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Abstract

The relationship of the Hu–Washizu mixed formulation to other mixed and enhanced formulations is examined in detail, in the con-
text of linear elasticity, with a view to presenting a unified framework for such formulations. The Hu–Washizu formulation is considered
in both its classical form and in a modified form that is suited to establishing well-posedness in the incompressible limit. Recently estab-
lished theoretical results on uniform well-posedness are studied computationally by considering a range of numerical examples, which
illustrate where appropriate the good behavior predicted by the theory, as well as the locking behavior that is evident in those problems
in which the conditions for stability and convergence are not satisfied.
� 2005 Elsevier B.V. All rights reserved.

Keywords: Hu–Washizu; Mixed finite elements; Enhanced strains; Low-order approximations; Equivalence; Numerical simulations
1. Introduction

The use of low-order elements in finite element computations remains a popular feature in finite element analyses of
problems in solid mechanics. Four-noded quadrilateral elements and eight-noded hexahedra in two and three dimensions,
respectively, have a key drawback in that they lead to locking in the incompressible limit; in other words, they do not pos-
sess the property of being uniformly convergent. In addition, even in compressible problems the use of these standard ele-
ments leads to poor accuracy particularly in bending-dominated problems, when coarse meshes are used.

Various procedures have been proposed for circumventing these difficulties. Among these are stabilization methods such
as those, for example, that are combined with underintegration [4,10], and the classes of Petrov–Galerkin methods in which
stabilization is achieved through a relaxation of the requirement that the spaces of test and trial functions be identical, and
Galerkin least squares methods in which the introduction of additional terms serves to stabilize the problem while preserv-
ing consistency [14–17]. Brezzi and Fortin [8] have undertaken a detailed abstract analysis that is applicable to a wide range
of such approaches.

Methods associated with the enrichment or enhancement of the strain or stress field by the addition of carefully chosen
basis functions have proved to be highly effective and popular. The key work dealing with enhanced assumed strain
formulations is that of Simo and Rifai [35]. This method, which may be regarded as a generalization of the method of
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incompatible modes [39,37], has been extended to nonlinear problems in two and three dimensions by Simo et al. [30,31].
Extensive computational studies indicate that the method provides a promising approach for overcoming the difficulties
referred to earlier, though computational investigations have shown (see, for example, [2,28]) that the development of ele-
ments and bases that are robust for a wide range of problems involving near-incompressibility or incompressibility is not a
trivial matter.

The assumed stress approach [26] leads to a formulation very similar to that based on enhanced strains, and in fact the
two are equivalent under certain conditions [1,6]. Even the underintegrated elements with additional stabilization can be
derived from enhanced strain elements for certain element shapes [19], so that a clear line cannot always be drawn between
these methods. This holds particularly for affine-equivalent meshes.

Reddy and Simo [27] have carried out a detailed analysis of the convergence of enhanced assumed strain methods, for
affine-equivalent meshes, and for the compressible and incompressible cases. They established an a priori error estimate for
displacements that confirms convergence at the standard linear rate. Braess [5] has re-examined the sufficient conditions
for convergence, in particular relating the stability condition to a strengthened Cauchy inequality, and elucidating the influ-
ence of the Lamé constant k.

Arunakirinathar and Reddy [3] have extended the results in [27] to include consideration of isoparametric elements. The
case of limiting compressibility was not studied by these authors, but has been the subject of a recent analysis by Braess
et al. [6], in which k-independent asymptotic convergence of the displacement error is obtained, for a class of meshes. These
authors also establish the conditions under which the method of enhanced assumed strains is equivalent to the Hellinger–
Reissner formulation, and derive a residual-based a posteriori error estimate.

Analysis of the near-incompressible problem for neo-Hookean materials, with finite element error estimates, has been
recently presented in [7].

The purpose of this work is to revisit three-field mixed formulations as an approach to overcoming the problems
referred to above. In the context of elasticity the starting point is the Hu–Washizu formulation [18,38], in which the
unknown variables are displacement, strain, and stress. This formulation, which was in fact first introduced by Fraeijs
de Veubeke [11] (see [12,13], a reprint of [12], and the historical comments in [9]), serves as the point of departure for
the development of enhanced strain formulations, whether the original method of Simo and Rifai [35], or further ex-
tensions such as that due to Kasper and Taylor [21,22]. In these latter works the method of mixed enhanced strains is
presented, for linear and nonlinear problems, respectively. The difference between this and the original method of enhanced
strains lies in the inclusion of the stress as an unknown variable, together with displacement and enhanced strain (in
contrast, the method of Simo and Rifai leads to elimination of the stress, which must be recovered a posteriori). Numerical
results are shown to be of comparable quality to those obtained using enhanced assumed strains, with the advantage that
the stress is obtained directly as part of the solution.

Also of relevance, as a method having the Hu–Washizu formulation as its basis, is the strain gap method due to Romano
et al. [29]. While these authors have carried out an analysis of the Hu–Washizu formulation, their analysis is valid only for
compressible materials.

The numerical evidence in favor of three-field formulations is compelling, but there remains the question of the precise
conditions under which these formulations are uniformly convergent, in the incompressible limit. This has been the subject
of a recent study [23]. In this work, the mathematical basis for establishing well-posedness of the Hu–Washizu formulation
and its derivatives is investigated in detail. It is shown there that in order to ensure uniform convergence for bases that are
in common use, it is necessary to approach the problem through a modified formulation that is equivalent to that obtained
from the standard Hu–Washizu functional in the continuous case, but which may differ from it in the discrete setting. The
modified formulation leads to the construction of a family of modified Hu–Washizu formulations, parametrized by a scalar
a, with the classical problem recovered as the special case a = 1. Well-posedness is established for the family of alternative
formulations in circumstances in which this may not be possible for the classical Hu–Washizu formulation.

A crucial element of the analysis of the alternative formulation in [23] is the need to establish control over the spherical
part of the stress, which is the Lagrange multiplier variable in the Hu–Washizu formulation. In the discrete setting the
spherical component is not necessarily a member of the space of discrete stresses, so it is necessary to introduce the notion
of the discrete spherical and deviatoric parts of the stress space; these two components are by definition subspaces of the
space of stresses.

A further significant feature of the analysis in [23] is the requirement that the discrete space of displacements Vh forms,
with the trace of sphh Sh, the discrete spherical part of Sh, a Stokes-stable pair, in the sense that these two spaces satisfy the
discrete inf–sup condition with a constant independent of h and k, the Lamé parameter. When Vh is the space of piecewise
bilinear or Q1 functions, then tr sphh Sh is the space of piecewise constants, so that checkerboard modes are present. This
will be illustrated numerically in the present work. As with the Stokes problem, in which the pressure space of piecewise
constants has to be modified to extract from it the checkerboard modes, it can be shown that the lack of stability resulting
from the presence of a checkerboard mode is confined to the stress, and does not affect the displacement and strain approxi-
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mations. This result is important in the computational context, especially in situations in which the displacement is the
primary variable of interest.

