram is of the order of mesh size. This
notion will be made precise in what follows.

The plan of the remainder of this work is as follows. In section 2 the problem
is formulated. Finite element approximations are introduced in section 3, as is the
notion of the equivalent parallelogram. The analysis of the affine-approximate method
is carried in section 4 for the problem without enhancement, while section 5 is devoted
to an analysis of the problem with enhancement.

2. The boundary-value problem of elasticity. The model problem of rele-
vance is the displacement boundary-value problem of linear elasticity. Suppose that
a linear elastic body occupies a region Ω ⊂ R

d (d = 2, 3). The body has boundary
Γ. Then the governing equations which are required to hold on Ω are the equation of
equilibrium

−divσ = b,(1)
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the strain-displacement relation

ε(u) = 1
2 (∇u+ [∇u]T ),(2)

and the elastic constitutive equation

σ = C[ε].(3)

Here σ is the symmetric Cauchy stress tensor, ε is the infinitesimal strain tensor, u is
the displacement vector, C is the fourth-order elasticity tensor, and b is a prescribed
body force vector.

For convenience we assume that the displacement satisfies the homogeneous
Dirichlet boundary condition, that is,

u = 0 on Γ.(4)

The tensor C has the symmetries

Cijkl = Cjikl = Cijlk = Cklij(5)

and is assumed to be pointwise stable, in the sense that there exists a constant c0 > 0
such that

CijklMijMkl ≥ c0MijMij(6)

for all symmetric matrices M , the summation convention for repeated indices being
invoked here and henceforth. In addition, the components of C are assumed to be
bounded measurable functions; that is,

Cijkl ∈ L∞(Ω)(7)

for all indices i, j, k, l ranging over 1 to d, with

c∞ := max
i,j,k,l

ess sup{Cijkl(x) : x ∈ Ω }.(8)

For isotropic elastic materials the elasticity tensor takes the simple form

C[ε] = λ tr ε+ 2µ ε,

in which λ and µ are the Lamé constants. Pointwise stability of C is equivalent to
the condition that the Lamé constants satisfy the inequalities [10]

µ > 0 and λ > − 2
3µ.

We will make use of the space L2(Ω) of square-integrable functions defined on Ω.
The inner product and norm on this space are denoted, respectively, by (·, ·)0 and
‖ · ‖0. We recall also the definition of the Sobolev spaces Hm(Ω), where m is an
integer; for nonnegative m, these are equivalence classes of functions which, together
with their generalized derivatives up to and including those of order m, are members
of L2(Ω). The Sobolev spaces are Hilbert spaces with inner product and associated
norm given by

(u, v)m =

∫
Ω

∑
|α|≤m

Dαu(x)Dαv(x) dx, ‖u‖m = (u, u)1/2m
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for all u, v ∈ Hm(Ω). Here α = (α1, . . . , αd) is a multi-index whose components αi

are nonnegative integers, |α| = α1 + · · · + αd, and Dα = ∂|α|/∂xα1
1 · · · ∂xαd

d . The
seminorm | · |m on Hm(Ω) is defined by

|u|m =

∫
Ω

∑
|α|=m

Dαu(x)Dαv(x) dx.

We define the space Hm
0 (Ω) of functions in Hm(Ω) which, together with their deriva-

tives of order up to and including those of order m − 1, vanish on the boundary in
the sense of traces. The seminorm | · |m is a norm on Hm

0 (Ω), equivalent to the stan-
dard norm ‖ · ‖m. Finally, the space H−m(Ω), for m a nonnegative integer, may be
identified with the topological dual space of Hm

0 (Ω).
We are now in a position to define the standard variational problem in linear

elasticity. For this purpose we denote by V := [H1
0 (Ω)]

d the space of admissible
displacements and define the bilinear form a(·, ·) and linear functional �(·) by

a : V × V → R, a(u,v) =

∫
Ω

Cε(u) : ε(v) dx,(9)

� : V → R, �(v) =

∫
Ω

b · v dx.(10)

The properties of C guarantee that a(·, ·) is symmetric, continuous, and V -elliptic;
that is, a(v,u) = a(u,v), and there exist positive constants M and α such that

|a(u,v)| ≤ M‖u‖V ‖v‖V and a(v,v) ≥ α‖v‖2
V

for all u, v ∈ V .
The topological dual of V is denoted by V ′.
The standard variational problem is as follows.
Problem S. Given b ∈ V ′, find u ∈ V which satisfies

a(u,v) = �(v)(11)

for all v ∈ V .
It is well known (see, for example, [7]) that Problem S has a unique solution,

which satisfies the bound

‖u‖V ≤ (1/α) ‖�‖V ′ .(12)

