The correct dates will be entered by the editor



Noname manuscript No.
H(will be inserted by the editor)

Shell bnite elements, with applications in biomechanics

S. Bartle 4A.T. McBride a B.D. Reddy

Received: date / Accepted: date

Abstract This paper gives a detailed presentation of a formulatiorttim shells,
and its Pnite element approximation, with the goal of madelsoft, thin biological
tissues. The rigorous but complex theory due to Simo and F888) is presented in
an accessible manner, with detailed derivations whereompiate. The presentation
is conbned to small strains and linear elasticity, with thiestitutive theory extended
to take account of transverse isotropy.

The Pnite element formulation is given in such a way as to nvakieus imple-
mentational aspects clear. Implementation has been davtiein deal.ll, an open
source library of bnite element code.

Two example problems in biomechanics are considered: thiglgm of arterial
clamping, and the modelling of a prosthetic aortic valvetha case of the clamped
artery, the deformed shape for a range of clamp depths canpagil with results in
the literature obtained using a three-dimensional fortimiaThe addition of helical
Pbre families orientated in the same manner as two diffexgatial layers signib-
cantly altered the resulting deformations and agreed wtiakly with those in the
literature. An aortic valve leal3et is modelled with and with transverse isotropy.
The deformed lealRet behaves as expected for a diastokcastdtshows a signibcant
increase in load carried by the aortic wall with the inclusdd Pbres.
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1 Introduction

Current statistics for patients in need of heart transplavdlve replacements, hip
replacements, bypasses, and the like, make clear certditia® of the human body.
Whether it be lifestyle related or genetic, certain esséntigans in the human body
can wear out, become diseased or damaged in various ways.

In attempts to address these challenges there has beentalgataf research
into the development of prosthetic devices. However, thib pas been fraught with
difbculites in attempting to reproduce the complex behavif natural biological
materials, which are generally highly nonlinear and amggait. The challenges fac-
ing developers of prosthetic implants include that of ustierding exactly how bio-
logical materials respond to physiological loading coiodis. Further issues include
being able to design a prosthetic implant that will functiorthe correct manner,
not conRict with the surrounding tissue, withstand repgédading, and have a re-
alistic lifespan. It is also necessary to be able to testtpetie designs sufbciently
thoroughly, to be conbdent of their ability to function sessfully after implantation.

The process of building and testing prototypes, eitherguspecibc testing rigs or
animals, is costly and time-consuming. Mathematical andmaational modelling
offers a complementary avenue of investigation. Using ttirecfples of continuum
mechanics, the complexity of biological materials andrthehaviour can, in prin-
ciple, be captured as a mathematical model, and realistipatational simulations
developed by using an approximation procedure such as itedd@ment method.

The work in this paper is motivated by the challenges spetilttee modelling of
soft biological tissues and prostheses which are considerkee thin. These include
heart valves and, in some cases, blood vessels. The tem®@tltitended to describe
a structure in which one length dimension is much smallen tha other two. Shell
theory provides the appropriate framework for the studyhif structures.

Since the theory of shells and associated numerical aspeztsomplex, a sub-
stantial focus of this paper is that of presenting a full depment of shell theory,
together with Pnite element approximations. Examples gpiGtions involving
arteries and heart valves are then treated using the thBweyshell theory and asso-
ciated Pnite element approximations developed by Simo andH are used as the
basis of this study.

2 Shell Theory

There are several possible formulations of shell theoWiéswill adopt the model of
Simo and Fox [1], of a shell as a midsurface with a directomgelat each point.

2.1 Shell geometry

Figure 1 sets out the system that will be descril{éfl} -1, 3 dePnes a bxed iner-
tial frame. The reference conbguration of the midsurfacthefshell, labelledB ,
in R is generated by a map from the surfake lying in the! ! !?2 plane. This



midline

(@) (b)

Fig. 1 Visualisation of the shell model kinematics and geometry

mapping is denoted by ©. Similarly, ” denotes the mapping from to the current
conbguration of the midsurface, denotedy

The basic kinematic representation for the shell surfadhat of an inextensi-
ble one-director Cosserat surface. In Figure 1¢d)shows an arbitrary director for
the shell surface in the reference conbguration, tate: director in the deformed
conbguration. The direct¢? need not be normal to the midsurface.

