
The correct dates will be entered by the editor



2

Noname manuscript No.
(will be inserted by the editor)

Shell Þnite elements, with applications in biomechanics

S. Bartle á A.T. McBride á B.D. Reddy

Received: date / Accepted: date

Abstract This paper gives a detailed presentation of a formulation for thin shells,
and its Þnite element approximation, with the goal of modelling soft, thin biological
tissues. The rigorous but complex theory due to Simo and Fox (1986) is presented in
an accessible manner, with detailed derivations where appropriate. The presentation
is conÞned to small strains and linear elasticity, with the constitutive theory extended
to take account of transverse isotropy.

The Þnite element formulation is given in such a way as to makevarious imple-
mentational aspects clear. Implementation has been carried out in deal.II, an open
source library of Þnite element code.

Two example problems in biomechanics are considered: the problem of arterial
clamping, and the modelling of a prosthetic aortic valve. Inthe case of the clamped
artery, the deformed shape for a range of clamp depths compares well with results in
the literature obtained using a three-dimensional formulation. The addition of helical
Þbre families orientated in the same manner as two differentarterial layers signiÞ-
cantly altered the resulting deformations and agreed qualitatively with those in the
literature. An aortic valve leaßet is modelled with and without transverse isotropy.
The deformed leaßet behaves as expected for a diastolic state and shows a signiÞcant
increase in load carried by the aortic wall with the inclusion of Þbres.
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1 Introduction

Current statistics for patients in need of heart transplants, valve replacements, hip
replacements, bypasses, and the like, make clear certain realities of the human body.
Whether it be lifestyle related or genetic, certain essential organs in the human body
can wear out, become diseased or damaged in various ways.

In attempts to address these challenges there has been a great deal of research
into the development of prosthetic devices. However, this path has been fraught with
difÞculites in attempting to reproduce the complex behaviour of natural biological
materials, which are generally highly nonlinear and anisotropic. The challenges fac-
ing developers of prosthetic implants include that of understanding exactly how bio-
logical materials respond to physiological loading conditions. Further issues include
being able to design a prosthetic implant that will functionin the correct manner,
not conßict with the surrounding tissue, withstand repeated loading, and have a re-
alistic lifespan. It is also necessary to be able to test prosthetic designs sufÞciently
thoroughly, to be conÞdent of their ability to function successfully after implantation.

The process of building and testing prototypes, either using speciÞc testing rigs or
animals, is costly and time-consuming. Mathematical and computational modelling
offers a complementary avenue of investigation. Using the principles of continuum
mechanics, the complexity of biological materials and their behaviour can, in prin-
ciple, be captured as a mathematical model, and realistic computational simulations
developed by using an approximation procedure such as the Þnite element method.

The work in this paper is motivated by the challenges speciÞcto the modelling of
soft biological tissues and prostheses which are considered to be thin. These include
heart valves and, in some cases, blood vessels. The term ÕthinÕ is intended to describe
a structure in which one length dimension is much smaller than the other two. Shell
theory provides the appropriate framework for the study of thin structures.

Since the theory of shells and associated numerical aspectsare complex, a sub-
stantial focus of this paper is that of presenting a full development of shell theory,
together with Þnite element approximations. Examples and applications involving
arteries and heart valves are then treated using the theory.The shell theory and asso-
ciated Þnite element approximations developed by Simo and Fox [1] are used as the
basis of this study.

2 Shell Theory

There are several possible formulations of shell theories.We will adopt the model of
Simo and Fox [1], of a shell as a midsurface with a director deÞned at each point.

2.1 Shell geometry

Figure 1 sets out the system that will be described.{ EI } I= 1,2,3 deÞnes a Þxed iner-
tial frame. The reference conÞguration of the midsurface ofthe shell, labelledB ,
in R3 is generated by a map from the surfaceA , lying in the ! 1 ! ! 2 plane. This
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(a) (b)

Fig. 1 Visualisation of the shell model kinematics and geometry

mapping is denoted by" 0. Similarly, " denotes the mapping fromA to the current
conÞguration of the midsurface, denoted byS .

The basic kinematic representation for the shell surface isthat of an inextensi-
ble one-director Cosserat surface. In Figure 1(a) ,t0 shows an arbitrary director for
the shell surface in the reference conÞguration, andt the director in the deformed
conÞguration. The directort0 need not be normal to the midsurface.

