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Abstract

A discontinuous Galerkin formulation is developed and analyzed for the cases of classical and gradient plasticity. The model of gra-
dient plasticity is based on the von Mises yield function, in which dependence is on the isotropic hardening parameter and its Laplacian.
The problem takes the form of a variational inequality of the second kind. The discontinuous Galerkin formulation is shown to be con-
sistent and convergent. Error estimates are obtained for the cases of semi- and fully discrete formulations; these mimic the error estimates
obtained for classical plasticity with the conventional Galerkin formulation.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The theoretical underpinnings of the classical theory of elastoplasticity have been vigorously developed during the last
half-century, and constitutive models for infinitesimal and large strains, and for a range of material types that include both
ductile and brittle behaviour, are now firmly established. Computational methods for the solution of complex problems
involving inelastic behaviour have undergone a parallel development, and there is now a good understanding of the asso-
ciated algorithms and, particularly for small strains, of the convergence theory [1,2].

Motivated in large part by the inability of classical theories to model material behaviour at the meso-scale level, various
plasticity theories that incorporate size-dependence via the inclusion of strain gradients have been developed. These theo-
ries include in a natural way a length scale, and permit phenomena such as shear bands to be captured. For example, in the
early works [3,4], the yield function is augmented by a term involving the Laplacian of the equivalent plastic strain, and
possibly higher-order terms. The associated variational structure has been discussed in subsequent work [5,6], in which
numerical approximations have also been carried out. A general survey of the theory of strain gradient plasticity is pro-
vided in [7], while Needleman [8] has presented a survey of computational aspects of meso-scale mechanics. In the works
of Gurtin [9] and Gudmundson [10], it is assumed that plastic flow is governed not necessarily by the magnitude of the
stress deviator, but more generally by microstress tensors that also satisfy a balance law.

Recent contributions to numerical aspects of strain gradient plasticity at small and large strains have been made by
Svedberg and Runesson [11], Liebe and Steinmann [12], and Liebe et al. [13]. A feature of theories of gradient plasticity
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that requires careful attention in the development of computational approaches to approximate solutions is the introduc-
tion of terms involving higher-order derivatives of quantities such as the equivalent plastic strain. In classical theories these
and other internal variables may be approximated by piecewise discontinuous functions since there is no requirement of
continuity. Furthermore, in finite element approximations these quantities may be condensed out at element level, or com-
putations may be carried out locally at integration points, in either case with the consequence that the predictor part of the
solution algorithm involves only the displacement degrees of freedom. Such approaches have either to be modified in gra-
dient theories, or it becomes essential to assume continuity of the relevant internal variables, with a consequently significant
increase in the size of the discrete problem to be solved.

The need to develop a computational procedure for gradient plasticity that retains the simplicity of the classical
algorithms is therefore self-evident. A candidate approach is the class of discontinuous Galerkin (DG) methods, in which
inter-element continuity is relaxed in a framework in which the discrete problem remains consistent. DG methods were
developed in the 1970s and 1980s [14,15], but it is only in recent years that they have been exploited in a wide range of
problems. The collection [16] provides an excellent overview of the key approaches for elliptic and hyperbolic problems.
Within the context of linear elasticity there have been important contributions by Riviere and Wheeler [17] and Wheeler
[18], the latter considering the case of non-convex domains and vanishing compressibility. A DG method has recently been
developed for strain gradient dependent damage models [19,20], while the work by Engel et al. [21] treats continuous/dis-
continuous Galerkin methods for fourth-order problems by reducing the classical requirement of C' continuity of the
unknown variable to one of continuity.

The goal of this work is to explore the use of DG methods for the solution of plane problems in elastoplasticity. Both the
classical and gradient plasticity formulations are considered, though the emphasis is on the latter, for which case DG meth-
ods carry significant advantages, as discussed earlier. For the case of gradient plasticity a simple candidate model, first
developed by Aifantis and co-workers [3-5] is used. In this model the von Mises yield function with isotropic hardening
is augmented by a term involving the Laplacian of the hardening parameter.

Careful attention is paid to the appropriate variational form of the problem for gradient plasticity. The focus is on the
primal formulation in which the kinematic quantities such as displacement, plastic strain, and equivalent plastic strain, are
the unknown variables. The primal formulation, which has received a detailed treatment in [1], is less popular as a basis for
computational treatments of the problem than the dual form of the problem, which uses the flow law in its traditional form
of the normality law with the Kuhn-Tucker conditions. Nevertheless, as will be seen, the primal formulation is particularly
well suited to problems such as that in gradient plasticity in which higher-order derivatives of the kinematic quantities
appear.

Both the classical and gradient plasticity problems are formulated as variational inequalities of the second kind, and
semi- and fully discrete DG approximations are considered. Full convergence analyses are carried out of the well-posedness
of the problems. In a subsequent work [22] the classical algorithms for the solution of the discrete problems are extended
and analyzed, and a series of numerical results will be presented and discussed.

The structure of the rest of this work is as follows. In Section 2 the governing equations and inequalities for the classical
and gradient problems are presented, and well-posedness of the variational formulations is discussed. A simple symmetric
interior penalty DG method is introduced in Section 3, and the consistency of the discrete formulation is shown. Section 4
is devoted to an analysis of continuous-in-time approximations, and here it is shown that the displacement approximation
satisfies the same error estimate as that which is valid for conventional Galerkin approximations of the classical problem
[1]. Finally, in Section 5 fully discrete DG approximations are analyzed. Here too the same estimate associated with the
classical approach, at least in the absence of greater regularity of the solution, is obtained. The work concludes with a
description of computational aspects, which are to be presented in the companion paper.