3. Finite element approximations. We confine attention to plane situations,
so that d = 2. The domain Ω is assumed to be polygonal, and a finite element
mesh T of quadrilateral elements is constructed on Ω in the usual manner. A typical
element K in T is generated by an isoparametric map F from a reference element
K̂ ≡ (−1, 1)× (−1, 1). The mesh parameter h is defined by

h = max
K∈T

sup{|x− y| : x, y ∈ K}.(13)

We define basis functions N̂A (A = 1, . . . , 4) on K̂ by

N̂A(ξ) =
1
4 (1 + ξξA)(1 + ηηA),
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where ξA ≡ (ξA, ηA) are the nodal coordinates on K̂ with (ξ1 · · · ξ4) = (1 − 1 − 1 1)
and (η1 · · · η4) = (1 1 −1 −1). Denote by Q1 the space of bilinear functions spanned
by N̂A. Then it is convenient to express the map F in the form

F : K̂ → K, x = F (ξ) =

4∑
A=1

xAN̂A(ξ),(14)

in which xA are the nodal points of K.
The Jacobian matrix J is defined to be the gradient of the map F and is the

matrix with components

Jij =
∂Fi(ξ)

∂ξj
, i, j = 1, 2.

We also set

j = detJ .

Next we define the space V h by

V h = {vh ∈ V : (vh)i|K ◦ F ∈ Q1}.(15)

In other words, if we define the function v̂ on K̂ by

v̂(ξ) = v|K(x),

in which ξ and x are related through (14), then v̂ ∈ Q1.
The standard discrete variational problem takes the following form.
Problem Sh. Given b ∈ V ′, find uh ∈ V h which satisfies

a(uh,vh) = �(vh)(16)

for all vh ∈ V h.
It is well known (see [7]) that Problem Sh has a unique solution, and furthermore,

provided that u ∈ [H2(Ω)]2, there exists a constant C > 0, depending on Ω and on
u, but independent of h, such that

‖u− uh‖V ≤ Ch.

It is instructive, and relevant to the developments that follow, to note that the bilinear
form and linear functional appearing in (16) are usually evaluated on the reference
element. In order to do this it is necessary to carry out transformations of the functions
appearing in a(·, ·) and �(·). Thus, if we define v̂ as above, the chain rule gives

∂v̂i
∂ξj

=

2∑
k=1

∂vi
∂xk

∂Fk

∂ξj
,

or if we define the tensors or matrices L and L̂ by

Lij =
∂vi
∂xj

, L̂ij =
∂v̂i
∂ξj

,
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then

L̂ = LJ .

The transformation of the strain tensor may now be easily carried out, and we have,
using an obvious notation,

ε(v) = 1
2 (L+LT )

= 1
2 (L̂J

−1 + J−T L̂
T
) := ε̂(v̂).(17)

Hence the bilinear form may be evaluated according to

a(uh,vh) =
∑
K∈T

aK(uh,vh)(18)

in which

aK(uh,vh) =

∫
K

C[ε(uh)] : ε(vh) dxdy

=

∫
K̂

Ĉ[ε̂(ûh)] : ε̂(v̂h) j dξdη(19)

and where Ĉ = C ◦ F .
3.1. The equivalent parallelogram. The notion of the equivalent parallelo-

gram associated with a quadrilateral arises naturally when one seeks to define the
parallelogram that is closest to the quadrilateral in a sense that can be made mathe-
matically precise. Assuming that such a parallelogram can be constructed, the quadri-
lateral can then be viewed as a perturbation of the parallelogram.

This problem was considered by Arunakirinathar and Reddy [2], who showed
that the equivalent parallelogram can be constructed as follows. Suppose that the
map from the reference element K̂ to an arbitrary quadrilateral K is given by (14);
then the equivalent parallelogram K̃ associated with K is defined by the affine map
F̃ obtained simply by discarding the bilinear terms in (14). That is, if we define the
vector k by

k = 1
4 (x1 − x2 + x3 − x4),

then the map F̃ may be expressed in the form

F̃ (ξ) = F (ξ)− kξη

=

4∑
A=1

NA(ξ)x̃A,

in which the nodal points x̃A of the equivalent parallelogram are defined by

x̃A = 3
4xA + 1

4 (xA+1 − xA+2 + xA+3), A = 1, . . . , 4 (modulo 4).