Consider a position vectdr = ! 1E; + ! 2E; in the surfacéd in R2. In the ref-
erence conbguration, surfaBeis debned by the mappirig® from A . The position
vector of an arbitrary point in the reference conbguratiothe shell is given by

0= 012 )= #0012+ 10112, (1)

where#° debnes the midsurface position vectBriebnes a unit vector beld at that
point on the surface, with' " I " h* andh= h*! h' being the thickness of the
shell. This is illustrated in Figure 1(b).

Similarly, the deformed conbguration is also given as a rimgpfrom the same
bxed frame. The current conbgurat®nis given by the mappin fromA . There-
fore, the position vector of an arbitrary point in this conlagion is given by

x=" (112 0= #0112+ 1t L 12). 2)

{a}1=1,23 debnes the surface convected frame wHesg s-1 » represents the
tangent basis to the midsurface, debned by

Y% #
" % @)

and depicted in Figure 2.



{ti}1=12.3 dePnes the director orthogonal frame. This frame is cocisidusing the
orthogonal transformatiofi, which maps the outward normlof the surface | in
R?, to the directot in the shell conbPguration iR?; that is,

t3=t= &E. 4)
Then{ts}s-1 are debned as in Figure 2 by

ts = &Eg.

Fig. 2 Depiction of the important reference frames in the shelifigliation

It is also useful at this point to record an explicit formuta &, derived in [1]:

&=(E&)l+[E#t]+ TrEz E#US (E# D). (5)
The operatote) is the tensor debned by
"h=" #h (6)

for any vectom.
Mid-surface Jacobians can now be debned by

B=a#a, P la# al,
and so we can debne

P
a1



An element of midsurface area in the reference conbguritiginen by
dA? = ad# ajd! 'd! 2,

and similarly for the current conbguration, by
dA= a1 # apd! 1d! 2.

Incremental changes in the director vector. The transformation (4), when
applied to the reference conbguration, gives

%= &E. (7
The director vector in the current conbguration is given as
t=1t%+ (t.
& imparts a rotation on the system, and thus is an othogonsbteso that
&'=&'t 8
Due to the assumption of small displaceme(itssatispes
(t&=o. €)
From (7) and (9),

0= (ta’= &' Y(téE.

We now set
(T=&*(t. (10)
Thus
(T& =0, (11)
so that
(T=(TsEs. (12)

This meang T has only two components relative to tBebasis. From (10) and (12)
we may write in matrix form

{(}au1= @au2{( T}oyq, (13)

where& consists of the prst two columns &f



2.2 Stress resultants and equilibrium equations

Debne the stress resultant

# e
nd = 2 ) a®jd! (14)
P n
and resultant moment
1%
mé==  (x! #)#)abjd!. (15)
P n

Sincem® & = 0, there is no component of the stress couple along dirgctor
This means that the shell surface experiences no Odrifiimgés. Secondly, since
(x! #)= It, from equation (2)m® can be written as

1% m
mé=t#= 1) a¥jdl =t# &°. (16)
P
The last quantity involving stress to be debned is the adhesshickness-stress-
resultant], which is given by
| 1# h+ 3 d
= - jd!. 17
P ) 9] (17)
Equilibrium equations. Using the three-dimensional integral balance laws, the
shell formulation equilibrium equations are the resulfanh of the balance of forces
and moments. The balance of forces is written as
## #HtHt
) BdS + b+dV = 0, (18)
p? g ( % Y& (
total surface force total body force

where 8 is the outward unit normal on the boundaty , andb denotes the body
force per unit mass. The balance of moments is written as

#t HHH#H

" #)06dS + " # b+dVv = 0. (19)
9%/ Y%

Making use of the dePnitions for the stress and stress coegléant in (14) and (15),
the kinematic assumption in (2), the reciprocal basis, tldsuarface and divergence
theorem for surfaces, the above equilibrium equationsgh8)(19) can be expanded
and rearranged to give

H(P) s+ m=0, (20)
wherewis the applied resultant force per unit length, and

le,((ﬁ’n$),$+ as# n®+ m= 0, (21)

wherem is the applied resultant couple per unit length.