2. The governing equations for the problem

Let Q be a bounded convex Lipschitz domain in R?, which is occupied by an elastoplastic body in its undeformed con-
figuration. A material point in Q is denoted by x and the time domain under consideration is the interval [0, T]. The bound-
ary of Q is denoted by 0Q. The body is assumed to undergo infinitesimal deformations. Its behaviour is governed by the
equation of equilibrium

dive+f =0 (1)

in which ¢ is the symmetric stress tensor, and f(x,¢) : Q x [0, T] — R? is the body force. The elastic part of the constitutive
relations is given by

6=%e=%(e—p) (2)

in which e is the elastic strain, defined to be the difference between the total strain € and the plastic strain p; that is,
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e=¢€—p. (3)

All strain quantities are symmetric. In addition the total strain is given in terms of the displacement by
1
e(u) =5 (Vu+ (Va)") (4)

and plastic behavior assumed to be incompressible, so that

trp =0. (5)
Elastic behavior is assumed to be isotropic and homogeneous, so that the elasticity tensor % is given in component form by
Cijkl = )véijékl + ,U(éikéﬂ + 5i15jk>; that iS,

Ge = J(tre)l + 2ue
for any symmetric tensor e. Here 1 > 0 and u > 0 are the Lamé constants which are related to Young’s modulus £ and
Poisson’s ratio v by

Ev E
}v = = — 6
T+w(i-2v "2+ ©)

The material is assumed to be homogeneous so that / and u are constant.
It follows from the positivity of the Lamé moduli that

n:%n = 2uy|> for any tensor y. (7)
We also define
€] = max [Cy| = 2+ 2p. (8)

2.1. Classical plasticity

Two forms of plastic behavior are modelled; the first is the classical model based on the assumption, pointwise a.e., of
a convex elastic domain & with boundary 0&, the yield surface, and a generalized normality law. For definiteness & is
assumed to be defined by the von Mises condition, and both kinematic and isotropic hardening are adopted, so that
the region of admissible generalized stresses becomes the set (a, a, g) that satisfies

ple,a,8) =|s+a|+g—x <0. 9)
Here x is a constant related to the initial yield stress in uniaxial tension, and
s = deve (the stress deviator),

o = —kp (the back-stress), (10)
g = —kyy (the internal force conjugate to the isotropic hardening parameter 7).

The flow law then takes the form

p=a2,
Oo
y=a, (i

420, <0, Ap=0.

It follows that y, the isotropic hardening parameter, is the equivalent plastic strain; that is, 4 =y = |p|.
We will make use of the flow law in its primal form [1], in which the generalized stresses are related to the rates of change
of the conjugate kinematic quantities through the dissipation function D. For the case at hand we have

klgl if |gl <,
D = 12
(@.1) { 400 otherwise, (12)

where ¢ and 7 are an arbitrary plastic strain and hardening parameter. Using arguments of convex analysis as in [1], the
flow law (11) is shown to be equivalent to

D(q,n) = D(p,7) + (6 —kip) : (g —p) —kay(n —7) V(g n). (13)
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For the sake of convenience, homogenous Dirichlet boundary conditions are assumed; that is,

u=0 on 0Q. (14)
In addition, the body is assumed initially undeformed and unstressed with the initial conditions

u(x,00=0 and p(x,0)=0, xecQ. (15)
The variational problem [1]. We define the function spaces of displacements V, plastic strains O, and hardening variables M
by

V= Hy(Q),

O0={q= (qzj/)|q/‘i =4;,9; € LZ(Q)v trg=0 ae. in Q}, (16)

M =I1*Q)

and the product space Z and the convex set W by

Z=Vx0OxM

Z i (17)
W={(v.q,n) €Z:|q| <nae. in Q}.

For any function ¢ : Q x [0, 7] — R, we will use the notation ¢(¢) for the function x € Q — ¢(x,1).
Let 1 < p < co. For any Banach space X, we define the spaces

T
L’0,7;X) = {v : [0, 7] — X measurable: / llo(e)||5 dr < oo} 1 <p<oo,
0
L0, T;X) = {v:[0,7] — X measurable: 3C >0 |[jv(1)]ly < Cae. t€[0,T]}.

These are Banach spaces equipped respectively with the norms

T 1/p
Mmmm:(ﬁ|wwy@ for 1 < p < o0,

||U||L°“(()‘T;X) =ess Suf ()]l -

SIS
We also define the space
HY0,T;X) = {ve L*0,T:X)|v € L*(0,T; X)},

in which the time derivative ¢ is defined in a weak sense. This is a Hilbert space with the inner product and norm

T
W@mmm:AKWM@M+@®MMA&
12
||v||H1(O,T;X) = (v, U)H/‘(O,T;X)'
The variational inequality corresponding to the primal formulation in classical plasticity (see [1]) is that of finding
w:= (u,p,y) : [0,T] — Z such that w(0) = 0, w(t) € W for almost every ¢ € [0, 7] and

a(w(t),z—w(r)) +j(z) — jOv) = ((t),z— W) VzeZ (18)

in which the bilinear form and functionals are given by

a:ZxZ— R,a(w,z) =/Q((5(€(u)—p) (e(v)—q)+kp:q+kyn)de Yw=(up,y),z=(v,q,n) €Z,

- . klqldx if zeW Vz=(v,q,n) €Z,
J:Z—R, jiz) = /Q|Q| (v.q.m)

00 otherwise

(19)

0:7Z - R, <£,z>:/f-vdx Vz=(v,q,n) €Z.
Q

Note that by simple integration, the condition w(¢) € W implies also that w(¢) € W.
The following result is proved in [1].
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Theorem 2.1. Assume that f € H'(0, T;Hl(Q)z) and f(0) = 0. Then the variational inequality (18) has a unique solution
(u,p,y) € H'(0,T;V) x H'(0,T;0) x H'(0, T; M).