Consider a position vector! = ! 1E1 + ! 2E2 in the surfaceA in R2. In the ref-
erence conÞguration, surfaceB is deÞned by the mapping" 0 from A . The position
vector of an arbitrary point in the reference conÞguration of the shell is given by

x0 = " 0(! 1
, ! 2

, ! ) = # 0(! 1
, ! 2) + ! t0(! 1

, ! 2), (1)

where# 0 deÞnes the midsurface position vector,t0 deÞnes a unit vector Þeld at that
point on the surface, withh! " ! " h+ andh = h+ ! h! being the thickness of the
shell. This is illustrated in Figure 1(b).

Similarly, the deformed conÞguration is also given as a mapping from the same
Þxed frame. The current conÞgurationS is given by the mapping" from A . There-
fore, the position vector of an arbitrary point in this conÞguration is given by

x = " (! 1
, ! 2

, ! ) = # (! 1
, ! 2) + ! t(! 1

, ! 2). (2)

{ aI } I= 1,2,3 deÞnes the surface convected frame where{ a$ } $ = 1,2 represents the
tangent basis to the midsurface, deÞned by

a$ =
%#
%!$

(3)

and depicted in Figure 2.

a3 = t.
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{ tI } I= 1,2,3 deÞnes the director orthogonal frame. This frame is constructed using the
orthogonal transformation&, which maps the outward normalE of the surfaceA , in
R2, to the directort in the shell conÞguration inR3; that is,

t3 = t = & E. (4)

Then{ t$ } $ = 1,2 are deÞned as in Figure 2 by

t$ = &E$ .

Fig. 2 Depiction of the important reference frames in the shell formulation

It is also useful at this point to record an explicit formula for & , derived in [1]:

& = ( E át) I + ![E # t]+
1

1+ E át
(E # t) $ (E # t) . (5)

The operator!(á) is the tensor deÞned by

"' h = ' # h (6)

for any vectorh.
Mid-surface Jacobians can now be deÞned by

øj0 = |a0
1 # a0

2|, øj = |a1 # a2|,

and so we can deÞne

øJ =
øj
øj0

.
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An element of midsurface area in the reference conÞgurationis given by

dA0 = a0
1 # a0

2d! 1d! 2
,

and similarly for the current conÞguration, by

dA= a1 # a2d! 1d! 2
.

Incremental changes in the director vector. The transformation (4), when
applied to the reference conÞguration, gives

t0 = & E. (7)

The director vector in the current conÞguration is given as

t = t0 + ( t.

& imparts a rotation on the system, and thus is an othogonal tensor, so that

& T = & ! 1
. (8)

Due to the assumption of small displacements,( t satisÞes

( t át0 = 0. (9)

From (7) and (9),

0 = ( t át0 = & ! 1( t áE.

We now set

( T = & ! 1( t. (10)

Thus

( T áE = 0, (11)

so that

( T = ( T$ E$ . (12)

This means( T has only two components relative to theEI basis. From (10) and (12)
we may write in matrix form

{ ( t} 3# 1 = ø& 3# 2{ ( T} 2# 1 , (13)

where ø& consists of the Þrst two columns of& .
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2.2 Stress resultants and equilibrium equations

DeÞne the stress resultant

n$ =
1
øj

# h+

h!
) a$ jd! (14)

and resultant moment

m$ =
1
øj

# h+

h!
(x ! #) # ) a$ jd! . (15)

Sincem$ át = 0, there is no component of the stress couple along directort.
This means that the shell surface experiences no ÒdrillingÓforces. Secondly, since
(x ! #) = ! t, from equation (2),m$ can be written as

m$ = t #
1
øj

# h+

h!
! ) a$ jd! = t # $m$

. (16)

The last quantity involving stress to be deÞned is the across-the-thickness-stress-
resultant,l, which is given by

l =
1
øj

# h+

h!
) g3 jd! . (17)

Equilibrium equations. Using the three-dimensional integral balance laws, the
shell formulation equilibrium equations are the resultantform of the balance of forces
and moments. The balance of forces is written as

##

%V
) ö* dS

% &' (
total surface force

+
###

V
b+ dV

% &' (
total body force

= 0, (18)

where ö* is the outward unit normal on the boundarydV , andb denotes the body
force per unit mass. The balance of moments is written as

##

%V
" # ) öndS +

###

V
" # b+dV = 0. (19)