Employing the symmetry condition of the Cauchy stress tejse ) T and in-
tegrating through the shell thickness, results in the failhg equation which restricts
the form of the momentum balance.

ag#n®+tg# @S +t#1=0. (22)
Using the dePnition in (16) the pbrst term of (21) becomes
1 . 1, .
T@((ﬁ‘ﬂ$),$=t,$# i’ + _-P((%“E),fg- (23)
Now, making use of the stipulation that the applied restitanplera should satisfy
ma&=20 %% m=rm#t,
and substituting (22) and (23) into (21), we can show that
1
?’(}Wu! P+ @ = 0. (24)
The two relevant equations are (20) and (24).

n®, m® andt g can be expressed in terms of components relative to the basis
{ag,t} according to

n®=n®a +d’t, (25)
m® = &%a + 5%t (26)

and
tg=-a,+ -3t (27)

The scalar—é” can be determined in terms of using the conditiong| = 1 and
ta ¢ = 0. Taking the scalar product of each term of (27) withields

-3=1 -faa&! -§.,. (28)

Substituting (25) B (28), into (22) and then taking its scptaduct witht we can
then debne
#% =n®1 - @t (29)

Making use of the new debnition
=q"! -3 &g’ B (30)
we can then obtain an expression fdrom (22) and (29); that is,
I=-t+ @ # g+ - S, (31)
Useful later on is the depPnition
p=1+ &, (32)

where® is a director pressure, of sorts, which can be likened todstdtic pres-
sure in incompressible elasticity.



2.3 Strain-displacement and constitutive relations

We debne the tensors

ag = agéda ; a3 = agal (33)

3= agd,; 3= a4 4’ (34)

/g =asd, ; /9 = agod’ (35)

The relative strain measures are now debned according tabibne surface basis

tensors by ) *

% =3 ag ! a3 (36)

Ig=.g' .3, (37)
) *

tg, =3 /g 1 /3 . (38)

Here 0y are components of the membrane strdig,are components of the shear
strain and+g are components of the bending strain.

Using (33)-(35), the displacement beld from the referea@aitrent position and
linearising for the case of small-strains, the variousistraeasures can be given
according to the tangent basis as

) *
05, =3 agau +aals . (39)
I = a3 &(t+ uga’. (40)
*
+g, = 3 aga(t, + af)é(t,$+ Ug ét? +u, ét% . (41)

Elastic constitutive relations. HookeOs law [2] for an anisotropic linear elastic
material is given by

)U=ClMg,. (42)

It is the components of the elastic tensbthat concern us. For isotropic materials
(42) becomes +

E *
)= O o
whereE is YoungOs modulus afids PoissonOs ratio.

Due to the assumption of no thickness change from the referterthe deformed
conbguration, we may impo$E® = 0. Taking this into account, we now substitute
the Cauchy stress debnition from (43) into the shell strelsgions from (14) and
(15). After simplifying appropriately and making use of temponent expressions
listed in (25) - (30), the following constitutive relatiofsr % , §® andi$® , can be
derived from (14) and (15):

(trO)I’ , (43)
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A

- 11O - 0
. B Eh - O1 1
/ ﬁiiZ - 1! *ZH/ o 2’ (44)
B 2012
3 4 3 4
22 = /GhA4 i , (45)
and
- 0 - 0
2;1 Ep - il
= —H, +2 (46)
| *2 ’
/ '3122 1! / > +122
E . . .
whereG = m is the shear modulusg, is the shear correction factor,
+
_allal?’
W= al2 g2 >
. 6
where, from the inverse of tensor (33f; = ag, 1, and
7 a1lall *alla22+ ( 1! *) *a12a12 allalZ
H= g *alla22+ ( 1! *) *a12a12 aZZaZZ aZZalZ
allgl? 222412 1 !2 MIREI 1; " q12412