The focus in [23] is the establishment of conditions under which the relevant formulations possess unique solutions, and
under which finite element approximations are convergent. There remain, though, various questions that require further
investigation, and these are the subject of the present work.

First, we show how a modified Hu–Washizu formulation may be derived from the original saddlepoint formulation by a
partial imposition of the volumetric part of the elasticity equation. It is shown further that this corresponds to the para-
metrized formulation with a = 0. Interpolation between this and the classical formulation (that is, the case a = 1) then leads
to the parametrized formulation that has been introduced in [23] without similar motivation.

The second key contribution of this work is an investigation of the relationships between various discrete mixed and
enhanced formulations, and the conditions under which they are equivalent. Some equivalence results are well-known
while others are presented for the first time. These are set out in such a way, diagrammatically, that the relationship
between any two formulations contained in the diagram may be deduced immediately. Furthermore, the set of equivalence
relationships together with information about the well-posedness of a particular formulation permits conditions for well-
posedness of an equivalent formulation to be deduced.

The third contribution entails a detailed numerical study, in which both well-known and new sets of bases are considered
in conjunction with either the standard or modified Hu–Washizu formulations. The presence of checkerboard modes is
demonstrated, as is the superior performance of the modified formulation in those circumstances in which the bases chosen
satisfy the conditions for well-posedness.

The structure of the rest of this work is as follows. Section 2 is devoted to the continuous problem, in its original and
modified settings, and to a discussion of the relevant saddlepoint and weak problems. In Section 3 the discrete formulations
are presented. The results on well-posedness established in [23] are briefly summarized, after which the conditions for
equivalence between the classical and modified Hu–Washizu formulations and various other mixed and enhanced strain
formulations is made clear. Section 4 is devoted to a presentation and discussion of numerical results.

In all cases the displacements are approximated by piecewise continuous bilinear functions, and five sets of bases, based
on different choices of the spaces Sh and Dh for stress and strain, are constructed. Included in these choices are the assumed
stress basis of Pian and Sumihara [26], and the bases corresponding to the methods of enhanced assumed strains and mixed
enhanced strains. The sets are chosen in such a manner as to illustrate how certain well-known methods fit into the present
theory, and some choices serve also to illustrate the problems that occur when the conditions for stability are not satisfied.
The numerical results in all cases reflect the good performance predicted by the theory, for those bases that satisfy the con-
ditions for stability, and they illustrate also in particular cases the poor coarse-mesh accuracy and volumetric locking
behavior that characterises bases which fail to meet the requirements for well-posedness. Finally, the checkerboard modes
predicted by the theory are illustrated in the numerical examples.

2. The boundary value problem of elasticity

In the context of elasticity, vector- and tensor- or matrix-valued functions will be written in boldface form. The scalar
product of two tensors or matrices r and s will be denoted by r :s, and is given by r :s = rijsij the summation convention on
repeated indices being invoked.

Consider a plane homogeneous isotropic linear elastic material body which occupies a bounded domain X in R2 with
Lipschitz boundary C. For a prescribed body force f, the governing equilibrium equation in X reads

�divr ¼ f ; ð2:1Þ
where r is the symmetric Cauchy stress tensor. The infinitesimal strain tensor d is defined as a function of the displacement
u by

d ¼ �ðuÞ :¼ 1
2
ðruþ ½ru�tÞ. ð2:2Þ

The displacement is assumed to satisfy the homogeneous Dirichlet boundary condition

u ¼ 0 on C. ð2:3Þ
With the fourth-order elasticity tensor denoted by C, the constitutive equation reads

r ¼ Cd :¼ kðtrdÞ1þ 2ld. ð2:4Þ
Here 1 is the identity tensor, trd denotes the trace of the tensor or matrix d, and k and l are the Lamé parameters, which
are constant in view of the assumption of a homogeneous body, and which are assumed positive. The parameter l is the
shear modulus. It is useful also to relate these moduli to the pair (E,m), where E is Young�s modulus and m is Poisson�s ratio;
we have
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E ¼ lð2lþ 3kÞ
lþ k

; m ¼ k
2ðlþ kÞ . ð2:5Þ

Of particular interest is the incompressible limit, which corresponds to k!1 or m! 1/2.
The inverse C�1 of C is given by

d ¼ C�1r ¼ 1

2l
r� cðtrrÞ1ð Þ; ð2:6Þ

where for plane problems,

c :¼ k=j; j :¼ 2ðlþ kÞ. ð2:7Þ
We note in particular that j, which is defined to be twice the conventional bulk modulus, relates the volumetric parts of the
stress and strain to each other through

trr ¼ j trd. ð2:8Þ
Function spaces. We will make use of the space L2(X) of square-integrable functions defined on X with the inner product

and norm being denoted by (Æ, Æ)0 and k Æk0, respectively. We will also make use of the Sobolev spaces Hm(X), for nonneg-
ative integers m. These are Hilbert spaces with inner product and associated norm

ðu; vÞm :¼
Z

X

X
jaj6m

DauðxÞDavðxÞdx and kvkm :¼ ðv; vÞ1=2
m ; ð2:9Þ

using the conventional multi-index notation. The semi-norm j Æ jm on Hm(X) is defined by

jvj2m :¼
Z

X

X
jaj¼m

DavðxÞDavðxÞdx. ð2:10Þ

The space H 1
0ðXÞ consists of functions in H1(X) which vanish on the boundary in the sense of traces.

For the weak or variational formulations, we will require the space V :¼ ½H 1
0ðXÞ�

2 of displacements; this is a Hilbert
space with inner product (Æ, Æ)1 and norm k Æk1 defined in the standard way; that is, ðu;vÞ21 ¼

P2
i¼1ðui; viÞ1, with the norm

being induced by this inner product.
The space of stresses is denoted by S, while the space of strains is denoted by D. For the continuous case these spaces are

equal, and D :¼ fejeji ¼ eij; eij 2 L2ðXÞg ¼: S, with norm k Æk0 generated in the standard way by the L2-norm. We also
introduce the space S0 defined by

S0 :¼ fs 2 Sjðs; 1Þ0 ¼ 0g; ð2:11Þ
this is a closed subspace of S.

In what follows we will require the L2-orthogonal decomposition of S into its deviatoric and spherical parts. Define the
L2-orthogonal projections sph and dev on S by

sphs :¼ ð1=2ÞðtrsÞ1; devs :¼ s� sphs. ð2:12Þ
We note that devS is a proper subset of S0.

Rather than present the different weak formulations directly, we proceed instead by starting with the minimization or
saddlepoint problems associated with the different formulations, in order to make more explicit the manner in which these
are related to each other. The weak problems are then easily obtained from the necessary conditions for a minimum or
saddlepoint.

The standard displacement-based variational formulation of the boundary value problem for linear elasticity may be
obtained as the solution to the minimization problem of finding u 2 V such that

IðuÞ ¼ inf
v2V

IðvÞ; ð2:13Þ

in which

IðvÞ :¼ 1
2
Aðv;vÞ � ‘ðvÞ. ð2:14Þ

The bilinear form A(Æ, Æ) and linear functional ‘(Æ) are defined by

A : V � V ! R; Aðu;vÞ ¼
Z

X
C�ðuÞ : �ðvÞdx;

‘ : V ! R; ‘ðvÞ ¼
Z

X
f � vdx.