Making use of the deÞnitions for the stress and stress coupleresultant in (14) and (15),
the kinematic assumption in (2), the reciprocal basis, the midsurface and divergence
theorem for surfaces, the above equilibrium equations (18)and (19) can be expanded
and rearranged to give

1
øj
(( øjn$ )

,$ + øn = 0, (20)

whereøn is the applied resultant force per unit length, and

1
øj
(( øjm$ )

,$ + a$ # n$ + øm = 0, (21)

where øm is the applied resultant couple per unit length.
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Employing the symmetry condition of the Cauchy stress tensor, ) = ) T and in-
tegrating through the shell thickness, results in the following equation which restricts
the form of the momentum balance.

a$ # n$ + t
,$ # $m$ + t # l = 0. (22)

Using the deÞnition in (16) the Þrst term of (21) becomes

1
øj
(( øjm$ )

,$ = t
,$ # ÷m$ + t #

1
øj
(( øj ÷m$ )

,$ . (23)

Now, making use of the stipulation that the applied resultant couple øm should satisfy

÷øm át = 0 !% ÷øm = øm # t,

and substituting (22) and (23) into (21), we can show that

1
øj
( øj $m$ )

,$ ! øl + ø$m = 0. (24)

The two relevant equations are (20) and (24).
n$ , ÷m$ and t

,$ can be expressed in terms of components relative to the basis
{ a$ , t} according to

n$ = n,$ a, + q$ t, (25)

÷m$ = $m,$ a, + $m3$ t. (26)

and
t
,$ = - µ

$ aµ + - 3
$ t. (27)

The scalar- 3
$ can be determined in terms of- µ

$ using the conditions|t| = 1 and
t át

,$ = 0. Taking the scalar product of each term of (27) witht yields

- 3
$ = ! - µ

$ aµ át & ! - µ
$ . µ . (28)

Substituting (25) Ð (28), into (22) and then taking its scalar product witht we can
then deÞne

$n,$ = n,$ ! - ,
µ $m$ µ

. (29)

Making use of the new deÞnition

$q$ = q$ ! - 3
µ $m$ µ & q$ + - ,

µ . , $m$ µ
, (30)

we can then obtain an expression forl from (22) and (29); that is,

l = - t + $q$ #
,$ + - $

µ $m3µ#
,$ . (31)

Useful later on is the deÞnition

øl = l + ø- t, (32)

whereø- is a director pressure, of sorts, which can be likened to hydrostatic pres-
sure in incompressible elasticity.
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2.3 Strain-displacement and constitutive relations

We deÞne the tensors

a$, = a$ áa, ; a0
$, = a0

$ áa0
, (33)

. $ = a$ át; . 0
$ = a$ 0 át0 (34)

/ $, = a$ át
,, ; / 0

$, = a$ 0 át0
,, (35)

The relative strain measures are now deÞned according to theabove surface basis
tensors by

0$, = 1
2

)
a$, ! a0

$,

*
, (36)

1$ = . $ ! . 0
$ , (37)

+$, = 1
2

)
/ $, ! / 0

$,

*
. (38)

Here0$, are components of the membrane strain,1$ are components of the shear
strain and+$, are components of the bending strain.

Using (33)-(35), the displacement Þeld from the reference to current position and
linearising for the case of small-strains, the various strain measures can be given
according to the tangent basis as

0$, = 1
2

)
a0

$ áu
,, + a0

, áu
,$

*
. (39)

1$ = a0
$ á( t + u

,$ át0
. (40)

+$, = 1
2

)
a0

$ á( t
,, + a0

, á( t
,$ + u

,$ át0
,, + u

,, át0
,$

*
. (41)

Elastic constitutive relations. HookeÕs law [2] for an anisotropic linear elastic
material is given by

) i j = Ci jkl 0kl . (42)

It is the components of the elastic tensorC that concern us. For isotropic materials
(42) becomes

) =
E

1+ *

+
0+

*
1! 2*

(tr0) I
,
, (43)

whereE is YoungÕs modulus and* is PoissonÕs ratio.
Due to the assumption of no thickness change from the reference to the deformed

conÞguration, we may impose033 = 0. Taking this into account, we now substitute
the Cauchy stress deÞnition from (43) into the shell stress relations from (14) and
(15). After simplifying appropriately and making use of thecomponent expressions
listed in (25) - (30), the following constitutive relationsfor $n$, , $q$ and $m$, , can be
derived from (14) and (15):
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-
.

/

$n11

$n22

$n12

0
1

2
=

Eh
1! * 2H

-
.