These notions are illustrated in Figure 1.
The equivalent parallelogram has some interesting properties [2]: for example, K

and K̃ have the same areas, their sides intersect at midpoints, and the lengths of the
corresponding diagonals are equal. These last two properties are evident in Figure 1.
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x1

x̃1

quadrilateral K

reference element K̂

equivalent parallelogram K̃

k

Fig. 1. The equivalent parallelogram associated with a quadrilateral.

It is necessary to characterize mathematically the relationship between the quadri-
lateral and its equivalent parallelogram; more particularly, we need to characterize the
notion of closeness between K and K̃. Suppose that the affine map from K̂ to K̃ takes
the form

x̃ = Cξ + c,(20)

in which C and c are, respectively, a constant matrix and vector; then the distortion
parameter τK for element K is defined by

τK = |C−1k|.(21)

The distortion is thus measured by mapping the vector k back to the reference element
K̂, usingC−1. From Figure 1 and the definition of k it is clear that k = 0, and τK = 0,
if and only if K is a parallelogram.

The distortion parameter associated with a finite element mesh may now be de-
fined by

τ = max
K∈T

|τK |.(22)

We will also require the notion of an h-regular mesh, which is defined to be a
finite element mesh for which τ = O(h).

The role played by τK in characterizing the difference between K and K̃ may
be seen more clearly by examining the properties of the map G : K̃ → K from the
parallelogram to the quadrilateral. If we set J ′ = DG and j′ = detJ ′, then since

x = G(x̃) = x̃+ kξη,

it is straightforward to show, also using (20), that

J ′ = I +C−1k ⊗ l
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and

j′ = 1 +C−1k · l,
in which l = (η, ξ). It follows from (21) that

sup
x∈K

|j′(x)| := ‖j′‖∞ ≤ 1 +
√
2 τK .(23)

If |A| = (
∑2

i,j=1 AijAij)
1/2 for any matrix A, then

|J ′| ≤ |I|+ |C−1k ⊗ l|
≤ |I|+ |C−1k| |l|
≤

√
2 (1 + τK).(24)

The inverse of the map J ′ is given by

(J ′)−1 = I −R,(25)

in which

R =
C−1k ⊗ l

1 +C−1k · l .(26)

It follows from (21) that

|R| ≤ |C−1k| |l|
|1 +C−1k · l| ≤

√
2τK

1−√
2τK

.(27)

Likewise, using the identity

det (I +B) = 1 + detB(1 + trB−1) + trB

and (25) and (26), we find that

(j′)−1 = det ((J ′)−1)

= 1− C−1k · l
1 +C−1k · l

≤ 1

1−√
2τK

so that

‖(j′)−1‖∞ ≤ 1

1−√
2τK

.(28)

Thus, roughly, it is seen that the Jacobians of K̃ and K differ by a term that is
O(τK).

Finally, a transformation similar to that in (17) may be obtained by defining on
K̃ a coordinate system x̃ = (x̃, ỹ) and by defining the gradient ∇̃ and strain ε̃ relative
to this coordinate system by

(∇̃ṽ)ij = ∂ṽi
∂x̃j

, ε̃(ṽ) =
1

2
(∇̃ṽ + [∇̃ṽ]T ).(29)

For convenience we set

L̃(ṽ) = ∇̃ṽ;
then we have

L̃(ṽ) = L(v)J̃ .(30)
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4. Affine finite element approximations. Since the equivalent parallelogram
associated with a quadrilateral is “close” to that quadrilateral, it is natural to enquire
whether approximate solutions to Problem S of the desired degree of accuracy might
be obtained if Problem Sh were modified by replacing the integral in (18) with an
integral over K̃ for each element K in the mesh. Such a procedure would have
the advantage that, since the map from K to K̃ is affine, the associated Jacobian
matrix and determinant are constant, and the integrals can be evaluated exactly, for
homogeneous materials at least, for which case C is constant.

We now show that such a procedure does in fact lead to finite element approxi-
mations that converge at the usual rate. Numerical results presented by Küssner and
Reddy [9] in the case of linear elasticity and by Reese and coworkers [12, 13] for prob-
lems involving nonlinear elasticity and finite deformations show in addition that, when
this concept is applied to enhanced assumed strain formulations, the results represent
in many cases an improvement over those obtained by the conventional approach.

From (25), (29), and (30), we have

ε(v) = 1
2 (L(v) +L

T (v))

= 1
2 (L̃(J

′)−1 + (J ′)−T L̃
T
)

= ε̃(ṽ)−∆(ṽ),(31)

in which

∆(ṽ) := 1
2 [L̃R+RT L̃

T
],(32)

and R is defined by (26).