ð2:15Þ
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From the necessary condition for a minimum one obtains the weak problem in the following form: given ‘ 2 V 0, find u 2 V

that satisfies

Aðu;vÞ ¼ ‘ðvÞ; v 2 V . ð2:16Þ
The assumptions on C guarantee that A(Æ, Æ) is symmetric, continuous, and V-elliptic, and that the problem (2.16) or (2.13)
has a unique solution. However, the continuity constant depends on k, and we therefore cannot declare that finite element
solutions based on this formulation converge uniformly with respect to k. To achieve uniform convergence it is necessary to
work within the framework of mixed formulations.

Mixed formulations. The problem described above may be cast in a variety of alternative mixed forms, the term �mixed�
carrying in this context the connotation that the resulting weak formulation has a link to a saddlepoint problem. We focus
on the Hu–Washizu formulation, in which the displacement, strain, and stress are unknown variables. The functional cor-
responding to this formulation is given by

J 1ððv; eÞ; sÞ :¼
Z

X

1

2
Ce : eþ ð�ðvÞ � eÞ : s

� �
dx�

Z
X

f � vdx

¼
Z

X

1

2
kðtreÞ2 þ ljej2 þ ð�ðvÞ � eÞ : s

� �
dx�

Z
X

f � vdx ð2:17Þ

and the variational problem becomes one in which we seek (u,d,r) in V · D · S0 such that

J 1ððu; dÞ; rÞ ¼ inf
ðv;eÞ2V�D

sup
s2S0

J 1ððv; eÞ; sÞ. ð2:18Þ

It is shown in [23] that it is necessary to restrict the space of stresses to S0 in order to show well-posedness. Equivalently,
this corresponds to the weak problem of finding u 2 V, d 2 D and r 2 S0 that satisfyZ

X
ðCd � rÞ : edx ¼ 0; e 2 D;Z

X
ð�ðuÞ � dÞ : sdx ¼ 0; s 2 S0;Z

X
r : �ðvÞdx ¼ ‘ðvÞ; v 2 V .

ð2:19Þ

The three equations in (2.19) are the weak forms of, respectively, the constitutive equation, the strain–displacement equa-
tion, and the equation of equilibrium. By rearrangement, this set of equations may be cast as the standard mixed problem
of finding (u,d,r) 2 V · D · S0 that satisfy

a1ððu; dÞ; ðv; eÞÞ þ b1ððv; eÞ; rÞ ¼ ‘ðvÞ; ðv; eÞ 2 V � D;

b1ððu; dÞ; sÞ ¼ 0; s 2 S0;
ð2:20Þ

where

a1ððu; dÞ; ðv; eÞÞ :¼ ðCd; eÞ0;
b1ðv; e; sÞ :¼ ð�ðvÞ � e; sÞ0.

ð2:21Þ

The functional J1 may thus be written in the more compact form

J 1ððv; eÞ; sÞ ¼ 1
2
a1ððv; eÞ; ðv; eÞÞ þ b1ððv; eÞ; sÞ � ‘ðvÞ. ð2:22Þ

It is readily shown [23] that the problem (2.20) has a unique solution (u,d,r) in V · D · S0, which moreover satisfies the
bound

kuk1 þ kdk0 þ krk0 6 cðkÞk‘kV 0 . ð2:23Þ
The constant in the bound is k-dependent, and so we are not able to obtain stability of the solution in the incompressible
limit through this direct approach. This motivates the need to consider alternative formulations of the Hu–Washizu
problem.

We do so by first constraining the space in which a solution is sought, to the subspace (D · S0)tr of D · S0 consisting of
those functions that satisfy the volumetric relation (2.8); that is,

ðD� S0Þtr ¼ fðe; sÞ 2 D� S0jtrs ¼ j tre a.e. in Xg. ð2:24Þ
This constraint is imposed directly on the integrand of (2.17) to eliminate the term tre. Since

1
2
e : Ce ¼ 1

2
kðtreÞ2 þ ljej2 ¼ ð1=4ÞjðtreÞ2 þ ljdevej2;
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we obtain the problem of finding (u,d,r) 2 V · (D · S0)tr such that

eJ ðu; d; rÞ ¼ inf
v;e

sup
s

feJ ðv; e; sÞjv 2 V ; ðe; sÞ 2 ðD� S0Þtrg; ð2:25Þ

in which the new functional eJ is given by

eJ ððv; eÞ; sÞ :¼
Z

X
ljdevej2 þ ð�ðvÞ � dev eÞ : s� 1

4j
ðtrsÞ2

� �
dx� ‘ðvÞ. ð2:26Þ

If we define the bilinear forms

eaððu; dÞ; ðv; eÞÞ :¼ 2lðdevd;deveÞ0;ebððv; eÞ; rÞ :¼ ð�ðvÞ � deve; rÞ0;
cðr; sÞ :¼ ðtrr; trsÞ0;

ð2:27Þ

then the weak problem corresponding to the saddlepoint problem (2.25) is that of finding (u,d,r) 2 V · (D · S0)tr that
satisfy

eaððu; dÞ; ðv; eÞÞ þ ebððv; eÞ; rÞ ¼ ‘ðvÞ;ebððu; dÞ; sÞ � ð1=2jÞcðr; sÞ ¼ 0;
ð2:28Þ

for all (v,e,s) 2 V · (D · S0)tr. Thus the effect of this transformation is to concentrate the volumetric behavior entirely in
the term corresponding to the bilinear form c(Æ, Æ).

While the modified Hu–Washizu formulation in the form (2.28) is a good candidate formulation in which to seek con-
tinuous and discrete solutions that are well-posed in the incompressible limit, it is seen that this problem is posed on the
subspace of functions that satisfy the volumetric part of the constitutive equation. Indeed, one obtains from Eq. (2.28)1 the
equilibrium equation, by setting e = 0, and then, by setting v = 0, the deviatoric part of the elasticity equation, that is,

devr ¼ 2ldevd.

The second of equations (2.28) gives, by setting s = sD, a deviatoric tensor,

devd ¼ dev�ðuÞ
and finally, by setting s = sS, a spherical tensor,

trr ¼ j tr�ðuÞ ¼ divu.