/

011
022
2012

0
1

2
,

(44)

3
$q1

$q2

4
= / GhøH

3
. 11
. 22

4
, (45)

and
-
.

/

$m11

$m22

$m12

0
1

2
=

Eh3

1! * 2H

-
.

/

+11
+22
2+12

0
1

2
, (46)

whereG =
E

2(1+ * )
is the shear modulus,/ is the shear correction factor,

øH =
+

a11 a12

a12 a22

,
,

where, from the inverse of tensor (33),a$, =
5
a$,

6! 1, and

H =

7

8
8
8
8
9

a11a11 * a11a22+ ( 1! * ) * a12a12 a11a12

* a11a22+ ( 1! * ) * a12a12 a22a22 a22a12

a11a12 a22a12 1! *
2

a11a22+
1+ *

2
a12a12

:

;
;
;
;
<

.

For convenience we will deÞne the constitutive matrices

Dm =
Eh

1! v2H, Ds = / GhøH, Db =
Eh3

1! v2H. (47)

Transverse isotropy. An important consideration in the modelling of biological
materials is that of accounting for directional propertiesas a result of Þbres embedded
in the materials. These Þbres affect how the loading within the material is distributed
and so must be taken into account if an accurate biological model is to be constructed.
It is therefore necessary to modify the isotropic constitutive relation to take account
of this feature, which is known as transverse isotropy.

Figure 3 illustrates a section of a cylinder with two helicalfamilies of Þbres which
are orientated at the same angle positively and negatively from thez-axis. This is an
important illustration since arteries contain helical families of Þbres. The approach to
include the effects of transverse isotropy follows that in Gasser et al. [3], specialised
here to the case of shells and small strains.

As indicated in Figure 3, the orientation of the Þbres with respect to the surface
basisa1 anda2 is given by the vector

N = cos$ a2 ± sin$ a1. (48)



11

Fig. 3 The quarter cylinder showing two Þbre families having the same angle positively and negatively
from the axis of the cylinder

When including transverse isotropy we can decompose the stress in the form

) = ) o%&'(
isotropic part

+ ) f%&'(
Þbre part

, (49)

where the isotropic part of the stress) 0 is given by (43).
The Þbre part of the stress is given in [3] for nonlinearly elastic materials by

) f = 2k1 (I4 ! 1) ek2(I4! 1)2
devN $ N (50)

' 2k1 (I4 ! 1) devN $ N, (51)

wherek1 andk2 are material constants and

I4 = C: N $ N (52)

is an invariant. HereC = FTF is the right Cauchy-Green tensor.
Linearising, we can write an expression for the stress in theÞbres in the form

) f = 4k1(0: N $ N)
5
N$ N! 1

3I
6
. (53)

This stress-strain relation means that for every family of Þbres there is an extraDÞb
matrix that must be added onto theDm matrix, as previously deÞned in (44) and (47).
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From (48) and (53),

0: N $ N = 0$, N$ N, (54)

=
=
sin2$ cos2$ ± sin$ cos$

>

% &' (
W1# 3

ø0, (55)

so that the contribution to the stress from the Þbres is

÷n,$
Þb '

1
øj

# h+

h!
) ,$

Þb jd!

' 4hk1W ø0
)

N$ N, ! 1
31$

,

*
,

which can be expressed as

7

9
÷n11

÷n22

÷n12

:

< = 4k1h

7

8
8
9

W
?5

N1
62

! 1
3

@

W
?5

N2
62 ! 1

3

@

WN1N2

:

;
;
<

3# 3

7

9
011
022
2012

:

< (56)

where

DÞb = 4k1h

7

8
8
9

W
?5

N1
62 ! 1

3

@

W
?5

N2
62

! 1
3

@

WN1N2

:

;
;
< . (57)

3 Weak Formulation and Finite Element Approximation

The Þnite element method is a method for solving systems of partial differential equa-
tions (PDE) approximately. The Þrst step in the method entails formulating the par-
tial differential equations in an integral form, known as the weak form [4]. This is
done by multiplying the governing equations by an arbitraryfunction, known as a
test function, integrating over the domain, integrating byparts where appropriate,
and imposing the boundary conditions. In this section we setout this weak form of
the shell equilibrium equations presented in the previous section. Following this, the
Þnite element approximation and associated matrices are constructed.