Remarks

1. The proof makes use of the continuity of the bilinear form and functionals, the coercivity of a(-,-) (for which one of
ki > 0 or k, > 0 is essential), and the weak lower semi-continuity of j(-), which follows from its convexity and its strong
lower semi-continuity (the latter follows from the closedness of the set W and Fatou’s Lemma).

2. The problem is posed on the whole space Z rather than on W. This is legitimate since w(¢) is sought in W, and this
implies by integration that w(¢) € W. The functional j is extended by +oo to all Z \ W, consistent with the definition
(19),, while it is also clear (set z = 0 in (18)) that j(w) is bounded (see also [1] for further details).

2.2. Gradient plasticity

We consider next a simple strain gradient plasticity model, first introduced in [5] and studied computationally in [6,12],
in which the classical yield condition (9) is replaced by one in which the yield condition depends also on the Laplacian of
the scalar hardening parameter or equivalent plastic strain. That is, we still have (9), but the conjugate force g (g in (10)3) is
now given by

g =~k +kVy (20)

in which k is a positive constant and V? is the Laplacian operator. The dissipation inequality for this problem is formally
given by

D(g.n) = D(p,7) + (6 —kip) : (q — p) — kay(n —3) + ksV>p(n —3)  V(q,n). (21)

In order to construct the relevant weak formulation of the problem corresponding to gradient plasticity we define the space
M of scalar hardening parameters by

M= H(Q) (22)
and we set
Z=VxOxM 23)

W={(v,q,n) €Z:|q| <1y ae. in Q}.

We integrate (21) over 2 and perform integration by parts on the term involving k5. We then obtain the dissipation inequal-
ity in weak form

J(2) >J’(W)+/Q(0—k1p) : (q—if)dx—/kav(n—?)dx—/gksw-v(n—?)dx VzeZ (24)

in which the definition of j(-) is unchanged. By combining the inequality (24) with the weak form of the equilibrium equa-
tion we arrive at the problem of finding w := (u,p,7) : [0, 7] — Z which satisfies: w(0) = 0, w(¢) € W for almost every
t€[0,7] and

a(w(t),z —w(1)) +j(z) —jw) = (1), 2 — W) VzeZ (25)

in which the bilinear form a(-, ) is given by
a:ZxZ—R, a(w,z)zc’z(mz)—i—/quy-Vndx (26)

Q

with a defined in (19).

Remark. In contrast to the classical problem, the presence in the yield condition of a term involving a Laplacian leads to
the requirement that y be sought in the space H'(Q) rather than L?(Q). Furthermore, it is necessary to impose either a
Dirichlet or Neumann boundary condition on y, and here it is assumed that it is the homogeneous Dirichlet condition that
is appropriate. Further discussion on the physical implications of boundary conditions on the equivalent plastic strain may
be found in [23,24].

Again, following the corresponding proof for the classical problem in [1], it can be shown that for f € H'(0, T; LZ(Q)Z),
the variational inequality (25) has a unique solution
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w=(up,y) €H(0,T;V) x H(0,T;0) x H'(0,T; M).

2.3. Regularity of solutions

It is important, both when dealing with finite element interpolation error estimates and when determining the consis-
tency of DG formulations, to set out in clear terms the regularity of the exact solution to the problem. The question of
the regularity of solutions to problems in plasticity is a much more subtle matter than the corresponding question for linear
elasticity, say, and complete results are not available. We summarise some key regularity results for classical hardening
plasticity, and indicate the assumptions that need to be made for the case of gradient plasticity.

First, we assume that

feH'(0,T;[H (Q)). (27)

Then it has been shown by Repin [25] for the Hencky problem (essentially one step in a family of incremental problems
arrived at by discretization in time), that for a Lipschitz domain Q and hardening plasticity,

(@) and e [HL (2] (28)

loc

ucH;

loc

Additional smoothness of the domain leads to greater regularity. In particular, as shown in [25], if the boundary of Q is C°,
then

ue[H Q) and e [H(Q)] (29)
There are no corresponding results for the case of gradient plasticity.
We will assume in all cases that
ue H'(0,T; [H}(Q)),
p e H'(0,T;[H ()], (30)
y € H'(0,T; H*(Q)).
These assumptions are somewhat stronger than what is known for the case of classical plasticity, at least for Lipschitz do-

mains, while in the case of gradient plasticity it is not unreasonable to assume that the regularizing effect of the gradient
terms imparts a greater degree of regularity to the solution, when compared with the classical case.

3. A discontinuous Galerkin formulation

We denote by 2,(K) the space of polynomials of degree at most £ > 0 on K. Let 7, = {K} be a shape-regular sub-
division of Q, where K are triangles. Set sx = diam(K) and # = max{/g,K € 7 ,}.

Let &, = {e} denote the set of the edges of 7, and & = &, \ 0RQ the set of all interior edges. We associate with each
edge of an element K; the outward unit normal vector n;. For an edge that lies on the boundary, n; is defined to be the
outward normal to 0Q. The length of an edge e € &, is A,.