The final equation, viz. trd ¼ divu, is deduced by using the function space setting of the problem.
When considering finite element approximations, it is preferable to be able to pose the problem on the original spaces V,

D, and S0, rather than on subspaces of these, in order to be able to make use of conventional finite element bases. To this
end, and still with a view to modifying the Hu–Washizu formulation in such a way as to obtain uniform well-posedness, we
return to the functional (2.17) and introduce the volumetric relation partially, in order to eliminate only its appearance in
the term involving k. This then leads to the modified functional J0 defined by

J 0ðv; e; sÞ :¼
Z

X
le : eþ ð�ðvÞ � eþ cðtreÞ1Þ : s� 1

2
ðc2=kÞðtrsÞ2

h i
dx� ‘ðvÞ

¼
Z

X
le : eþ ð�ðvÞ � 2lC�1eÞ : s� 1

2
ðc2=kÞðtrsÞ2

h i
dx� ‘ðvÞ. ð2:29Þ

The saddlepoint problem of minimizing this functional over the spaces of displacements and strains, and maximizing over
the stresses, leads to the weak problem of finding (u,d,r) 2 V · D · S0 such that

a0ððu; dÞ; ðv; eÞÞ þ b0ððv; eÞ; rÞ ¼ ‘ðvÞ; ðv; eÞ 2 V � D;

b0ððu; dÞ; sÞ � ðc2=kÞcðr; sÞ ¼ 0; s 2 S0;
ð2:30Þ

in which the bilinear forms are defined by

a0ððu; dÞ; ðv; eÞÞ :¼ 2lðd; eÞ0;
b0ððv; eÞ; rÞ :¼ ð�ðvÞ � 2lC�1e;rÞ0

ð2:31Þ

and c(Æ, Æ) is as defined before. It is important to note that the desired solution is found by seeking a saddlepoint over the
original spaces, in contrast to the situation with the functional (2.26).
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Now it is possible to formulate a family of problems, parametrized by a scalar a, by interpolating between the function-
als J0 and J1 in such a way that the cases a = 0 and a = 1 correspond to the problems involving the functional J0 and J1,
whose solutions of course coincide in the continuous case. We do this by adding to the functional J0 the term

a 1
2
kðtreÞ2 � cðtreÞðtrsÞ � 1

2
ðc2=kÞðtrsÞ2

h i
;

for some a, which is identically zero for all e and s lying in the subspace (D · S0)tr. We note that it is not necessary to con-
strain a to lie in the range [0,1], and we do not impose this restriction. This leads to the functional

J aðv; e; sÞ :¼
Z

X

1
2
akðtreÞ2 þ ljej2 þ ð�ðvÞ � 2lC�1e� acðtreÞ1Þ : s� 1

2
ð1� aÞðc2=kÞðtrsÞ2

h i
dx� ‘ðvÞ. ð2:32Þ

The problem of seeking a saddlepoint is then equivalent to that of finding (u,d,r) 2 V · D · S0 that satisfy

aaððu; dÞ; ðv; eÞÞ þ baððv; eÞ; rÞ ¼ ‘ðvÞ; ðv; eÞ 2 V � D;

baððu; dÞ; sÞ � ð1� aÞðc2=kÞcðr; sÞ ¼ 0; s 2 S0;
ð2:33Þ

where the bilinear forms are given by

aaððu; dÞ; ðv; eÞÞ :¼ 2lðd; eÞ0 þ akðtrd; treÞ0;
baððv; eÞ; rÞ :¼ ð�ðvÞ � 2lC�1e; rÞ0 � acðtrr; treÞ0.

ð2:34Þ

This is the modified problem introduced in [23], albeit without the link to an appropriate saddlepoint problem.
The bilinear forms can be expressed in terms of the forms corresponding to the standard Hu–Washizu problem (2.20),

which is also problem (2.33) with a = 1, according to

aaððu; dÞ; ðv; eÞÞ ¼ a1ððu; dÞ; ðv; eÞÞ þ ða� 1Þkcðd; eÞ;
baððv; eÞ; sÞ ¼ b1ððv; eÞ; sÞ þ ða� 1Þccðe; sÞ.

ð2:35Þ

The solution to the original Hu–Washizu problem may be recovered from the modified problem, and the solution is
bounded in the incompressible limit.

Lemma 2.1 [23]. For a 5 �l/k, there exists a unique solution (u,d,r) 2 V · D · S0 of the modified Hu–Washizu formulation

(2.33). Moreover, the solution does not depend on a, and satisfies the bound

kuk1 þ kdk0 þ krk0 6 Ck‘kV 0 ;

in which the constant C is independent of k.
3. Finite element approximations

3.1. Finite element spaces

We are concerned with finite element approximations based on quasi-uniform, shape regular meshes of quadrilaterals on
polygonal domains in R2. The finite element meshes are defined by maps from a reference square bK ¼ ð�1; 1Þ2.

For nonnegative integer k, let Pkð�Þ denote the space of polynomials in two variables of total degree less than or equal to
k, and Qkð�Þ the space of polynomials in two variables of total degree less than or equal to k in each variable. A typical
element K 2Th is generated by an isoparametric map FK from the reference element bK , in which FK is defined using
the basis functions corresponding to Q1. It is clear that if v̂ 2 Q1ðbK Þ, then v̂ � F �1

K is in general not a polynomial on the
quadrilateral K.

The analysis in [23] is carried out for the case of meshes of affine-equivalent elements. Numerical results will also be
presented for the more general case of meshes of arbitrary quadrilaterals, in Section 5.

The finite element space of displacements is taken to be the space of continuous functions whose restrictions to an ele-
ment K are obtained by maps of bilinear functions from the reference element; that is,

V h :¼ vh 2 V \ CðXÞ;vhjK ¼ v̂h � F �1
K ; v̂h 2 Q1ðbK Þ2 for all K 2Th

n o
. ð3:1Þ

The spaces of stresses and strains are discretized by defining the finite-dimensional spaces

Sh :¼ sh 2 S0jðshjKÞij ¼ ðŝhÞij � F �1
K ; ŝh 2 S� for all K 2Th

n o
;

Dh :¼ eh 2 S0jðehjKÞij ¼ ðêhÞij � F �1
K ; êh 2 D� for all K 2Th

n o
;

ð3:2Þ
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where Dh and Sh are the reference bases of strains and stresses, defined on bK . These two variables are defined locally on
each element and no continuity conditions apply at the element boundaries.

Given the problems associated with establishing well-posedness of the continuous classical Hu–Washizu formulation in
the incompressible limit, we go directly to the discrete version of problem (2.33), which takes the following form: find
(uh,dh,rh) 2 Vh · Dh · Sh such that

aaððuh; dhÞ; ðvh; ehÞÞ þ baððvh; ehÞ; rhÞ ¼ ‘ðvhÞ; ðvh; ehÞ 2 V h � Dh;

baððuh; dhÞ; shÞ � ð1� aÞðc2=kÞcðrh; shÞ ¼ 0; sh 2 Sh.
ð3:3Þ

Since we will be making frequent reference to the classical Hu–Washizu formulation, which corresponds to (3.3) with a = 1, we
display this problem explicitly, in the discrete analogue of (2.19): we are required to find (uh,dh,rh) 2 Vh · Dh · Sh that satisfyZ

X
ðCdh � rhÞ : eh dx ¼ 0; eh 2 Dh;Z

X
ð�ðuhÞ � dhÞ : sh dx ¼ 0; sh 2 Sh;Z

X
rh : �ðvhÞdx ¼ ‘ðvhÞ; vh 2 V h.

ð3:4Þ

We conclude this section with a result on the relationship between the different formulations that arise from (3.3) for var-
ious choices of a. The following is shown in [23].