3.1 The weak form

Starting with the Þrst equilibrium equation, (20), we take the scalar product of each
side with a test functionv and integrate over the domainA . After performing inte-
gration by parts on the Þrst term this gives

#

A

+
! n$ áv

,$ ! n$ áv
1
øj

øj
,$ + ønáv

,
dA+

A

%A
n$ áv p$ dS= 0 (58)
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wheredA= øjd! 1d! 2 andp = p$ a$ is the outward normal to the shell boundary.
We start with the Þrst term of (58). Using the deÞnitions laidout in equations

(25), (29) and (30) this term becomes

LHS=
#

A

)
$n,$ + - ,

µ $m$ µ
*

a, áv
,$ +

5
$q$ + - 3

µ $m$ µ6
t áv

,$ dA.

A similar approach is taken with the second equilibrium equation, (24). We take
the scalar product of each side of this equation with a test function k and integrate
over the domainA . After integration by parts on the Þrst term and some rearranging
we have

#

A

B
! $m$ ák

,$ ! øj
,$

$m$

øj
ák! øl ák+ $ømák

C
dA+

A

dA
$m$ ák øp$ dS= 0.

The test functionk is chosen such thatt ák = 0, thus

t ák
,$ = ! t

,$ ák. (59)

Again, dealing only with the parts of the equation which willform part of the left-
hand side of the formulation to be solved, and using deÞnitions in (59), (27), (31) and
(32) we obtain

LHS=
#

A

5
! $m$ ák

,$ + øl ák
6

dA=
#

A

)
$m,$ a, ák

,$ + $q$ a$ ák
*

dA. (60)

To express the equations in a form more suited to Þnite element approximations, we
deÞne the matrices:

Bm =

7

8
8
8
8
8
9

aT
1

%
%!1

aT
2

%
%!2

aT
1

%
%!2

+ aT
2

%
%!1

:

;
;
;
;
;
<

3# 3

, Bsm=

7

8
8
9

tT %
%!1

tT %
%!2

:

;
;
<

2# 3

, Bsb =
+

a1
a2

,

2# 3

ø& 3# 2,

Bbm =

7

8
8
8
8
8
9

tT
,1

%
%!1

tT
,2

%
%!2

tT
,1

%
%!2

+ tT
,2

%
%!1

:

;
;
;
;
;
<

3# 3

, Bbb =

7

8
8
8
8
8
9

aT
1

%
%!1

aT
2

%
%!2

aT
1

%
%!2

+ aT
2

%
%!1

:

;
;
;
;
;
<

3# 3

ø& 3# 2 = Bm ø& ,

where ø& is as deÞned in (13), and

$N =
=

$n11 $n22 $n12
>T

,

$Q =
=

$q1 $q2
>T

,

$M =
=

$m11 $m22 $m12
>T

,
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where $N is the effective membrane resultant force,$Q the effective shear resultant
force and$M the effective resultant couple. The combined weak form of the Þrst and
second equilibrium equations can now be written in matrix form as

#

A

)
[Bmv]T $N + [ Bsmv+ Bsbk]T $Q+ [ Bbmv+ Bbbk]T $M

*
dA

=
#

A

5
ønáv+ ø$mák

6
dA+

A

%A

5
n$ ávp$ + $m$ ák øp$

6
dS. (61)

The strain measures from (39), (40) and (41) can be expressedin the form

0 = Bmu, . =
=
Bsm Bsb

>
3

u
( T

4
, + =

=
Bbm Bbb

>
3

u
( T

4
,

where

u =
=

u1 u2 u3
>
, and ( T =

=
( T1 ( T2

>
(62)

are the vectors of displacement and change in director. Using the stress-strain rela-
tions and deÞnitions obtained in (44), (45), (46) and (47), the left-hand side of the
combined weak form in (61) becomes

LHS=
#

A

)
[Bmv]T Dm [Bmu] + [ Bsmv+ Bsbk]T Ds[Bsmu+ Bsb( T]

*
øjd! 1d! 2

+
)

[Bbmv+ Bbbk]T Db [Bbmu+ Bbb( T]
*

øjd! 1d! 2
. (63)

3.2 Finite element interpolations

Fig. 4 Mapping of the shell element from the isoparametric biunit square

The reference conÞguration of the shell surface inR3 is generated by maps from
a reference element(! 1,1) # (! 1,1) [5], as shown in Figure 4. The approximations
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to the shell midsurface position# h
e and unit director vectorth

e, for elemente, are given
by

# h
e =

4

2
A= 1

NA(! ,3) # 0
A (64)

and

th
e =

÷th

( ÷th (
, where ÷th =

4

2
A= 1

NAt0
A (65)

and# 0
A andt0

A are inR3, with A = 1, ...,4. The isoparametric bilinear shape functions
NA(! ,3) are given by