Next, for continuous functions ũ and ṽ on K̃ we define the bilinear form aK̃(·, ·)
and linear functional �K̃(·) by

aK̃(ũ, ṽ) =

∫
K̃

C̃[ε̃(ũ)] : ε̃(ṽ) dx̃dỹ, �K̃(ṽ) =

∫
K̃

b · ṽ dx̃dỹ.(33)

Here, and henceforth, C̃(x̃) := C(G(x̃)), and we write dx̃dỹ for dx1dx2 for conve-
nience. Likewise, for functions u, v ∈ V we set

ã(u,v) =
∑
K∈T

aK̃(ũ, ṽ), �̃(v) =
∑
K∈T

�K̃(ṽ),(34)

where it is to be understood that ũ and ṽ are the maps to K̃ of the restrictions u|K
and v|K . In particular, in what follows, for any function vh ∈ V h we set

ṽh := vh|K ◦G−1.

We are now in a position to define the affine-approximate problem.

Problem S̃h. Given b ∈ V ′, find wh ∈ V h which satisfies

ã(wh,vh) = �̃(vh)(35)

for all vh ∈ V h.
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Remark. It is important to note that Problem S̃h is defined not by transforming
the integrals in (18) onto K̃ but rather by replacing the integrals over K with those
over K̃. Thus the relevant functions are mapped from K to K̃, after which the appro-
priate gradients are evaluated on K̃. So, for example, the integrals in the definitions
of aK̃ and �K̃ contain no Jacobian determinants.

Lemma 1. The bilinear form ã is V h-elliptic; that is, there exists a constant
α̃ > 0, independent of τ , such that

ã(vh,vh) ≥ α̃(1 + τ + τ2)‖vh‖2
V for all vh ∈ V h,(36)

where τ is defined by (22).
Proof. From the V h-ellipticity of a(·, ·) we have

α ‖vh‖2
V ≤ a(vh,vh) =

∑
K∈T

aK(vh,vh),(37)

where aK(·, ·) is given by

aK(u,v) :=

∫
K

C[ε(u)] : ε(v) dxdy.(38)

Using (31) we have

aK(vh,vh) =

∫
K̃

C̃[ε̃(ṽh)−∆(ṽh)] : (ε̃(ṽh)−∆(ṽh)) j
′ dx̃dỹ.(39)

We now examine each of the terms on the right-hand side of (39) in turn.
We set

(E,F )
C,K̃ :=

∫
K̃

C̃[E] : F dx̃dỹ

for any E, F ∈ L
2(K̃), and we note that this is an inner product on L

2(K̃), equivalent
to the standard inner product, as a result of the properties (6) and (7) of C. We will
also make use of the symmetry property C[E] : F = C[F ] : E, which follows from
(5).

Now, setting L̃R := A in the definition (32) of ∆, consider the expression

(I) :=

∫
K̃

C̃[∆] : ∆ j′ dx̃dỹ

≤ ‖j′‖∞(∆,∆)
C,K̃

= 1
4‖j′‖∞(A+AT ,A+AT )

C,K̃

= 1
2‖j′‖∞

(
‖A‖2

C,K̃
+ (A,AT )

C,K̃

)
≤ ‖j′‖∞‖A‖2

C,K̃
.(40)

Next, from the definition of A we have

‖A‖
C,K̃ ≤ ‖L̃‖

C,K̃‖R‖
C,K̃ .(41)
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Furthermore, we have, using the definition of the norm ‖ · ‖
C,K̃ , (8), and (27),

‖R‖2
C,K̃

≤ c∞µK max
x̃∈K̃

|R|2(x̃)

≤ 2c∞µKτ2
K

(1−√
2 τK)2

,(42)

in which µK is the area of K (and of K̃).
We also have

‖L̃‖2
C,K̃

=

∫
K̃

C̃[L̃] : L̃ dx̃dỹ

=

∫
K̃

C̃[ε̃] : ε̃ dx̃dỹ

= aK̃(ṽh, ṽh).(43)

From (41)–(43), it follows that

(I) ≤ c2K aK̃(ṽh, ṽh),(44)

where the constant cK is defined by

cK = τK(1−
√
2 τK)−1

√
2c∞µK(1 +

√
2 τK).(45)

Next, consider the expression

(II) :=

∫
K̃

C̃[ε̃(ṽh)] : ε̃(ṽh)j
′ dx̃dỹ

≤ (1 +
√
2 τK)