Lemma 3.1. Assume that

Sh � Dh; ð3:5Þ
trDh1 � Dh. ð3:6Þ

Then the solution of the problem (3.3) does not depend on a.
3.2. Examples of bases

Before giving some concrete examples of bases for Sh and Dh, we recall the Voigt representation of the tensorial quan-
tities stress and strain in vectorial form, in two dimensions. These are written as

d ¼
d11

d22

2d12

2
64

3
75 and r ¼

r11

r22

r12

2
64

3
75. ð3:7Þ

The spaces Sh and Dh will be generated from bases defined on bK , and we will make use of the following bases on bK :

Id :¼ span

1 0 0

0 1 0

0 0 1

2
64

3
75; A :¼ span

g 0

0 n

0 0

2
64

3
75; B :¼ span

n 0

0 g

0 0

2
64

3
75; C :¼ span

0 0

0 0

n g

2
64

3
75. ð3:8Þ

The basis Id + A was introduced by Pian and Sumihara [26] in their assumed stress formulation, to approximate stresses,
while Id + A + B has been used by Kasper and Taylor [21,22] in their mixed enhanced strain formulation for the approx-
imation of Dh.

We remark that trðIdþ AÞ ¼ trðIdþ Aþ BÞ ¼ P 1ðbK Þ and trðIdþ CÞ ¼ P 0ðbK Þ.
Of special interest will be the choices given in Table 1. We note that Cases II, III and V satisfy the assumptions for equiv-

alence between the classical and modified Hu–Washizu formulations, but that Cases I and IV do not satisfy the second of
these.
Table 1
Examples of bases for Sh and Dh

Case Sh Dh Equivalence

I Id + A Id + A HW 5 MHW
II Id + A Id + A + B HW = MHW
III Id + C Id + C HW = MHW
IV Id + A + C Id + A + C HW 5 MHW
V Id + A + C Id + A + B + C HW = MHW
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3.3. Well-posedness and convergence

We present here a summary of the main results on well-posedness and convergence for the modified Hu–Washizu for-
mulation, which have been established in [23]. To do so, we return to the decomposition (2.12) of the stress into its devi-
atoric and spherical parts. Now while this decomposition is unambiguous in the continuous case, care has to be exercised in
the discrete case. To fix ideas, take Case I in Table 1. For this choice of space any stress rh has the representation on the
reference element, and using Voigt notation,

rh ¼
a1 þ b1g

a2 þ b2n

a3

0
B@

1
CA. ð3:9Þ

The spherical and deviatoric parts are therefore given by

sphrh ¼
1

2
½ða1 þ a2Þ þ b1gþ b2n�

1

1

0

0
B@

1
CA; devrh ¼

1

2

ða1 � a2Þ þ ðb1g� b2nÞ
�ða1 � a2Þ � ðb1g� b2nÞ

a3

0
B@

1
CA. ð3:10Þ

It follows that:

devSh ¼ span

1 0 g n

�1 0 �g �n

0 1 0 0

0
B@

1
CA;

which is not a subspace of Sh. In view of the special role played by the spherical part of the stress in determining well-posed-
ness in the incompressible limit, and hence of the deviatoric part, it is essential to work with a decomposition in which the
two subspaces are orthogonal complements, in the conventional sense. For this purpose the discrete deviatoric operator
devh has been introduced. This is defined to be the orthogonal projection onto Sh of the deviatoric part of rh; that is,

devh rh ¼ P Sh devrh; ð3:11Þ
where P Sh denotes the L2-orthogonal projection operator onto Sh. Then the discrete spherical operator sphh is defined in
such a way that sphh Sh is the orthogonal complement of devh Sh; that is, we have the decomposition

Sh ¼ devh Sh � sphh Sh. ð3:12Þ
Returning to Case I, it is easily seen that

devh Sh ¼ span

1 0 g 0

�1 0 0 n

0 1 0 0

0
B@

1
CA; sphh Sh ¼ span

1

1

0

0
B@

1
CA.

The analogue of the space of pressures in the Stokes problem is now the space eM h, defined by

eM h :¼ tr sphh Sh. ð3:13Þ
The following theorem summarises the main results obtained in [23].

Theorem 3.2. Suppose that the spaces Vh, Dh and Sh, the bilinear forms aa(Æ, Æ) and ba(Æ, Æ), and the parameter a satisfy the

following conditions:

(a) Sh � Dh;

(b) kP Sh�ðvhÞk0 P ck�ðvhÞk0 for all vh 2 V h, where 0 < c < 1;

(c) ðV h; eM hÞ forms a stable Stokes pairing;

(d ) a satisfies the bounds maxð� c‘l
k ; 1�

c‘
xÞ 6 a 6 minðCul

k ; 1Þ, 0 < c‘ < 1, 0 < Cu <1, where x < 1 is the constant in the

bound ðC�1sh; shÞ0 P 1�x
2l kshk2

0, sh 2 devh Sh.

Then the discretization error g2
h :¼ ku� uhk2

1 þ kd � dhk2
0 þ kr� rhk2

0 is bounded by the best approximation error

g2
h 6 C inf

vh2V h

ku� vhk2
1 þ inf

eh2Dh

kd � ehk2
0 þ inf

sh2Sh

kr� shk2
0

� �
.
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Now for all five cases in Table 1, it is easy to show thateM hjK ¼ P 0.

Thus the pairing ðV h; eM hÞ is the classical Q1 � P0 pair, for which the existence of checkerboard modes is well-known (see,
for example, [20]). Indeed, in the following section we will demonstrate through selected examples the existence of these
checkerboard modes.

As in the case of the Q1 � P0 element, the checkerboard modes can be filtered out, and furthermore it can be shown that
the displacement satisfies an a priori error estimate that is uniform with respect to k. This is achieved by reducing the three-
field formulation to one involving only the displacements, through a process of static condensation (see [33] for the details
in the matrix context). This gives the problem of finding uh 2 Vh such that

ðQh�ðuhÞ;ChQh�ðvhÞÞ0 ¼ ‘ðvhÞ; vh 2 V h. ð3:14Þ

Here Qh is a projection operator and Ch is a discrete elasticity operator, which inherits the properties of symmetry and
positive-definiteness of the continuous operator.

The general conditions for the error estimate in the displacement are rather technical, and are specialized here for the
choices of bases in Table 1. First we carry out an orthogonal decomposition of Sh by writing Sh ¼ Sc

h � St
h, where Sc

h is the
subspace of those members sh of Sh for which trsh1 2 Sh, and St

h its orthogonal decomposition. Then we have the following
result.

Lemma 3.3 [23]. Assume that a 5 �l/k. For any of the choices of bases in Table 1,

(a) if Sh � Dh and CDh ¼ Dh, then

Cheh ¼ CP Sc
h
eh þ

2l
1� c

P St
h
eh; ð3:15Þ

(b) if Sh = Dh and a 5 �2l/k, then

Cheh ¼ CP Sc
h
eh þ hða; k; lÞP St

h
eh; ð3:16Þ

where hða; k; lÞ ¼ 4ðlþ kÞ2ð2lþ akÞ
k2 þ ð2lþ 3kÞð2lþ akÞ

:

Furthermore, for all cases in Table 1, Qh ¼ P Sh , and under conditions (a) or (b), there exists a constant C > 0,

independent of k, such that

ku� uhk1 6 Ch.