NA(! ,3) = 1
4 [1+ ! ! A] [1+ 33A] , A = 1, ...,4, (66)

where(! A,3A) ) { (! 1, ! 1) ; (1, ! 1) ; (1,1) ; (! 1,1)} . The director interpolation scheme
ensures thatth

e is a unit vector. Here and henceforth we write (! ,3) for (! 1
, ! 2) where

appropriate.
We adopt the same interpolation scheme for the test functions utilised in the weak

form; that is, on an arbitrary elemente,

vh
e =

4

2
A= 1

NA (! ,3) vA, kh
e =

4

2
A= 1

NA(! ,3) kA. (67)

Finally, the displacements and change in director are interpolated according to

uh
e =

4

2
A= 1

NA(! ,3) uA and ( th =
1

( ÷th (
Pt( ÷th

, (68)

where( ÷th = 2 4
A= 1NA( tA andPt =

=
I ! th

e $ th
e
>

deÞnes an orthogonal projection.
Substituting the interpolated relations for all of the relevant terms of the weak

form, (63) becomes

LHS=
#

A

D
4

2
A= 1

=
BA

mvA
>T

Dm

4

2
B= 1

=
BB

muB
>
E

øjd! 1d! 2

+

D
4

2
A= 1

=
BA

smvA + BA
sbkA

>T
Ds

4

2
B= 1

=
BB

smuB + BB
sb( TB

>
E

øjd! 1d! 2

+

D
4

2
A= 1

=
BA

bmvA + BA
bbkA

>T
Db

4

2
B= 1

=
BB

bmuB + BB
bb( TB

>
E

øjd! 1d! 2
. (69)

After expanding (69) we need to write the entire system in thematrix formKD =
F. Performing matrix multiplication, a range of different sized subsidiaryK matrices
are constructed according to:

KAB
sub=

#

A
BAT

DBB øjd! 1d! 2
.
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The LHS then becomes

LHS=
4

2
A,B= 1

vT
AKAB

m uB + vT
AKAB

smuB + kT
AKAB

sbmuB

+ vT
AKBA

sbm( TB + kT
AKAB

sb ( TB + vT
AKAB

bmuB

+ kT
AKAB

bbmuB + vT
AKBA

bbm( TB + kT
AKAB

bb ( TB. (70)

Gaussian quadrature. We make use of Gaussian quadrature, in which the inte-
gral over an element is approximated as the sum over all quadrature points of the des-
ignated function at the current quadrature point multiplied by the respective weight-
ing value of that quadrature point. In so doing, each subsidiary K in the weak form
(70) is obtained as

KAB
m =

Ne

2
e= 1

Nqp

2
qp= 1

4

2
A,B= 1

BAT

m DmBB
m

øjW (qp) (71)

whereNe is the number of elements in the domain andNqp is the number of quadra-
ture points per element.

Selective reduced integration.As one reduces the thickness of a shell the accu-
racy of the approximation deteriorates. This phenomenon isknown as shear locking
and is a limiting factor in solving bending- and shear-related problems. One way in
which this problem can be addressed is by themethod of selective reduced integra-
tion [6]. For this formulation it involves underintegrating theBsm andBsb from (69),
by utilising only one quadrature point per element. Subsequently each subsidiaryK
matrix to do with shear is also underintegrated.

4 Implementational aspects and benchmarking

The shell formulation was solved in the following manner. Relevant three-dimensional
surfaces were constructed and meshed using the programme Cubit [7]. SigniÞcant
pre-processing was then done using the output Þle from Cubitutilising a MATLAB
[8] routine coded for this purpose. The shell forumulation was then implemented in
deal.II, an open-source Þnite element library of C++ code [9].