For convenience we will debne the constitutive matrices

Dm= 1'!3\'/2H, Ds= / Ghi4, Dp = %H. (47)

Transverse isotropy. An important consideration in the modelling of biological
materials is that of accounting for directional properéies result of Pbres embedded
in the materials. These Pbres affect how the loading withémbaterial is distributed
and so must be taken into account if an accurate biologicdets to be constructed.
It is therefore necessary to modify the isotropic constitutelation to take account
of this feature, which is known as transverse isotropy.

Figure 3iillustrates a section of a cylinder with two helizhilies of Pbres which
are orientated at the same angle positively and negativefy thez-axis. This is an
important illustration since arteries contain helical fii@s of Pbres. The approach to
include the effects of transverse isotropy follows that as&er et al. [3], specialised
here to the case of shells and small strains.

As indicated in Figure 3, the orientation of the Pbres witbpest to the surface
basisa; anday is given by the vector

N = cos$ a,+ sing a;. (48)
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Fig. 3 The quarter cylinder showing two bbre families having theeangle positively and negatively
from the axis of the cylinder

When including transverse isotropy we can decompose thsssim the form

)= de " ke @

isotropic part  pbre part

where the isotropic part of the strelsg is given by (43).
The bbre part of the stress is given in [3] for nonlinearhsttamaterials by

)£ = 2ki(la! 1)ele D° deuNg N (50)
2ki(la! 1)devN$ N, (51)

wherek; andk, are material constants and
I42=C:N$N (52)

is an invariant. Her€ = FTF is the right Cauchy-Green tensor.
Linearising, we can write an expression for the stress ifpthres in the form

5 6
) 1= 4k (0: N$ N) N$ NI 31 (53)

This stress-strain relation means that for every family lmfels there is an exti@apy
matrix that must be added onto tbg, matrix, as previously debned in (44) and (47).
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From (48) and (53),

0:N$ N= 05 N°N . (54)
= sit$ cof$ + sin$ cos$ @, (55)
% & (

Wig3

so that the contribution to the stress from the Pbres is

$ 6
P P ) bp id!

which can be expressed as

7 2
[t W 5N1621 l@ [P
75 62 ‘@ 01
IRP?< = dlahfw N221 1w 9 0 (56)
A2 1N2 201,
WN-N 343
where
7 2
W N162| l@
? 62 @
Dpp= 4|(1th N2 “1 % . (57)
WNIN2

3 Weak Formulation and Finite Element Approximation

The Pnite element method is a method for solving systemsrtépdifferential equa-

tions (PDE) approximately. The brst step in the method Enf@imulating the par-

tial differential equations in an integral form, known ag theak form [4]. This is

done by multiplying the governing equations by an arbitfanyction, known as a
test function, integrating over the domain, integratingdayts where appropriate,
and imposing the boundary conditions. In this section weoséthis weak form of

the shell equilibrium equations presented in the previeatien. Following this, the

Pnite element approximation and associated matrices astroated.

3.1 The weak form

Starting with the brst equilibrium equation, (20), we take scalar product of each
side with a test function and integrate over the domadn. After performing inte-
gration by parts on the brst term this gives
# T ) A
$ 4 .1, . $ 4 _
I'nf&g! n a\/?ﬂﬁ wav dA+ n>aps dS=0 (58)
A 9
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wheredA= ! 1d/ 2 andp= pga® is the outward normal to the shell boundary.
We start with the prst term of (58). Using the debnitions faid in equations
(25), (29) and (30) this term becomes
) $ $ ’ 5 35u0
LHS= #% +-,8°" a as+ &+ 28" tavg dA
A

A similar approach is taken with the second equilibrium eiqura (24). We take
the scalar product of each side of this equation with a testtfonk and integrate

over the domai\ . After integration by parts on the brst term and some regiman
we have