∫
K̃

C̃[ε̃] : ε̃ dx̃dỹ

= (1 +
√
2 τK)aK̃(ṽh, ṽh),(46)

where we have used the positivity of the integrand and (23).
Finally, consider the term

(III) := −
∫
K̃

[
C̃[ε̃(ṽh)] : ∆(ṽh) + C̃[∆(ṽh)] : ε̃(ṽh)

]
j′ dx̃dỹ

= −2
∫
K̃

C̃[ε̃(ṽh)] : ∆(ṽh)j
′ dx̃dỹ

= −2(j′ε̃,∆)
C,K̃

≤ 2‖j′‖∞
∣∣∣(ε̃,∆)

C,K̃

∣∣∣
= 2‖j′‖∞

∣∣∣(ε̃,A)
C,K̃

∣∣∣
≤ 2‖j′‖∞‖ε̃‖

C,K̃‖A‖
C,K̃ ,

where we have used the representation ∆ = 1
2 (A + AT ) and the Cauchy–Schwarz

inequality. Now we know that ‖ε̃‖
C,K̃ =

√
aK̃(ṽh, ṽh) and, from (41)–(43),

‖A‖2
C,K̃

≤ c2K(1 +
√
2 τK)−1aK̃(ṽh, ṽh).
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So we have

(III) ≤ 2cK

√
1 +

√
2 τK aK̃(ṽh, ṽh).(47)

Expanding (39) and substituting the estimates for (I), (II), and (III), we have

α‖vh‖2
V ≤ a(vh,vh) =

∑
K∈T

aK(vh,vh)

≤
∑
K∈T

(I)+ (II)+ (III)

≤
∑
K∈T

[
cK +

√
1 +

√
2 τK

]2

aK̃(ṽh, ṽh)

≤ γ ã(vh,vh),

where the constant γ is given by

γ = [1 +
√
2c∞ (1−

√
2 τK)−1hτ ]2(1 +

√
2 τ).

It follows that ã(·, ·) is V h-elliptic.
Since ã and �̃ are clearly continuous, it follows therefore that Problem S̃h has a

unique solution wh.
Remark. The consistency and convergence of the solution to Problem Sh de-

pends in a fundamental way on the following lemma, which is analogous to the first
Strang lemma (see [7, Theorem 4.4.1]) associated with errors induced by numerical
quadrature in finite element approximations.

Lemma 2. There exists a positive constant C, independent of h, such that

‖u−wh‖V ≤ C

(
inf

vh∈V h

{
‖u− vh‖V + sup

zh∈V h

|a(vh,zh)− ã(vh,zh)|
‖zh‖V

}

+ sup
zh∈V h

|�(zh)− �̃(zh)|
‖zh‖V

)
.(48)

Proof. The proof follows that of the Strang lemma very closely, and we therefore
merely sketch the details. Using the V h-ellipticity of ã, we have

α̃‖wh − vh‖2
V ≤ ã(wh − vh,wh − vh)
= a(u− vh,wh − vh) + [a(vh,wh − vh)− ã(vh,wh − vh)]
+ [�̃(wh − vh)− �(wh − vh)].(49)

Here we have used (11) and (35). Now

a(vh,wh − vh)− ã(vh,wh − vh)
‖wh − vh‖V ≤ sup

zh∈V h

|a(vh,zh)− ã(vh,zh)|
‖zh‖V ,(50)

and a similar inequality exists for �− �̃. The triangle inequality gives

‖u−wh‖V ≤ ‖u− vh‖V + ‖wh − vh‖V .(51)

We divide throughout in (49) by ‖wh − vh‖V and make use of the continuity of a in
the first term on the right-hand side of (49); next, we use (50) and the corresponding
expression for |� − �̃| and take the supremum of the terms in square brackets in
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(49). Finally, (48) is obtained by using (51) and by taking the infimum over all
vh ∈ V h.

Next, we address the task of estimating the expression

sup
zh∈V h

|a(vh,zh)− ã(vh,zh)|
‖zh‖V .