To test the validity and accuracy of the computational implementation various
benchmark tests were carried out. These tests examined the response of a shell un-
dergoing pure membrane deformation, as well as bending of a ßat plate and cylinder.
The benchmark problems attempted compared favourably withthe analyical solu-
tions available. CookÕs membrane test validated the shell element for in-plane prob-
lems, the clamped plate test demonstrated its accuracy for bending related problems
and thin shells, the pinched cylinder test showed correct behaviour for curved shells
and lastly, the plate anisotropy test behaved as expected for varying Þbre orientations.
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The success of these examples allowed us to have conÞdence that the implementa-
tion of the theory had been a success and that problems in biomechanics could be
attempted. Figure 5(a) shows the results for the pinched cylinder test using a mesh
reÞnement of 1156 elements, and Figure 5(b) gives the plot for a range of reÞnements
as well as that achieved by Simo and Fox in [5], normalised against the analytical so-
lution of 1.82488e! 5.

(a) Deßection result for 1156 elements
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(b) Normalised results for a range of reÞnements

Fig. 5 The pinched cylinder test
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5 Biomedical applications

5.1 Surgical arterial clamping

During surgery arterial clamps are an essential means to arrest the ßow of blood.
However, various injuries to the vessel wall can result fromsuch a procedure. The
choice of clamp is important to its efÞciency in terms of restricting blood ßow as
well as in bringing about minimal harm to the tissue. Gasser et al. [3] sought to model
this problem with a view to optimising the clamping procedure, which would lead to
the improvement of clamp designs. Gasser et al.[3] implemented a three-dimensional
Þnite element model, modelling the artery as a nonlinear material with two layers and
reinforced by Þbres. These two layers are representative ofthe media and adventitia,
which are the middle and outer layers of the artery respectively. Fibrous constituents
are arranged in two helical families set at angles dependingon the layer in which they
are present.

The objective is to qualatively replicate the results achieved by [3] using our
small-strain shell formulation. The nature of shells meansthat for the purposes of
this analysis the properties in the two layers had to be smoothed. We also investigated
the effects of anisotropy by modelling the artery with and without helical Þbres, and
varying the angle of these Þbre families.

The ßow of blood is represented by an internal pressure acting normal to the shell
surface. In the case of this speciÞc biological material we assume near-incompressibility
and use a value of PoissonÕs ratio of* = 0.49. From the data pertaining to the two
arterial layers in [3], a shell thickness ofh = 0.74mm, averaged YoungÕs modulus of
E = 56.3 kPa, blood pressure of 13.33 kPaand an artery radius ofR= 3.5mmwas
used. Figure 6 shows the setup for the clamping simulation.

Fig. 6 The prescribed boundary condtions for the implementation of the required depth of arterial clamp-
ing

Figure 7 shows the initially pressurised artery followed byits state after the max-
imum prescribed clamp indentation.

Six clamping states were considered ranging from an indentation depth of 0mm!
2.5mm. The images in Figure 8 show the results obtained for three ofthese clamping
states. The colour distribution shows variation in vertical displacement. The defor-
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(a) Pre-clamping conÞguration (b) Post-clamping conÞguration

Fig. 7 Demonstration of the clamping setup as performed in this study

mations to the artery model, shown stage by stage, compare well with those obtained
by [3].

(a) State A (b) State B (c) State C

Fig. 8 Stepping through the arterial clamping states from an indentation depth of 0.0 to 2.5mm

The effect of arterial anisotropy. Using a clamp indentation depth of 2.5mmthe
effect of anisotropy was tested. Gasser et al. [3] used two different families of helical
Þbres for each arterial layer,, = 10o and , = 40o respectively. Thek1 constant
necessary for determining theDÞb matrices to be added to the system for the case
of transverse isotropy, as shown in (56), were determined bysuitably averaging the
values given for each layer in [3]. The effects of the Þbre inclusion are clearly visible
in Figure 9.

The steeper angle out of the two heilical Þbre families seemed to restrict the
displacements seen in the clamped artery in accordance withthe behaviour shown by
[3].

5.2 The aortic heart valve

Within the heart there are two circuits maintaining blood pressure and motion. These
function separately by making use of four chambers, namely two atria and two ven-
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(a) Fibre angle, = 10o (b) Fibre angle, = 40o

Fig. 9 Comparison between 2.5mm clamped result using the Þbre family orientation in the media and
adventita respectively. The arterial layers are overlayedwith a wire-mesh showing the isotropic result

(a) Arrangement of heart valves and cham-
bers

(b) The aortic valve

Fig. 10 Descriptive views of the heart obtained from [10] and [11]

tricles. Figure 10(a) shows a section through the chambers in the heart. To maintain
uni-directional ßow the heart has four valves, one present at each in-ßow and out-ßow
of the ventricles. The valve between the left ventricle and all other arterial branches
of the body is the aortic valve.