Note. The operators can be extended to the cases a = �l/k and, for some choices of Sh, to a = �2l/k.
3.4. Equivalent formulations

In this section we examine the conditions for equivalence between the Hu–Washizu and other mixed and enhanced for-
mulations. Some of these equivalence results or limitation conditions have been known for some time, while others to be
presented here are new. We present in a unified format the relationships that exist between different mixed formulations,
the enhanced formulations invariably derived from them, and the conditions on the finite element spaces that would ensure
equivalence.

Conditions for equivalence between the standard displacement-based formulation and various mixed formulations, as
well as equivalence conditions between the mixed formulations, has been a subject of study that goes back to the pioneering
work of Fraeijs de Veubeke [11–13]. Stolarski and Belytschko [36] have shown that, if the spaces of stresses and strains
satisfy the inclusion

Sh � CDh; ð3:17Þ
then the classical Hu–Washizu formulation (3.4) is equivalent to the Hellinger–Reissner problem of finding (uh,rh) 2 Vh ·
Sh such thatZ

X
C�1rh : sh dx�

Z
X
�ðuhÞ : sh dx ¼ 0; sh 2 Sh;Z

X
�ðvhÞ : rh dx ¼

Z
X

f � vh dx; vh 2 V h.

ð3:18Þ
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We arrive at the equivalence result by a different route, by noting that the assumptions (3.5) and (3.6), applied to (3.4)1,
imply that rh ¼ Cdh. Direct substitution in the second of equations (3.4) gives (3.18).

We note that (3.5) and (3.6) yield (3.17). Thus, a solution of (3.4) with assumptions (3.5) and (3.6) is also a solution of
(3.4) with the assumption (3.17).

For the converse, suppose that (3.17) is satisfied, and define the space D	h :¼ Dh þ CDh. We find that CD	h ¼ D	h and thus
Sh � D	h, and trD	h1 � D	h. We designate by ðu	h; d

	
h; r

	
hÞ 2 V h � D	h � Sh the solution to (3.4) with this choice of spaces. But

since this formulation also reduces to a Hellinger–Reissner problem posed on Vh · Sh, it follows that u	h ¼ uh and r	h ¼ rh.
Finally, we have d	h ¼ C�1r	h ¼ C�1rh ¼ dh.

The method of mixed enhanced strains has been derived in [21,22] starting from the Hu–Washizu formulation. We pres-
ent the derivation here in a form that sheds light on the structure of the enhanced formulation, which will in turn make it
simple to relate it to other mixed or enhanced methods.

Assume that (3.5) holds. Then Dh admits the L2-orthogonal decomposition

Dh ¼ Sh � eDh; ð3:19Þ

in which eDh ? Sh. From the first of equations (3.4), setting e = sh 2 Sh we find that ðrh � Cdh; shÞ0 ¼ 0 for all sh 2 Sh, that
is,

rh ¼ P ShCdh; ð3:20Þ

where P Sh denotes the locally defined projection onto Sh with respect to the L2-scalar product. Using the same equation,
this time setting eh ¼ eeh 2 eDh, we obtainZ

X
Cdh : eeh dx ¼ 0. ð3:21Þ

From the second of equations (3.4), we find that

dh ¼ P Sh�ðuhÞ þ ed h ð3:22Þ

for some ed h 2 eDh. Finally, substituting these expressions in the equilibrium Eq. (3.4)3, we obtain the mixed enhanced strain
formulation in the following form: find ðuh; ed hÞ 2 V h � eDh that satisfyZ

X
ðP Sh�ðvhÞ þ eehÞ : CðP Sh�ðuhÞ þ ed hÞdx ¼ ‘ðvhÞ; ðvh;eehÞ 2 V h � eDh. ð3:23Þ

We thus have the following result.

Lemma 3.4. Under the assumption (3.5), the Hu–Washizu and mixed enhanced strain formulations are equivalent, in the

following sense: if (uh,dh,rh) 2 Vh · Dh · Sh is a solution of problem (3.4), then ðuh; dh � P Sh�ðvhÞÞ 2 V h � eDh is the solution

of (3.23). Conversely, if ðuh; ed hÞ 2 V h � eDh solves (3.23), then ðuh; P Sh�ðuhÞ þ ed h;CðP Sh�ðuhÞ þ ed hÞÞ solves (3.4).

Following the same approach, the strain gap method proposed in [29] may readily be shown to be equivalent to the
method of mixed enhanced strains.

We note in addition that the method of enhanced assumed strains [35] may be obtained by choosing the spaces in such a
way that

�ðV hÞ � Sh � Dh. ð3:24Þ
The projections in (3.23) then disappear, and we have the problem of finding ðuh; ed hÞ 2 V h � eDh that satisfyZ

X
ð�ðvhÞ þ eehÞ : Cð�ðuhÞ þ ed hÞdx ¼ ‘ðvhÞ; ðvh;eehÞ 2 V h � eDh. ð3:25Þ

It is important to note, though, that (3.24) is not a necessary condition for obtaining an enhanced assumed strain formu-
lation. This may be seen, for example, by returning to the basis proposed for eDh in [35], viz.

eDhjK ¼ span

n 0 0 0

0 g 0 0

0 0 n g

2
64

3
75 ¼ B� C. ð3:26Þ

Then the choice

Dh ¼ �ðV hÞ þ Bþ C; ð3:27Þ



4172 J.K. Djoko et al. / Comput. Methods Appl. Mech. Engrg. 195 (2006) 4161–4178
in which the sum is not direct, together with a choice for Sh such that Sh ? eDh, leads to the enhanced strain formulation
(3.25). A suitable choice for Sh would be, for example,

ShjK ¼ Idþ A; ð3:28Þ

this choice satisfies the conditions Sh ? eDh, but we do not have the inclusion �(Vh) � Sh.
A posteriori recovery of the stress for the enhanced assumed strain method is discussed in [35].
It has been shown in [6] that the Hellinger–Reissner and enhanced assumed strain formulations are equivalent provided

that

Sh � Cð�ðV hÞ þ eDhÞ; ð3:29Þ
while the equivalence of the Hellinger–Reissner and mixed enhanced strain formulations requires that [24]

C�1Sh � Sh � eDh. ð3:30Þ
One further class of such methods that warrants mention is that of the so-called B-bar methods [20]. By way of illustrating
the relationship with other methods associated with the Hu–Washizu formulation, we focus on one special B-bar method,
viz. the mean dilatation approach due to Nagtegaal et al. [25]. This method takes the form of finding uh 2Vh that satisfies

2lðdev�ðuhÞ; dev�ðvhÞÞ0 þ ðkþ lÞðdivuh; divvhÞ0 ¼ ‘ðvhÞ for all vh 2 V h; ð3:31Þ
in which divuhjK ¼ ð

R
K divvh dxÞ=volðKÞ.