For a positive integer m set

H™(T ;) = {veL*(Q),v], € H"(K) VK € T,},
T(&) = ] LK) (31)

KeT,

The jumps and the averages of § € L*(&,),v € L*(&,)” and © € L*(&,)"** across an edge e that is common to elements K,
and K, are defined by

1
[n] =mn +mymy,  {n} = 3 (ny +12),

l=vi@m+ven, {v}=-(v+mr), (32)

N —

1

[z] = tim + 12my, {2} = 5(1:1 + 1)
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in which #;, v; and t; are the one-sided values of the quantities concerned along an edge e € 0K, while n; is the outward unit
normal vector to edge e on element K.
If e is an edge of element K that lies on 0, then the jumps and averages are defined by

[n] =mmi,  {n} =mn,
l=vien, {}=mr, (33)
[z] =nm, {z} =1

The following identity relates the scalar product of two quantities to the products of their jumps and averages [26]:

Z/aKv.rndszZ O] {zyds+ 3 [ (o} [e]ds. ”

ecéy V€ 66(50 e
In what follows we will make use of Young’s inequality

1
ab<§a2+2—b2, fora,b € R" and €¢>0 (35)
€

and the inequalities (see [15])

sl < erhg!lloallz  for v, € 24(K),

—1 2 2 1/ o (36)
I0]12 < exl llollk + AxllVollz)  for v e H'(T),
where ¢; and ¢, are positive constants independent of /i and e is an edge of K. Here and henceforth || - ||, and || - ||, will
denote respectively the Z*-norms on an element K and edge e.
The following finite-dimensional spaces and subsets will be required:
Vi={m € L*(Q)% il € 21(K)° VK € T,},
0y = {4, € ("7 qlx € 20(K) VK € 7},
My = {n, € L*(Q); mlx € 2o(K) YK € T},
Zy= Vi % Oy x My,
Wi =A{zn= (v, m) € Zi; Ig,| <m, ineach K € 7},
My = {n, € L(Q); mlx € 21(K) VK € 7},
Zh: Vh XQh XM;”
Wi =A{zn= (v, @, M) € Zn; lg,| <m, ineach K € 7,}.
We introduce on Z; and Z, the norms || - ||; and || - ||,, defined for z;, = (v;, ¢, 1,) by
1
2 2 2 2 2
lzll: = D (el + gl + lnllo) + > 5 1D, (37)
K e e
1
2l = llzlli + > 1Vl + D o Tl (38)
K e ¢

To verify the positive-definiteness of || - ||; we note that for z = (v,¢,1) € Z, and [|z]j; =0, ¢ =0, 7 = 0 and ||e(v)||x = 0.
Thus v|; is a rigid body motion on K, that is v = ax + bx x x, where ax and bg are constant in each element K. But
ITv]ll, =0 for each interior edge e, so that a and b are independent of K. Finally, on the boundary edges
I[v[ll, = lIvll, =0, so that @ = b = 0. Thus ||z||; =0 implies v =0, g =0 and # = 0. The positive-definiteness of | - ||,
follows then from (38).

We consider a symmetric interior penalty formulation and introduce the bilinear forms and functionals

an((n, s Vi) (Vi @iy 1))

= Z / 2 (e(vi) — ) +kapy : g+ kayymy) dx
-3 /({(5(6("11) —p)} [l +{€(e(vs) —q4)} : [ma]) ds
3 i_l / [,] : []ds, (39)
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ah((”haPh?Vh)?(vh’qh7nh))
= a,((un, P1s 7)), (Vns @iy M) + Z / k3N, - Vi, dx
K K

=3[R+ (o) bds+ X [ - s (0
> Jiklgyldxif w, € W,

T s 1) :{ K Jexla i . (41)
400 otherwise,

where f5; and f3, are positive penalty parameters.
The semi-discrete DG approximations corresponding to problems (18) and (25) are then as follows: given that
w;,(0) = 0, find w, : [0, 7] — Z, such that for almost all z € (0, T), w,(¢) € W, and

an(wi(t), 20 — Wi(2)) + ji(za) — jOWn(2)) = (€(t), zn — wa(2))  Vau € Zi, (42)
and given that w,(0) = 0, find w;, : [0, 7] — Z, such that for almost all ¢ € (0, T), w,(t) € W, and
an(wi(t), 2 — Wi (2)) +j(z1) — jOWi(2)) = (1), 20 — Wiu(2)) Vi € Z). (43)

Lemma 3.1 (Consistency). Let w and w be respectively the solutions of (18) and (25). Then

an(w(1),z = w(1)) +.j(z) = jO8()) = (U1), 2= Ww(1)), Vz€Z,
a(w(t),z —w(1) +.j(z) —jOw(0)) = (1), 2 = w(1)), Vz€Z.

Proof. We present the proof for gradient plasticity only; the proof for classical plasticity follows along similar lines.

Let z, = (v, q4,11,) € Z;. From the regularity assumption (30) the equilibrium equation holds pointwise. Multiplying
this equation by v, — a(¢), integrating by parts on K € 7, summing over K € 7, and using (34), we obtain

3 /K o(t) / [o(t)]  {mu(t) — ()} ds = 3" [ {0} + [va(e) — i(e) [ ds

ecé, Je
=3 [l — o) . (45)
K K
Similarly, from the dissipation inequality (21), we get

IOEVEOES Sy EURCSV UL oY FURCS GRS 9y EUTRS )
S / Vi(e) - Vi, — 30)dx+ ks S [ w([V0)]) - {n, — (0} ds

eegl €

+hkyy o [ AV} - [ny — (0] ds, (46)

ecé), e

where for any v € [L*(&,)], we have that tr([v]) = v, - n; + v, - n, is the trace of the matrix [v] defined in (32).