From (33) and (39) we have

aK(vh,zh)− aK̃(ṽh, z̃h)

=

∫
K

C[ε(vh)] : ε(zh) dxdy −
∫
K̃

C̃[ε̃(ṽh)] : ε̃(z̃h) dx̃dỹ

=

∫
K̃

C̃[ε̃(ṽh)] : ε̃(z̃h)j
′ dx̃dỹ −

∫
K̃

C̃[ε̃(ṽh)] : ∆(z̃h) j
′ dx̃dỹ

−
∫
K̃

C̃[∆(ṽh)] : ε̃(z̃h) j
′ dx̃dỹ +

∫
K̃

C̃[∆(ṽh)] : ∆(z̃h) j
′ dx̃dỹ

−
∫
K̃

C̃[ε̃(ṽh)] : ε̃(z̃h) dx̃dỹ

=

∫
K̃

C̃[ε̃(ṽh)] : ε̃(z̃h)(j
′ − 1) dx̃dỹ −

∫
K̃

C̃[ε̃(ṽh)] : ∆(z̃h)j
′ dx̃dỹ

−
∫
K̃

C̃[∆(ṽh)] : ε̃(z̃h)j
′ dx̃dỹ +

∫
K̃

C̃[∆(ṽh)] : ∆(z̃h)j
′ dx̃dỹ

≤
√
2 τK aK̃(ṽh, z̃h) +

√
aK̃(ṽh, ṽh)aK̃(z̃h, z̃h)

[
c2K + 2cK

√
1 +

√
2 τK

]
.(52)

Here we have used the estimates leading to (44) and (47).
Now

aK̃(ṽh, z̃h) ≤ MK̃ ‖ṽh‖H1(K̃)‖z̃h‖H1(K̃)

for some positive constant MK̃ , independent of hK and τK , and, using (24), (28), and
(30), we have

‖ṽh‖2
H1(K̃)

=

∫
K̃

(
|ṽh|2 + |∇̃ṽh|2

)
dx̃dỹ

=

∫
K

[|vh|2 + |(∇vh)J ′|2](j′)−1 dxdy

≤ CK‖vh‖2
H1(K),

where CK = 2(1 + τK)2(1−√
2 τK)−1.

Hence

|a(vh,zh)− ã(vh,zh)|
‖zh‖V

≤
∑

K∈T MK̃CK

[(
cK +

√
1 +

√
2 τK

)2

− 1

]
‖vh‖H1(K)‖zh‖H1(K)

‖zh‖V
≤ Cτ

∑
K∈T ‖vh‖H1(K)‖zh‖H1(K)

‖zh‖V
≤ Cτ‖vh‖V ,(53)

where the constant C is independent of h and τ .
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Choosing vh = Πhu, where Πh is the interpolation operator onto V h, and noting
that ‖Πhu‖V ≤ ‖u‖V + ‖u−Πhu‖V ≤ ch|u|H2 + ‖u‖V , we finally obtain

inf
vh∈V h

sup
zh∈V h

|a(vh,zh)− ã(vh,zh)|
‖zh‖ ≤ Cτ,

where the constant C depends on the geometry and on the solution u. In exactly the
same way we can derive the estimate

inf
vh∈V h

sup
zh∈V h

|�(zh)− �̃(zh)|
‖zh‖ ≤ Cτ,

where again C depends on the geometry and on u. We therefore have the following
result.

Theorem 3. Let T be an h-regular finite element mesh of quadrilaterals, with
the maximum distortion of quadrilaterals being bounded in the sense that τ ≤ ch for
some constant c, independent of h, as h → 0. Then problem S̃h has a unique solution
wh which satisfies

‖u−wh‖V ≤ Ch,

the constant C depending on the geometry and the solution u to the continuous prob-
lem, but not on h.

5. The enhanced strain problem. In the context of the finite element method,
the enhanced strain method refers to an approach proposed by Simo and Rifai [14],
in which the discrete strain εh takes the form

εh = ε(uh) + ηh,(54)

the first term on the right-hand side being evaluated as in (2), while the second term
on the right-hand side is the enhanced strain, which is required to have the property
ηh → 0 as h → 0.

In order to formulate the problem in weak form it is necessary to add to the
spaces already defined the space Γh of enhanced strains, which is defined by

Γh :=

{
γ = (γij) : γij ∈ L2(Ω), γji = γij ,

∫
K

Cγ|K dxdy = 0 for all K ∈ T
}
.