The classical derivation of the mean dilatation method from the standard Hu–Washizu formulation (3.4) starts with the
assumptions (see also [33])

Dh ¼ Sh ¼ dev�ðV hÞ � Dh1; ð3:32Þ
where the space Dh is to be specified. Then writing

dh ¼ dev�ðuhÞ þ 1
2
ph1;

for some ph 2 Dh and noting that an arbitrary member sh 2 Sh can be expressed in the form

sh ¼ 2l�ðvhÞ þ qh1;

where qh 2 Dh, we obtain from (3.4)2 and setting vh = 0 in the expression for sh,

ph ¼ PDh divuh. ð3:33Þ
Next, from (3.4)1 we find that

rh ¼ 2ldev�ðuhÞ þ ðkþ lÞðPDh divuhÞ1. ð3:34Þ
Finally, by substitution in (3.4)3 we obtain

2lðdev�ðuhÞ; dev�ðvhÞÞ0 þ ðkþ lÞðPDh divuh; PDh divvhÞ0 ¼ ‘ðvhÞ. ð3:35Þ

The choice Dh = P0, the space of piecewise constant functions, immediately yields (3.31).
One may arrive at the mean dilatation formulation by another route, in which we begin with the modified Hu–Washizu

formulation (3.3), and with the assumptions

�ðV hÞ � Sh ¼ Dh. ð3:36Þ
Then returning to the displacement formulation (3.14) and using part (b) of Lemma 3.3 and the fact that Qh ¼ P Sh , we
easily find that

ðQh�ðuhÞ;ChQh�ðvhÞÞ0 ¼ 2lðdev�ðuhÞ; dev�ðvhÞÞ0 þ ðh� lÞðP St
h
�ðuhÞ; P St

h
�ðvhÞÞ0 þ ðkþ lÞðdivuh; divvhÞ0; ð3:37Þ

where h is given in Lemma 3.3. It follows that the modified Hu–Washizu formulation with a chosen such that h = l, leads
to the mean dilatation formulation. This is so in particular for Case IV in Table 1, which satisfies (3.36).

More broadly, Simo and Hughes [32] have shown that any assumed strain method is variationally consistent with the
Hu–Washizu formulation, and that provided that the displacement-based approach is consistent with this framework, the
space of discrete stresses can be defined in such a way that the stresses can be recovered in a variationally consistent
manner.

Remark. It will be seen in Section 4 that (3.6) is essential for stability. If this is absent then the resulting standard and
modified Hu–Washizu formulations are distinct, and for an appropriate choice of bases the modified formulation with
a 5 1 can be shown to lead to stable and convergent results while the standard formulation locks. Fig. 1 summarises the
inter-relationships between the various formulations, as set out above. It is seen above and in Fig. 1 that the modified and



Fig. 1. Conditions for equivalence between the Hellinger–Reissner (HR), classical (HW) and modified Hu–Washizu (MHW), mixed enhanced strain
(MES), enhanced assumed strain (EAS), and the classical Q1 formulation.
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classical Hu–Washizu problems are equivalent under the same set of assumptions that guarantee equivalence between the
Hu–Washizu and Hellinger–Reissner problems. The question therefore arises as to whether it might not be more
convenient to work with the two-field Hellinger–Reissner formulation than with the three-field formulations. Despite the
fact that the Hu–Washizu formulation involves three variables, it carries certain advantages over the Hellinger–Reissner
problem. Most particularly, the displacement is one of the primary variables in the Hu–Washizu formulations, so that
static condensation leads naturally to a displacement-based formulation, which is advantageous in many respects. For
example, in problems of elastoplasticity the use of a stress-based Hellinger–Reissner formulation does not permit the
conventional highly effective return mapping algorithm to be applied at integration points; instead the computations must
be carried out at element level [34]. We therefore take as basic the Hu–Washizu formulation.

Case II in Table 1 corresponds to the method of mixed enhanced strains, while Case V is equivalent to an enhanced
assumed strain method. This is not the same, however, as the enhanced assumed method obtained from (3.26) or, equiv-
alently, the classical Wilson incompatible modes element [39,35]. For this case we have Dh given by (3.27), and CDh ¼ Dh.
With the choice Sh = Id + A we have Sh � CDh and the conditions for equivalence with a Hellinger–Reissner and classical
Hu–Washizu formulation are satisfied.

We also note that Cases II, III and V satisfy the assumptions for equivalence between the classical and modified Hu–
Washizu formulations, but that Cases I and IV do not satisfy the second of these.

Case IV with the choice a = 1, that is, the classical Hu–Washizu formulation, is degenerate in that it leads to the stan-
dard Q1-approach. This may be read off from Table 1, in that for Case IV we have �(Vh) � Sh = Dh, which implies also thateDh ¼ f0g, so that the equivalence between the classical Hu–Washizu and Q1 formulations is arrived at via the route
HW 
MES 
 EAS 
 Q1.

Furthermore, as is shown in [23], Case IV with a ¼ � l
k

3kþ2l
2kþl is equivalent to the penalized Q1 � P0 problem of finding

uh 2 Vh and ph 2 eM h such that

2lð�ðuhÞ; �ðvhÞÞ0 þ ðph; divvhÞ0 ¼ ‘ðvhÞ; vh 2 V h;

ðdivuh; qhÞ0 � k�1ðph; qhÞ0 ¼ 0; qh 2 eM h.
4. Numerical results

In this section, we present a selection of numerical simulations related to the formulations and bases discussed in Section
3. All examples are considered under conditions of plane strain, and are based on four-noded quadrilateral elements with
standard bilinear interpolation of the displacement field.

We are interested in particular in demonstrating computationally the stability of those schemes that satisfy the condi-
tions for well-posedness set out in Section 3, and also illustrating pathological behavior such as locking, in those cases in
which the conditions for well-posedness are not met. A further phenomenon concerns the spurious modes that are asso-
ciated with the Q1 � P0 element, and which according to the theory presented earlier should be anticipated.

Unless otherwise stated, all examples are presented for the case of near-incompressibility, and correspond to a value of
Poisson�s ratio close to 0.5.

The formulations referred to in the examples that follow are:

Q1 The standard displacement formulation using the four-noded quadrilateral.
HWI The standard Hu–Washizu formulation with the bases corresponding to Case I.
MHWI The modified Hu–Washizu formulation with a = 0, and with the bases corresponding to Case I. This is not equiv-

alent to HWI.
MES The method of mixed enhanced strains, which is equivalent to Case II, and using the bases proposed in [21]. This

formulation is independent of a.
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HWIII The Hu–Washizu formulation with the bases corresponding to Case III. This formulation is independent of a.
HWIV The standard Hu–Washizu formulation with the bases corresponding to Case IV.
MHWIV The modified Hu–Washizu formulation with a = 0, and with bases corresponding to Case IV. This is not equiv-

alent to HWIV.
EAS The method of enhanced assumed strains, which is equivalent to the a-independent Hu–Washizu formulation

using the bases in Case V in Table 1, and which corresponds to one of the sets of bases proposed in [35].
Example 1 (Cook�s membrane problem). This benchmark problem, shown in Fig. 2, refers to a tapered panel clamped on
one side and subjected to a shearing load at the free end, resulting in deformation that is dominated by a bending response.
The material properties are taken to be E = 250 and m = 0.4999, and simulations are carried out for progressive uniform
refinements of the mesh.