From (45) and (46) and the definition of a;, we easily obtain (44), provided that the jump terms involving ¢ and V7y
vanish. From (30) both of these quantities are in H'(Q), and hence in H }OC(Q). We use a result due to Evans and Gariepy
([27], Section 4.9.2, Theorem 2), according to which functions in H] .(Q) are continuous across interior edges in Q. Thus
the jump terms involving ¢ and V7y vanish. This completes the proof. [

We have the following.
Lemma 3.2 (Well-posedness). The problems (42) and (43) each have exactly one solution.

Proof. Tt suffices to show that ¢ is continuous, j is convex, and lower semi-continuous and the bilinear forms a,(-,-) and
ay(+,-) are continuous and coercive with respect to the norms in (37) and (38). O

As in the previous lemma, we present the proof for the case of gradient plasticity. We first observe [15] that there exists a
positive constant o, independent of the mesh size /4, such that
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12
1
il 20) < “(Z le(llx + W ||[[Vh]}||§> : (47)
K e €

Hence
1/2 1/2 1/2
(4, z)] (Z IlfIIK) (Z ||vh|i> < c(Z |V|Ii> [1al-

Next, we note that j is proper and convex, and is easily shown to be lower semi-continuous on Z;,, with respect to the norm

11 Il
Now, we show that a, is continuous with respect to the norm || - ||,
Take w;, = (wy, p,,7s) € Z and z, = (v, g5, 11,) € Z;. We first rewrite a;, as

o) = [ (@lem) =) () g dx + g s g,

)
2 /K (ks + ks V3, - V) e
-3 et )< Tl {ten) — ) < D (@ (49)
=3 [ hUTn) Il + (T} B ©)
#35 [nl ndas 51 [l s (©)

We now need to estimate Q;, @,, O3 and Q4. First, using the norm of % and the triangle and Minkowski’s inequalities,
we have

01| < max(|6|.., ki ka2, ks) Y ((Ule(@)llx + Ipalle) (el + Igallc) + I2allclgallc + 14l &1l )

K
< emax(4+2p, ki ko, ks)l[will, 1 zall - (49)

Next,

1/2 1/2
0,] < (Zh {€(€(un) ph)}||§> (thlll[[vh]“ﬁ)
1/2 1/2
+<Zhe||{(€(e(vh)—qh)}lli> (Zhelll[[uhﬂﬁ) : (50)

To bound the first term in (50), we use the triangle inequality on the averaging operator { }, and (36);. For e € (52, take
e = 0K, N0K,, and set K, = K| UK,. We have

uy; + oy, P+ P :
no| 6 (e(*152) - (B2522) || < albtliem)i,, + i)

Summing over all edges e € &, we have

D hll{E () —p)}: < el lwils.

he | {€(e(w) = p)}II; =

Therefore,

0o < et (4 + 200 [ willy 1zl (51)

Similarly,

1031 < &2 (2 20 willy 1 (52)
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We also have

)y v [ In,ds +£2 [ 1wl s

1/2 1/2 1/2 1/2
<ﬁ1<2h;‘n[{uhﬂni> (Zhglnﬂvhﬂni) +ﬂ2<2h;1||vh|§> (Zh;lnnui)

< (By + Bo)lIwallyllzall,-

Adding (49)—(53), we find a constant ¢ = c(ky, ka2, k3, 4, t, 1, Q) > 0 such that

|Q4| =

lan(wn, zn)| < c(ky, kay ks, 2,1, By, Q)N Iwallyllzall,  YWn, 20 € Z.

Thus ay, is continuous.
Concerning the coercivity of a;, we write, for every w;, = (w,,p,,7,) and z, = (v, q,, 1) € Z,

an(wn, zn) = b(un, vi,) — c(py, vi) — (g wn) + APy, 71)s (@3> 1Mn))

where

bl ) =Y /K(ge(uh) LY /e{‘ge(uh)} : [ra]ds
-3 [metn): s S [ c Dl
orn) = [y reti =3 [ ) < Das
APy 1), (€5om1)) = ; /K(‘w”ph Lq,+kip,  q,) dx
- [ o) I+ (V- [uDds
DIy N AREALE
+ XK: /K (kyyity + k3N, - Vi) dx.

The coercivity of a, is obtained from the following lemma.

Lemma 3.3. Let ¢ > 0 be the constant in (36),. For some positive constants 1, and 1, suitably chosen so that

. A+ 2u)
71 1= min (2/1—111,[31 —M> >0,

m

. ko
ry == min (2,u + ki, B, —f,mm(kz,lq(l - 01”2))) >0,
2

we have
b(vi,vi) = ril|willz,
2
d((qw,m), (@) = rZH(qh>’7h)||h>

c(a ) < 4201+ )l llo vl

where

oally = > ez + > a1z,
K e
(g m)lls = > (lgallz + It ) + > a1 112
K e

(61)



J.K. Djoko et al. | Comput. Methods Appl. Mech. Engrg. 196 (2007) 3881-3897 3891

Proof. We have

b(vy,vi) /K%e vy) : €(vy)dx — 22 /{‘/e v} [[vh]}derZ B /[Vh] [v]ds
12 1/2
>2uy  |le(v ||K+ﬁ12h w11 2<Zh [{Ge(w) . ) (Zhe_lll[[vhﬂ“f)

>(2u—n1)2|6(vh)llf<+<[>’1 “”‘)Zhlnﬂvhﬂn from (36), and (35)

J+2
%) Il = (64
1

provided that we choose #; and f; such that

> min (2/1—'11,/31 -

2 " 2
B >cl(ﬂv+2u) and % < <2u. (65)
Next,
et = 32 [ 6p el =3 / (%p,} : [m]ds
<11 sl + S 1%a, LIl
1/2 ‘ 1/2 1/2 1/2
<, (Z ||qh||i> (Z ||e<vh>|?<) +c|%|m<2|qh||§<> <Zhe‘||[[vh]]||§> from (36),
(66)

< (200 + ) Igallolval;.