# B &° C A
& akg! f?$—_Pék! Pak+ thak dA+ dA$1$é\k;m; ds= 0.

The test functiork is chosen such thagk = 0, thus

tékg =1 tgak (59)

Again, dealing only with the parts of the equation which Vidtm part of the left-
hand side of the formulation to be solved, and using debrstio (59), (27), (31) and
(32) we obtain
# 5 6 #) *
LHS= I 8 &g+ Pk dA=  ®%a &ks+ @agsk dA  (60)
A A

To express the equations in a form more suited to Pnite eleapgmoximations, we
debPne the matrices:

7
aTﬁ 7 .
Lopn ; T % v
% ' g o1 a
— T 1 — 0! 1
Bm= azw : , Bsm= T 0% & , Bsp= a 2#3&’3#27
T % %S %R
al—+a — 2#3
Logr 2961 4,4
7 o 7 o
l%rl : A :
1 % 1
2%2 : , Bpp= a-{%—ﬁ : &340= Bnd,
9% < % 9% <
1 +th—— a +a
‘V’Z 2060 4o %L 2opn .,

where& is as debned in (13), and

ﬁ_ $ZI_1$22$12>T7 é ﬁl 2>T7 m_ &11&22&12}
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wheref is the effective membrane resultant for@xhe effective shear resultant
force andf the effective resultant couple. The combined weak form eftthst and
second equilibrium equations can now be written in matrmfas

# ) *
[Brv]" M+ [Bonv+ Bsk]” &+ [ Bpmv+ Bkl B dA
A
5 6 A5 5. 6
=  wa+ Bl&k dA+ n® &ps + B° kg dS (61)
A 9A
The strain measures from (39), (40) and (41) can be expréssee form
O: BmU7 .= Bsm BSb ( T 9 += Bbm Bbb ( T 9
where
= > = >
u= vt uww, and (T= (T! (T? (62)

are the vectors of displacement and change in director.dubi@ stress-strain rela-
tions and debnitions obtained in (44), (45), (46) and (479, left-hand side of the
combined weak form in (61) becomes
#) *
LHS=  [BmV]" D [Bmu] +[Bsmv+ Bspk]" Ds[Bsmu+ Bsp( T] fI! 1d! 2
A *

)
+  [BpmV+ Bopk]" Dp [Bomu+ Bpo( T] f8/ 1d/ 2. (63)

3.2 Finite element interpolations

é- ® Nodal Points
+ n +  Quadrature points

1(1,-1) 2 (1,-1)

Fig. 4 Mapping of the shell element from the isoparametric biugitase

The reference conbguration of the shell surfacins generated by maps from
areference elemefit 1,1)# (! 1,1) [5], as shown in Figure 4. The approximations
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to the shell midsurface positic# and unit director vectdt], for elemeng, are given
by

4
#= 2 NA(L,3)#] (64)
A=1
and

th= Ll where t'= é NALQ (65)
T e

and# andt? are inR3, with A= 1, ...,4. The isoparametric bilinear shape functions
NA(!,3) are given by

NA(!,3)= 1[1+ 11 A[1+ 334l A=1,...4, (66)

where(!a,34)) {(! 1,! 1);(1,! 1);(1,1);(! 1,1)}. Thedirectorinterpolation scheme
ensures thaf] is a unit vector. Here and henceforth we write ) for (! 1,/ 2) where
appropriate.

We adopt the same interpolation scheme for the test furstitilised in the weak
form; that is, on an arbitrary elemest

V= 5 NA(!,3)Va, Kh= 24 NA(!,3)Ka. (67)
A=1 A=1

Finally, the displacements and change in director arepotated according to

4
W= 2 NA(/,3)un and (th= 1 Pe( £, (68)
A1 (£ (
= >
where(t'= 24_;NA(taandP, = 1! th$ t! debnes an orthogonal projection.