Figure 10(b) shows the structure of the aortic valve. It can be seen to consist of
three leaßets and three, somewhat bulging, regions behind them, known as the sinuses
of Valsalva. The leaßets undergo large deßections during the processes of diastole and
systole, the Þlling and emptying phases respectively, bearing its load during diastole
whilst in the closed position. In the human body an aortic leaßet ranges in thickness
from 0.25mmto 1.1mmat various regions. During diastole the pressure gradient over
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the valve leaßet is about 10.67kPa and during systole the blood pressure is of the
order of 16kPa.

Since the aortic valve is the primary controller of the distribution of oxygenated
blood to the body, its malfuntioning in terms of restricted opening or allowing back-
ßow from the arteries can adversely affect the quality of life of an individual and
can result in fatalities. In many cases valve replacement can offer improved cardiac
functioning and increase the lifespan of affected patients.

Koch [11] sought to capture the effects of anisotropy and nonlinearity in valve
leaßets by performing a comparative analysis on linear elastic and hyperelastic ma-
terials, with and without anisotropy, using a three-dimensional model. In the natural
valve, Þbre reinforcement is the predominent stress-reducing factor. The Þbres run
along the leaßet starting and ending at either side of the leaßet-aortic attachment line.
This property means that by way of the Þbres the load on the leaßet can be transfered
to the artery wall. Cacciola in [12] was concerned with the issues facing three-leaßet
prosthetic aortic valves, which, although very similiar tothose biologically present,
were not being used in patients in vivo due to fatigue failurein the leaßet. The objec-
tive of this approach was to correlate qualitively the valveleaßet response with that
of other studies, and in particular to gauge the effect of including an appropriately
speciÞed Þbre component to the leaßet model.

Using the methodology from [13], the leaßet model geometry can be constructed
by taking a section of a cylinder as illustrated in Figure 11(a). The parabolic curve of
the leaßet geometry is attached to the aortic wall as indicated in Figure 11(b), where
the arrangement of all three leaßets can be seen.

(a) Leaßet model geometry (b) Leaßet arrangement in aorta

Fig. 11 Leaßet model structure and placement

The value ofE used for the leaßet is taken from [11] for the small strain region as
E = 81.572e3 kPa. We again approximate material incompressibility with* = 0.49,
make use of a leaßet thickness of 0.2mm and utilise the diastolic pressure, 10.67kPa,
for the leaßet loading. Figure 12 shows the change obtained from the initial to the
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deformed conÞguration. The leaßet deforms inwards in a symmetrical manner with
the same deformed shape visually as those in [13].

(a) Undeformed or open position (b) Deformed or closed position

Fig. 12 The isotropic case: undeformed conÞguration of the heart leaßet model compared to the loaded
response

The Effect of Leaßet Anisotropy. To mimic the real leaßet Þbre arrangement
angles of orientation for the two Þbre families needed to be quite shallow. It was
therefore decided to use, = ± 5o, relative to the horizontal in Figure 12. The material
constantk1 in (56) was initially estimated by keeping the ratio ofEartery" k1artery
constant, from the clamped artery parameters utilised. This was found to bring about
far too much rigidity within the leaßet, and thus a few different parameters were
tested, resulting in the selection of the valuek1leaf = Eartery" k1artery# 40.

Fig. 13 Effect of anisotropy on the shell leaßet model
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In Figure 13 the effect of Þbre reinforcement is shown. The internal region of
the leaßet is seen to experience less deformation while the region surrounding the
line of leaßet attachment experiences increased deformation in comparison to the
isotropic result. These results support the conclusion reached by Cacciola [13] that
the presence of Þbres transfer stress to the line of leaßet attachment, and hence, the
artery wall.

6 Conclusions

The Simo and Fox shell theory has been implemented and validated for the case
of small strains as well as linear isotropic and transversely isotropic elasticity. The
accuracy of the benchmark problems attempted and close visual correlation of the
two examples in biomechanics with [3] and [13], especially in terms of the effects
of adding directional Þbres, demonstrates the suitabilityof the shell formualation for
modelling soft, thin biological tissues.

It is recommended that the continuation of this work should focus on adding
functionality for large strains and nonlinear material models. These additions, as well
as that of including ßuid structure interactions, would allow the simulations to model
soft biological tissues and their environment more realistically. The shell formulation
was implemented, using the open-source library of code deal.II, with the possibility
of these developments in mind.
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