Finally, we have

dgons) ) =3 [ o+ by a)dr -2 [oaOnd-iulds+ 8 [ il Dndds

+ Z /(kznhm, + ksViy, - Vi) dx
K K

1/2 1/2
> > "+ k) lgll; — 2k (Zhen{w}lﬁ) (Zhglll[[nh]ﬁ)

K

+Z 201 + 3 el + bl )
> Cut k)Yl + (ﬁz - ;) S b DI + minhs, ks — evkon) 3 nalF o
K 2 e K

ymin(ky, k3 — clkanz)) ()l = 721l (g 1) 5

from (36), and (35) > min (2u+k1,ﬁ2
(67)

’72

provided that we choose 7, and f3, such that
k3
Py >ciks and — <, < (68)

B
Now with #y, 1, 1 and f, as in (65), (68) and (35) we obtain for every z, = (vi, q,, 1) € Zi

ah(zhvzh) = b(vh7 vh) - 2c(qha vh) + d((qha ”h)’ (qha ”h))

(A+20)(1+¢)
M3

o2 2 2 2
) [walli + r2Cllgallo + [ally)

> rillwally = G+ 201+ s llaulls -

J42um)(1 + ¢}
B P 21( Il 4+ rallnall2 + 2 = (2 + 2001+ 2]l
3
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Thus by taking 53 such that

A4 2u)(1 +c?
(A +2u)( +c1)<n3< r)

i Gr2m(+e?) (69)

we find for some constant ¢ = c(ky, k2, ks, 1, 4, By, B2, 2) > 0 that

ar(znz) = cluly. O

Remark. The choice of the positive constants 7,7, and 53 is subject to the constraint that one of the hardening
parameters k; or k; is sufficiently large. Therefore, the coercivity of the bilinear form g, is obtained under the same
condition.

4. Continuous-in-time a priori error estimate

In this section an a priori error estimate for the continuous-in-time problem is derived. We first collect some useful
results.

For a scalar-valued function n € H*(Q) let IIx : H*(Q) — P, (K) denote the usual interpolation operator [28], which
satisfies the error estimate

H”I_HK’?HHI(K) < ChK|’7|H2(1<)- (70)

The estimate is extended in a straightforward way to be valid for vector- and matrix-valued functions.
For q € [H'(Q)]” let IIx be the local L>-orthogonal projection operator onto Po(K) (in fact on each element K € 7,
and q € O, Ilgq is the average value of ¢ on K). We then have

1Tkq — qll 2 ) < chiclqli i) - (71)

Next, we have the following interpolation result.

Lemma 4.1. Let w(t) € Z. Then there exists wi(t) € Z;, with w;(t) € Z, and

[[wi(2) — w(7)

|
72
[ (2) — w(2)] 7

S

Remark. We note that, for w;(¢) € Z,, w;(¢) € Z, from the definition of the time derivative and the fact that Z, is a closed
subspace.

Proof. This is done in two steps: first, we construct w;(¢), and secondly we derive the error estimates (72).
For w(t) = (u(t), p(t),y(t)) € Z we define w;(¢) € Z, by

ar(wi(t) = w(1),za) =0, 21 € Zy. (73)

Since the bilinear form a(-,-) is continuous and coercive on Z;, w;(¢) is well defined.
Let ITw(t) € Z; be defined by

Iw(t)|x = (Hxu(t), Op(t), Hiy(1));
setting z, = w;(¢) — ITw(¢) in (73) we obtain

cllwi(t) = pyw(t)l[s < @n(wi (1) = pyw(e), wi(t) — pyw(r)) = R (74)
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with
R i= ay(wlt) = pywi(e), wi(2) — pyw(?))
=3 [ (letuly) - meutt) = (p(0)  Tep(1)
" el (0) — Mea(0) — (0) — Tep(o)]

() — MTep(t)) - (py(0) — Mp(s) ()
ks (3(1) = () (40 — ()
V() — Hey(e)) - V((6) — Mep(e))}d
=3 [ et M) (900~ Hsp(0)]): () — D] s
(o)
- [ B{V60 =~ Tr0)} - [0 - o] ds
-y [ €letw(t)  teuto) = (y(0) = 11eplo)] : ) ~ Mga()]ds
(0)
=% [RAV00 - ma@)}- Bl - Do) ds
Y / %Hu(t) — Meu()] : [us(e) — Myu(r)] ds
e e e (Os)-

+§_j [v(6) = Hicy(O)] - [7:() = My (1)] ds

We now estimate Qs — Qg using the Cauchy—Schwarz, Minkowski and Young inequalities, (70) and (71). First, Qg is
treated thanks to (36),, to obtain

1/2
Q6| < (Z he|{Ce(u(t) — Hxu(t)) — (p(t) — HKP(t))}|§> X (Z hy [ () — HKu(t)]Hli>

1/2
+ ks (Z el {V ((1) = HKV(t))}Hﬁ) (Z h D) = HK“/(I)]}Hﬁ)

1/2

1/2

Z el {6 (e(u(t) — Mgu(t) — (p(0) — TepODI? + ksh2[V((0) — Ty (t)) [ + ellwi (o) — ()|}
< cZ (K + I div(a() — G (e(xu(e) — Mep())]} ) + ks ST 00 = M)+ elhwi) — w0l
< ch? + ¢||wy (1) — Ow(?)][;. (75)

Next,

1/2
05| < C(Z lu(t) — Meu(t)[; x + p(t) = Tep() i + [17(2) - HKV(t)ﬁ,K)