Substituting the interpolated relations for all of the velet terms of the weak
form, (63) becomes

4 D E
4 = > 4 = >
LHS= 2 Biva Dn2 BBug fIldr2
A A- -
D A=1 B=1 E
4 = >r 4 = >
+ 2 B'sAmVA*' BébkA Ds 2 BanMB"' BSBb( Tg f! q12
6=1 B=1 £
4 = >r 4 = > 5
+ 2 Bpwva+tBhka Dp2 BB us+BE(Ts ja/'d/2 (69)
A=1 B=1

After expanding (69) we need to write the entire system imtlagrix formKD =
F. Performing matrix multiplication, a range of differentsd subsidiarik matrices
are constructed according to:
#
T .
KEE = . BA DBB! 1d! 2.
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The LHS then becomes

4
LHS= 2 viKAPus+ VAKGRUs + KK & s
AB=1

T 1 BA T AB T 1 AB
+ VAKsbn‘( TB+ kAKSb ( TB+ VAKmeB

+ kaKfoms + VAKEH( Te+ KAKGE( Te.  (70)

Gaussian quadrature. We make use of Gaussian quadrature, in which the inte-
gral over an element is approximated as the sum over all gua@rpoints of the des-
ignated function at the current quadrature point multiblig the respective weight-
ing value of that quadrature point. In so doing, each suasid in the weak form
(70) is obtained as

Ne NAP 4

KAB= 2 2 2 BADmBEAN (qp (71)
e=1qp=1AB=1

whereNE€ is the number of elements in the domain &P is the number of quadra-
ture points per element.

Selective reduced integration.As one reduces the thickness of a shell the accu-
racy of the approximation deteriorates. This phenomen&ndasvn as shear locking
and is a limiting factor in solving bending- and shear-retaproblems. One way in
which this problem can be addressed is byriethod of selective reduced integra-
tion [6]. For this formulation it involves underintegrating tBey andBg, from (69),
by utilising only one quadrature point per element. Subsatjy each subsidiarl(
matrix to do with shear is also underintegrated.

4 Implementational aspects and benchmarking

The shell formulation was solved in the following mannetddrant three-dimensional
surfaces were constructed and meshed using the programbie[Qu Signibcant
pre-processing was then done using the output ble from Qtilting a MATLAB
[8] routine coded for this purpose. The shell forumulaticaswhen implemented in
deal.ll, an open-source Pnite element library of C++ codle [9

To test the validity and accuracy of the computational impatation various
benchmark tests were carried out. These tests examinedgpense of a shell un-
dergoing pure membrane deformation, as well as bending af pl&te and cylinder.
The benchmark problems attempted compared favourably tittanalyical solu-
tions available. CookOs membrane test validated the &raket for in-plane prob-
lems, the clamped plate test demonstrated its accuracyefatibg related problems
and thin shells, the pinched cylinder test showed correlctieur for curved shells
and lastly, the plate anisotropy test behaved as expeatedrfging Pbre orientations.
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The success of these examples allowed us to have conbdeti¢bahimplementa-

tion of the theory had been a success and that problems inelstwemics could be

attempted. Figure 5(a) shows the results for the pinchdddsi test using a mesh
rebnement of 1156 elements, and Figure 5(b) gives the platrfinge of rebnements
as well as that achieved by Simo and Fox in [5], normaliseihagthe analytical so-

lution of 1.82488¢' °.

y_displacement
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-6.992e-06
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-1.792e-05
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(b) Normalised results for a range of rePnements

Fig. 5 The pinched cylinder test
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5 Biomedical applications
5.1 Surgical arterial clamping

During surgery arterial clamps are an essential means éstatie 3ow of blood.
However, various injuries to the vessel wall can result freuch a procedure. The
choice of clamp is important to its efpciency in terms of nieghg blood Row as
well as in bringing about minimal harm to the tissue. Gassal. 3] sought to model
this problem with a view to optimising the clamping proceglwrhich would lead to
the improvement of clamp designs. Gasser et al.[3] impleetea three-dimensional
Pnite element model, modelling the artery as a nonlineagnatvith two layers and
reinforced by Pbres. These two layers are representatiteohedia and adventitia,
which are the middle and outer layers of the artery respelgtifFibrous constituents
are arranged in two helical families set at angles deperatirtbe layer in which they
are present.