(55)

In practice Γh will comprise functions of the form γ = j−1γ̂ on each element, in which
the components of γ̂ are simple polynomials defined on the reference element K̂. A
consequence of this definition is that

∫
K̂

Cγ̂ dξdη = 0 [3]. Concrete examples of bases

for Γh, together with applications, may be found in [14, 1].
We set φh = (uh,ηh) and ψh = (vh,γh) for uh, vh ∈ V h and ηh, γh ∈ Γh. Also,

we define the product space

Ψh := V h × Γh,

which is a Hilbert space with the natural norm

‖ψh‖Ψ :=
(‖vh‖2

V + ‖γh‖2
L2

)1/2
.
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The bilinear form A : Ψh ×Ψh −→ R is defined by

A(φh,ψh) =

∫
Ω

C(ε(uh) + ηh) : (ε(vh) + γh) dxdy,(56)

and we recall the definition (10) of the linear functional �.
The weak formulation of the problem then takes the following form [11, 14].
Problem Eh. Find (uh,ηh) ∈ V h × Γh such that

A(φh,ψh) = �(vh) for all ψh ∈ Ψh.(57)

We have the following result, proved in [11] for affine-equivalent meshes (see also
[5]) and in [3] for isoparametric meshes and stated here for the special case in which
V h is chosen as in (15).

Theorem 4. Let T be a regular mesh of quadrilaterals on a bounded polygonal
domain Ω ∈ R

2. Let the space V h be defined by (15) and the space Γh by (55).
Assume, in addition, that

(a) ε(V h) ∩ Γh = {0},
(b) there exists a constant c1 with 0 < c1 < 1 such that, for any γh ∈ Γh,

‖Pγh‖Γ ≤ c1‖γh‖, where P is the L2-orthogonal projection onto ε(V h).
Then there exists a unique solution to Problem Eh. Furthermore, if u ∈ [H2(Ω)]2,
then there exists a constant C > 0, independent of h, such that

‖u− uh‖V + ‖ηh‖Γ ≤ Ch|u|H2 .

We now consider the affine-approximate problem analogous to Problem S̃h.
Define

AK̃(χ̃h, ψ̃h) =

∫
K̃

C̃(ε̃(w̃h) + β̃h) : (ε̃(ṽh) + γ̃h) dx̃dỹ(58)

and

�K̃(ψ̃h) =

∫
K̃

b · ṽh dx̃dỹ,(59)

where χh = (wh,βh) and superposed tildes have the same interpretation as previ-
ously. Set

Ã(χh,ψh) =
∑
K∈T

AK̃(χ̃h, ψ̃h)(60)

and

�̃(ψh) =
∑
K∈T

�K̃(ψ̃h).(61)

Problem Ẽh. Given b ∈ V ′, find χh := (wh,βh) ∈ V h ×Ψh which satisfy

Ã(χh,ψh) = �̃(ψh)(62)

for all ψh ∈ Ψh.
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We need to show that Ã is Ψh-elliptic. We proceed as in the case of Lemma
1, beginning with the observation that A(·, ·) is Ψh-elliptic (see [11]), from which it
follows that

αA‖ψh‖2
Ψ ≤ A(ψh,ψh)

=
∑
K∈T

AK(ψh,ψh).(63)

Now we have, from the positivity of the integrand of AK and the symmetry of C,

AK(ψh,ψh) =

∫
K

C(ε(vh) + γh) : (ε(vh) + γh) dxdy

=

∫
K̃

C(ε(vh) + γh) : (ε(vh) + γh) j
′ dx̃dỹ

≤ ‖j′‖∞
∫
K̃

C(ε(vh) + γh) : (ε(vh) + γh) dx̃dỹ

= ‖j′‖∞
∫
K̃

C̃[ε̃(ṽh)−∆(ṽh) + γ̃h) : (ε̃(ṽh)−∆(ṽh) + γ̃h) dx̃dỹ

= ‖j′‖∞


AK̃(ψ̃h, ψ̃h)−2

∫
K̃

C̃[∆(ṽh)] : [ε̃(ṽh)− 1
2∆(ṽh) + γ̃h] dx̃dỹ︸ ︷︷ ︸

F

+ 2

∫
K̃

C̃[γ̃h] : (ε̃(ṽh) +
1
2 γ̃h) dx̃dỹ




≤ ‖j′‖∞
[
AK̃(ψ̃h, ψ̃h) + 2(ε̃, γ̃)

C,K̃ + (γ̃, γ̃)
C,K̃ + F(ṽh, γ̃h, τK)

]
.

Here the term F is of the form F = cK · [terms depending on (ṽh, γ̃h, τK)], as can be
deduced by a series of manipulations similar to those carried out in (44)–(46). From
the definition of AK̃ it follows therefore that

AK(ψh,ψh) ≤ (1 +
√
2 τK)[2AK̃(ψ̃h, ψ̃h) + F(ṽh, γ̃h, τK)].