1/2
(Z ey (6) — Hcu(®)) 5 + 1P, (6) = Txp()[x + [17:(6) - Hxv(t)llf,x>

< ek +§ lws (2) = IDw (1) (76)

The term Q5 is treated by using (36);, to get

1/2 1/2
|Q7|<c<ZI‘€ €(u (1) — Hxu(t)) — (pz(t)—HKp(t)))Hi) (ZIIV — Hyu( ))IIi)

1/2 1/2
+Ck3(z|V(V1(t)_HKV(t))||e> (ZIIV — Hyy( ))IIi)

< ch® + ¢||wy (1) — w(2)][;. (77)
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Finally,

05| < # > b () = ()] + 1, [(0) = Ty (O] + ellwi(2) — Tw(D)];
c(B1 + BV (u(t) = Heu(t)) g + [V (0(2) = () + ellws(e) = Iw(@)l; < ch® + elwi(6) — Dw(@)[l;. (78)

Replacing (77) and (78) in (74) and taking ¢ sufficiently small, we obtain

[[wi(2) = TIw(2)|],, < ch. (79)
The first of (72) is obtained using the triangle inequality, (79), and the interpolation estimate

|Tw(t) = w(o)ll, < ch. (80)
The second estimate is obtained by first differentiating (73) with respect to time to get

ay(wr(t) —w(t),z,) =0 (81)

and by repeating the analysis. [
With these preliminary results in place, we then have the following.

Theorem 4.2. Let w;(t) € Z), defined by (73), and let wy(t) be the solution of (43). Assume that f (1) € H'(Q)*, and that
= (u,p,y) is the solution of (25). Then there exists a positive constant c, independent of h, such that

W = willi~01.2,42) < W = Will i~ 07:2,2) + lWr =Wl 207242

+c inf =W 1/2 + inf e + inf 12
(z/,eLz(aT;zh) 2 = #2021 WL (0,T3V) e =l 0., o0, GEL2(0.7:0;) lar = Pliior
(82)

Proof. Taking z;, = w;,(¢) in (44),, and adding (43), we get for all z;, € Z,,

—an(wa(t), 25 — Wi (1)) < an(w(e), wa(t) — () + j(za) — jOW(2)) = (€(1), 20 — W(2))- (83)

Now a;, is continuous and coercive on Z,, so that thHih = ay(z1, 21) is @ norm on Z,, equivalent to |z;|,. Using (83) and
(73) we obtain, for z, € Z,,

CL|Q_

le( ) — Wh(f)”zh = ap(wi(t) — wi(t), Wi (t) — z1) + an(wi (), zn — Wi (1)) — an(wi(t), 21 — Wi(?))

< ap(wi(t) — wi(t), wi(t) — w(t)) + an(wi(t) — wi(t), w(t) — z1) + an(w(t), zn — w(t))
+ j(zn) = JOw(6)) — (£(2), 21 — W(2)). (84)

N =

We now have to estimate each term on the right hand side of (84).
Using Lemma 4.1 we have

an(w (1) = wi0) (1) = (0)) < e(Iw(0) = w012, + o (0) = w0}
an(w (1) = wi(0),#(2) — ) < eI (0) = w012, + el 0) = w7,
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By definition, and using the regularity of w = (u,p,v), we have for z, = (v, q,,1,),

ay(w(t), 2 — (1)) =y /K(‘K(G(u(f)) —p(t)) : (e(na(t) — (1)) — (g, — p(2))) dx

K

+2 /[klp(t) 2 (q(0) = p(@) + Koy (6) (0, () — 7(2))] dx + ks XK: /KW(f) -V (m(2) = (1)) dx

K K

-3 / (6t) : [mu(t) — ite)] + ksV9(0) - [y — H()]) s

e

<M1l Mle@(@) = pOllx (llealt) = @)l + Ilgs — b)) + chillga() = p()l| + challn (0)

1/2
= 7(O)llx + cksl|V (i (8) = 9(0)llx] + (Zh o)l ) (thll[[vh(t) it(f)ﬂllﬁ)
1/2 1/2
ks (Z hellvv<t>|§> (Z h | Dy — ?(t)JHIi) < e(1+ A2y = w(o)]l- (86)

This leaves the terms in (84) involving j and /. Bearing in mind the definition (19) of j we have, for any
o= (vhaqhv |qh|) € Wh,

J(@n) = jOw(2)) — (€(t), 2 — w(z Z / g, (1) = p()] + £ (1) - (vi(1) —at(1))
< cllgu(®) = p(D)llo + cllvale) — a(0)llo- (87)
Combining (84)—(87), we obtain, for z, = (v4, q,,1,) € Zu,

d . . . . .

g 0) = wi ()3, < clllwi(e) = wi(@)|l5, + e (e) = ()15 + llzn = @1l + llgs = BOlg + v — i@)lly)- (88)
Applying Gronwall’s Lemma with w,(0) = 0, the Sobolev embedding theorem, and the equivalence between || - ||, and
|- ]l,» we obtain

[[wi () — wi (@)l < c(lwr — WHLZ(O.T;Z;,+2) + llzn — WHZZO T:Zy+2) + llg, _p(t)HLZ(O,T;Q) + v — a(t)||L2(0,T;Vh+V>)- (89)

The theorem follows after application of the triangle inequality. [

Remark. Choosing z;, such that z,|, = IIxw;(¢), we obtain
12
[[w — whHL“(O,T;Zh-FZ) < ch'l?,

This is the same rate of convergence as that obtained for classical plasticity using the conventional Galerkin method [1].