The objective is to qualatively replicate the results aodieby [3] using our
small-strain shell formulation. The nature of shells metad for the purposes of
this analysis the properties in the two layers had to be sheobiVe also investigated
the effects of anisotropy by modelling the artery with anthaut helical Pbres, and
varying the angle of these bbre families.

The Bow of blood is represented by an internal pressuregastirmal to the shell
surface. In the case of this specibc biological materialsseiae near-incompressibility
and use a value of PoissonOs ratié ef 0.49. From the data pertaining to the two
arterial layers in [3], a shell thickness b= 0.74mm averaged YoungOs modulus of
E = 56.3 kPa, blood pressure of 133 kPaand an artery radius d® = 3.5mmwas
used. Figure 6 shows the setup for the clamping simulation.

Clamp Radius A A Directors Pre-Clamp

Prescribed Directors | |

Indent Depth 1 Artery Radius

Artery Centre Line

Fig. 6 The prescribed boundary condtions for the implementaticheorequired depth of arterial clamp-
ing

Figure 7 shows the initially pressurised artery followedtbystate after the max-
imum prescribed clamp indentation.

Six clamping states were considered ranging from an intientdepth of Gnm!
2.5mm The images in Figure 8 show the results obtained for thréleese clamping
states. The colour distribution shows variation in veitiiaplacement. The defor-
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(a) Pre-clamping conbguration (b) Post-clamping conbguration

Fig. 7 Demonstration of the clamping setup as performed in thidystu

mations to the artery model, shown stage by stage, compdirevitrethose obtained
by [3].

‘e b

(a) State A (b) State B (c) State C

Fig. 8 Stepping through the arterial clamping states from an itadiem depth of @ to 25mm

The effect of arterial anisotropy. Using a clamp indentation depth oB2nmthe
effect of anisotropy was tested. Gasser et al. [3] used tfferdint families of helical
bbres for each arterial layer,= 10° and, = 40° respectively. Thek; constant
necessary for determining th#sp, matrices to be added to the system for the case
of transverse isotropy, as shown in (56), were determinesbiitgbly averaging the
values given for each layer in [3]. The effects of the Pbréuision are clearly visible
in Figure 9.

The steeper angle out of the two heilical Pbre families sektoerestrict the
displacements seen in the clamped artery in accordanceheitiehaviour shown by

(3]
5.2 The aortic heart valve

Within the heart there are two circuits maintaining bloodgsure and motion. These
function separately by making use of four chambers, namadyatria and two ven-
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(a) Fibre angle = i(P (b) Fibre angle = 40°

Fig. 9 Comparison between.2mm clamped result using the Pbre family orientation in tredia and
adventita respectively. The arterial layers are overlayigd a wire-mesh showing the isotropic result

Supsiion Pulmenary artery

A A 2% '\.\\ﬁPulmoﬂary weins )
7 A _— sinus of Valsalva Ascending Aorta
Right aliium — T canm. ~—+ \
A Mitral valve J < -

valve \ > Aartic valve

Left ventricle

véntricle

(a) Arrangement of heart valves and cham- (b) The aortic valve
bers

Fig. 10 Descriptive views of the heart obtained from [10] and [11]

tricles. Figure 10(a) shows a section through the chambetsei heart. To maintain
uni-directional Bow the heart has four valves, one predazdeh in-Row and out-Row
of the ventricles. The valve between the left ventricle alhdther arterial branches
of the body is the aortic valve.

Figure 10(b) shows the structure of the aortic valve. It carséen to consist of
three leal3ets and three, somewhat bulging, regions beténa, known as the sinuses
of Valsalva. The lealRets undergo large del3ections duripgithcesses of diastole and
systole, the blling and emptying phases respectivelyjigés load during diastole
whilst in the closed position. In the human body an aorti®&aanges in thickness
from 0.25mmto 1.1mmat various regions. During diastole the pressure gradiesit o
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the valve leal3et is about BYkPa and during systole the blood pressure is of the
order of 16kPa.