We therefore have the following result.
Lemma 5. The bilinear form Ã is Ψh-elliptic for sufficiently small τ . Further-

more, Problem Ẽh has a unique solution χh = (wh,βh) in Ψh.
Next, we have the following counterpart to Lemma 2.
Lemma 6. Set φ = (u,0), where u is the solution to Problem S, and denote the

solution to Problem Ẽh by χh = (wh,βh). Then there exists a constant C, indepen-
dent of h, such that

‖φ− χh‖Ψ ≤ C

[
inf

ψh∈Ψh

{
‖φ−ψh‖Ψ + sup

ωh=(zh,ρh)∈Ψh

✸

‖ωh‖Ψ

}]
,(64)

where ✸ is given by

✸ = |A(ψh,ωh)− Ã(ψh,ωh)|+ |�(ψh)− �̃(ψh)|+
∣∣∣∣
∫

Ω

Cε(u) : γh dxdy

∣∣∣∣ .(65)
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Proof. From the Ψh-ellipticity of Ã, we have

α̃‖χh −ψh‖2
Ψ ≤ Ã(χh −ψh,χh −ψh)

= A(φ−ψh,χh −ψh) + [A(ψh,χh −ψh)− Ã(ψh,χh −ψh)]

− A(φ,χh −ψh) + Ã(χh,χh −ψh)

= A(φ−ψh,χh −ψh) + [A(ψh,χh −ψh)− Ã(ψh,χh −ψh)]

+ [�̃(χh −ψh)− �(χh −ψh)] + [�(χh −ψh)−A(φ,χh −ψh)].

The rest of the proof proceeds in much the same way as the proof of Lemma 2.

Finally, the expression ✸ in (64) must be estimated. We have, from (58) and
(64),

AK(ψh,ωh)−AK̃(ψ̃h, ω̃h)

= aK(vh,zh)− aK̃(ṽh, z̃h) (i)

+

∫
K

(C[ε(vh)] : ρh + C[ε(zh)] : γh) dxdy

−
∫
K̃

(C̃[ε̃(ṽh)] : ρ̃h − C̃[ε̃(z̃h)] : γ̃h) dx̃dỹ (ii)

+

∫
K

C[γh] : ρh dxdy −
∫
K̃

C̃[γ̃h] : ρ̃h dx̃dỹ. (iii)(66)

We now examine the expressions (i)–(iii) in (66) in turn. First, we see that (i) is
estimated in (52). Next, we have

(ii) ≤
∫
K̃

(j′ − 1)C̃[ε̃(ṽh)] : ρ̃h dx̃dỹ +

∫
K̃

(j′ − 1)C̃[ε̃(z̃h)] : γ̃h dx̃dỹ

−
∫
K̃

C̃[∆(ṽh)] : ρ̃h j̃ dx̃dỹ −
∫
K̃

C̃[∆(z̃h)] : γ̃h j̃ dx̃dỹ

≤
[√

2τK +

√
1 +

√
2τK cK

]{
‖ρ̃h‖C,K̃‖ε̃(ṽh)‖C,K̃ + ‖γ̃h‖C,K̃‖ε̃(z̃h)‖C,K̃

}
.(67)

Here we have used (23) and the manipulations leading to (44). Finally,

(iii) ≤
√
2τK‖ρ̃h‖C,K̃‖γ̃h‖C,K̃ .(68)

It is not difficult to see, from the arguments leading to (53) and from (67) and (68),
that

sup
ωh∈Ψh

A(ψh,ωh)− Ã(ψ̃h, ω̃h)

‖ωh‖Ψ
≤ Cτ,(69)

in which the constant C depends on the geometry and on the solution u but not on
h nor on τ . In the same way, one may derive an estimate of the form (69) for the
second term in the definition (65) of ✸.

Finally, the last term on the right-hand side of (65) is shown in [11] to be bounded,
up to a constant, by h|u|1.

Theorem 7. Let T be an h-regular finite element mesh of quadrilaterals, with
the maximum distortion of quadrilaterals being bounded in the sense that τ ≤ ch for
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some constant c, independent of h, as h → 0. Let φ = (u,0) ∈ Ψ, where u is the
solution to Problem S. Then Problem Ẽh has a unique solution χh which satisfies

‖φ− χh‖Ψ ≤ Ch,

the constant C depending on the geometry, on the material tensor C, and on u, but
not on h.

Remark. The analysis presented here has been carried out for the case of com-
pressible materials, for which the components of C are bounded. A modified approach,
such as that presented in [11, section 5] or in [6], is required for the limiting cases
of incompressibility or near incompressibility. Such an analysis would combine the
approaches presented here and in those works.
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