5. Fully discrete discontinuous Galerkin approximations

In this section we discretize (25) in time using the backward Euler scheme. We denote the function y evaluated at time ¢,
by y". We first discretize the time interval [0,7] into N subintervals with node points ¢, = nk, 0 < n < N, where
k=t,.1 —t, = T/N is the step-size. We set ow" = Aw" /k where Aw" = w" — w"~ !,

The reader should consult [1] for the details of the technique used in the proof of the main result in this section.

Consider the following fully discrete DG approximation of Problem (25):given ¢ € H'(0,T;Z'), and w) = 0, find a
sequence (w!)_ in W), with ow € W, satisfying

an(Wy, zn = owy) + j(z) — j(Ow;) = (£ 21 = Ow), V2 € Z) (90)

The existence of a unique solution to Problem (90) follows from the arguments presented in Lemma 3.2.
We have the following stability result, which follows directly from ([1], Lemma 7.2).

Lemma 5.1. The solution (w’,;)f:]:l is stable in the sense there exist positive constants ¢, ¢, independent of k, such that

Z||5whHh cl||£||L20TZ’) and max Hwh”h 02”(HL 0,1:2')" (91)

The followmg result concerning the time derivative of the interpolant w;(¢) of w(¢) will be used in the proof of Theorem
5.3.
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Lemma 5.2. If € L'(0,T; Z), and w,(t) is the interpolant of w(t), then there exists a positive constant c, independent of h and
k, such that

Wi(twir) —wi(tm) .
f — W](tm) ,

The proof is obtained by using (73) to show that i, € L'(0, T; Z,), followed by a Taylor expansion of w; about t,, with
integral remainder (see Lemma 11.4 in [1]).

(92)

Sl a1:242,)-

Next we state the main result regarding the accuracy of the solution w) of problem (90).

Theorem 5.3. Let (wZ)nN:1 be a sequence of solutions of (90). If f(1) € L*(Q)* and the solution w = (u,p,?) of (25) satisfies
W e LY(0,T;Z), then there exists a positive constant c, independent of the mesh size h and k, such that

N
€3 inf [ —zhn;,] . (93)

o=

max ||w' —wi||, < ck+c¢
1<n<N

Proof. We follow closely the proof of Theorem 11.7 in [1]. Let " = w" — w) =" + ¢}, for 1 < n < N where 5" = w" — w/,
e, =wi —w, and w} = w,(t,). Set

1 1
Ay = ay(e, 0¢;) = an(e), ;) — wan(€), €;7"). (94)

k k

Using the Cauchy-Schwarz and Young’s inequalities we obtain

Ay > 511, ~ ). (95)
Next, we have to find an upper bound for 4,. From the linearity of a,(-,-),

A, = ap(wy, ow] — owy) — ay(w,, ow; — zi) — an(w), 2, — Ow}). (96)
Now combining (90), and (44), with ¢ = ¢, and z, = dw}, we obtain

—an(Wy, 20 — owy) < j(zn) — JOV") — (€ zn — W) + an(w", oy — w"). (97)
Combining (97), (96), (73), and using de} = dw — ow} = (e} — e}~ ') /k, we get

A, < ap(w) — w", 0w] — ow)) + ap(w", ow) — ow})) — a, (Wi, ow] — z;,) + ap(W", 0wy — W") + j(z) — j(W'") — (€", 2 — W")

W(W', Owy — owy) — an(wy, ow) — z) + an(w", oWy — Ww") + j(zi) — j(W") — (€', 2, — W")

n(€hs Wy —zi) + an (W', 2 — w") +j(zn) — jOW") — (", 20 — W") . (98)
[0 Oy

AN
<a
<a

From (95) and (98) we obtain, choosing z;, = (v4, ¢,,1,) € Z, in the term Qo and z;, = Z;, := (v, ¢, 1¢,]) in O1o,

llzh = W"lla, + llgn = B"llo + [l — i"ll,)- (99)

ap

1 2 —1112
oz (e, =12, ) < Qo + O < clllegll,, low; = zill, + 1w

Now replacing n with i, summing over i with 1 <i < n and with e} = 0, we obtain
n n

IeplR, < ckbt > llowh =zl + k> (s =1, + gy = 'l + I, — 1l ).
i=1 =1

where M = max;e)||, and we have also used the property max,[w"||, < c||€||,, which follows from ([1], Lemma 7.2).
Finally,

N N
M < kMY [|ow] = zall,, +ck > llzn — Wl (100)
i=1 i=1
Noting that a,b,x > 0 and x*> < ax + b imply that x < a + v/2b, we obtain

N N 1/2
o all + (e ol ) o
i=1 i=1

The result follows by choosing z, = w,(¢) in (101) and using Lemma 5.2. O
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Remarks

1. Again, as with the case of semi-discrete approximations, by using the interpolation error estimates (70) and (71) and the
regularity of the solution, it is seen that the order of spatial convergence is the same as that obtained for the classical
problem with the conventional Galerkin method.

2. Tt is possible, using the approach in ([1], Theorem 11.6), to obtain O(kz) convergence with the use of a Crank—Nicolson
as opposed to a backward Euler approximation in time.

6. Conclusion

A discontinuous Galerkin formulation has been constructed and analyzed for problems involving both classical and gra-
dient plasticity. Error estimates have been derived for semi- and fully discrete formulations. There remains the issue of
computation, and in this context a key question concerns the extension of the well-known predictor—corrector algorithms
[2,1] to the problems considered here. This will be the subject of a subsequent work [22] in which a detailed analysis will be
presented of the algorithms, and in which various numerical examples will serve to illustrate the theoretical results pre-
sented in this work.
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