Since the aortic valve is the primary controller of the digttion of oxygenated
blood to the body, its malfuntioning in terms of restrictgzbaing or allowing back-
Bow from the arteries can adversely affect the quality @& 6f an individual and
can result in fatalities. In many cases valve replacemambéf@r improved cardiac
functioning and increase the lifespan of affected patients

Koch [11] sought to capture the effects of anisotropy andinearity in valve
lealRets by performing a comparative analysis on lineatielasd hyperelastic ma-
terials, with and without anisotropy, using a three-dinmiemal model. In the natural
valve, Pbre reinforcement is the predominent stress-ieddactor. The bbres run
along the leal3et starting and ending at either side of tH&eleaortic attachment line.
This property means that by way of the bbres the load on tigetezan be transfered
to the artery wall. Cacciola in [12] was concerned with tiseiess facing three-leal3et
prosthetic aortic valves, which, although very similiathose biologically present,
were not being used in patients in vivo due to fatigue failarihe leaRet. The objec-
tive of this approach was to correlate qualitively the vdbadiet response with that
of other studies, and in particular to gauge the effect oluisiog an appropriately
specibed bPbre component to the leal3et model.

Using the methodology from [13], the leaRet model geomedrylze constructed
by taking a section of a cylinder as illustrated in Figurea) 1The parabolic curve of
the lealR3et geometry is attached to the aortic wall as inglitat Figure 11(b), where
the arrangement of all three leal3ets can be seen.

Leaflet free edge

Line of Leaflet
Attachment

(a) Leal3et model geometry (b) Lealet arrangement in aorta

Fig. 11 LealRet model structure and placement

The value of used for the leal3et is taken from [11] for the small strainage@s
E = 81.5723 kPa. We again approximate material incompressibility with 0.49,
make use of a leal3et thickness a2@m and utilise the diastolic pressure,dTkPa,
for the leal3et loading. Figure 12 shows the change obtairmed the initial to the
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deformed conbguration. The leaRet deforms inwards in a stnigal manner with
the same deformed shape visually as those in [13].

y_displacement
0.1700
-3.985
-8.140
-12.29
-16.45

(a) Undeformed or open position (b) Deformed or closed position

Fig. 12 The isotropic case: undeformed conbguration of the heaefemodel compared to the loaded
response

The Effect of LeaRet Anisotropy. To mimic the real leal3et Pbre arrangement
angles of orientation for the two Pbre families needed to bigecshallow. It was
therefore decided to use= + 5°, relative to the horizontal in Figure 12. The material
constantk; in (56) was initially estimated by keeping the ratio Bfrery' Kiartery
constant, from the clamped artery parameters utiliseds Was found to bring about
far too much rigidity within the leal3et, and thus a few diéfet parameters were
tested, resulting in the selection of the vakigar= Eartery’ Kriartery# 40.

y_displacement
2.442

-1.501
-5.444
-9.387

-13.33

Fig. 13 Effect of anisotropy on the shell leaRet model
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In Figure 13 the effect of Pbre reinforcement is shown. Therimal region of
the lealet is seen to experience less deformation whileetien surrounding the
line of lealRet attachment experiences increased defamati comparison to the
isotropic result. These results support the conclusionhee by Cacciola [13] that
the presence of bbres transfer stress to the line of leafdehatent, and hence, the
artery wall.

6 Conclusions

The Simo and Fox shell theory has been implemented and tedidar the case
of small strains as well as linear isotropic and transvgrisatropic elasticity. The
accuracy of the benchmark problems attempted and closalwisurelation of the
two examples in biomechanics with [3] and [13], especiallydrms of the effects
of adding directional bPbres, demonstrates the suitatufithe shell formualation for
modelling soft, thin biological tissues.

It is recommended that the continuation of this work showdus on adding
functionality for large strains and nonlinear material reisd These additions, as well
as that of including Ruid structure interactions, wouldalthe simulations to model
soft biological tissues and their environment more rdabdlyy. The shell formulation
was implemented, using the open-source library of code Itieaith the possibility
of these developments in mind.
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