In Fig. 2 the results obtained from various formulations are compared. The well-known locking response of Q1 is
observed, as is the corresponding poor responses of HWI and HWIV, which cases are not covered by the well-posedness
theory. On the other hand, MHWI shows no such pathologies, and performs well, while HWIII, which corresponds to
constant direct stresses and strains, exhibits a response that is most accurate. The EAS and MES formulations produce
characteristically good results.

Example 2 (Cantilever beam). We consider a beam of unit thickness, subjected to a couple at one end, as shown in Fig. 3.
Along the edge x = 0, the horizontal displacement and vertical surface traction are zero. At the point (0, 0), the vertical
displacement is also zero. The exact solution is given by

uðx; yÞ ¼ 2f ð1� m2Þ
El

x
l
2
� y

� �
and vðx; yÞ ¼ f ð1� m2Þ

El
x2 þ m

1� m
yðy � lÞ

h i
.

We set L = 10, l = 2, E = 1500, m = 0.4999, and f = 3000.
Fig. 3 shows the behavior of the displacement error

ku� uhk2
1 ¼ ku� uhk2

0 þ kru�ruhk2
0

with mesh refinement, for the case of a series of regular refinements. Meshes of 2 · 1, 4 · 2, 8 · 4 and 16 · 8 rectangular and
distorted elements are considered.

In Fig. 3 it is apparent the convergence rate of that both the standard formulation and the Hu–Washizu formulation
HW1 are very poor and almost identical, while other formulations exhibit a rate of convergence close to linear.

Turning next to the distorted meshes, as illustrated in Fig. 4, the displacement error exhibits behavior almost identical to
that for the meshes of rectangular elements.

Example 3 (Thick-walled cylinder). This problem has been considered in [21,35], and consists of a thick-walled cylinder
subjected to an internal pressure p. Plane strain is assumed in the axial direction, with radial displacement u(r) given by

uðrÞ ¼ ð1þ mÞpR2
i

EðR2
o � R2

i Þ
½R2

o=r þ ð1� 2mÞr�;
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Fig. 2. Cook�s membrane problem.
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Fig. 5. Finite element mesh for thick-walled cylinder.
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where Ri and Ro are respectively the inner and outer radii. The problem is analyzed as a two-dimensional problem, with a
sector of 10 degrees and five trapezoidal elements as shown in Fig. 5. A dimensionless pressure p/E = 10�3 is used, with
Ri = 3 and Ro = 9.



Table 2
Normalized radial displacement at the inner radius, for the thick cylinder subjected to internal pressure

m Q1 HWI MHWI HWIII EAS HWIV MHWIV

0.49 0.8218 0.8290 0.9542 0.9693 0.9659 0.8218 0.9464
0.499 0.3291 0.3516 0.9524 0.9692 0.9656 0.3505 0.9473
0.4999 0.0489 0.0520 0.9522 0.9692 0.9656 0.0520 0.9474
0.49999 0.0051 0.0055 0.9522 0.9692 0.9656 0.0050 0.9474
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Radial displacements at the inner radius are compared with the exact solution for the various formulations, and for
different values of Poisson�s ratio. Table 2 gives the values of uh/u at the inner radius. These again show the locking
behavior of Q1, HWI, and HWIV, while the other formulations exhibit good performance. Results for MES are not shown
separately since these are identical to those obtained for EAS.

Example 4 (Driven cavity). We consider the problem of a unit square subjected to a unit horizontal displacement along
the upper boundary. The material properties used are Young�s modulus E = 0.1, Poisson�s ratio m = 0.4999, and
k/l = 107. The aim here is demonstrate numerically the existence of the checkerboard modes predicted by the theory of
Section 3.

The hydrostatic pressure p is computed from trrh ¼ rh1 þ rh2, for uniform meshes of square elements with 20 and 40
elements per side. The pressure distribution along the line y = 0.22 is shown for Case I with the standard and modified
Hu–Washizu formulations, in Fig. 6. Case HWI exhibits a poor response which does not even reproduce the sinusoidal-like
pressure characteristic of this problem. For Case MHWI the checkerboard mode is easily seen.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

1

–1

2

3

4

5

6

7

position – x

pr
es

su
re

 –
 p

 a
t y

=
0.

22

40 elts per side
20 elts per side

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.01

–0.01

0.02

–0.02

0.03

–0.03

0.04

–0.04

position – x

pr
es

su
re

 –
 p

 a
t y

=
0.

22

40 elts per side
20 elts per side

Fig. 6. Driven cavity flow: pressure distribution y = 0.22 for problems HWI (left) and MHWI (right).

Fig. 7. The Cantilever beam with coarse and fine meshes.
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Example 5 (Cantilever beam: behavior with variation in a). In this final example, we elaborate on the dependence of the
solution on the parameter a by considering again Example 2, with the two meshes illustrated in Fig. 7. The variation with
ak/2l of the absolute error of the vertical and horizontal tip displacements at the top right-hand corner (that is, at the point
(10, 2) in Fig. 3), is shown in Fig. 8 for Cases MHWI and MHWIV, for the 2 · 1 mesh, and in Fig. 9 for the 10 · 2 mesh. To
avoid the singularity at a = �l/k, we use the projection-based formulation derived in [23, Lemma 5.5]. For a = �2l/k, the
Case MHWIV reduces to HWIII. As can be seen from Figs. 8 and 9, with a coarse mesh the locking effect increases for
larger ak, and there is a singularity at a = �2l/k for Case MHWI. We recall that a = 1 corresponds to the standard Hu–
Washizu formulation.
5. Concluding remarks

This work extends and elaborates on an analysis of the Hu–Washizu problem presented in [23]. In that work a one-
parameter family of Hu–Washizu formulations has been presented and analysed. Here the relationship between the gen-
eralized and classical formulations is clarified through recourse to the underlying saddlepoint problems.

The equivalence between the Hu–Washizu and various enhanced and other related formulations has been explored,
resulting in a unified picture that incorporates both classical equivalence results and newer results flowing from the current
work.

The implications of the general theory, particularly the results on well-posedness, have been explored in the context of
five different sets of bases, some of which are well-known. Locking behavior anticipated by the theory is verified numer-
ically; likewise, the checkerboard modes present in the spherical part of the stress are demonstrated numerically. Results
for those bases satisfying the conditions for well-posedness reflect the high accuracy anticipated, and are in line with well-
known results for the enhanced assumed strain and related methods.

Problems of near-incompressibility are of considerable relevance in the nonlinear regime. While many of the theories
developed in the linear context have been applied, often with much success, to problems involving nonlinear geometric
and material behavior, the underpinning theory is still in an incomplete state. The work [7] represents an encouraging step
in the direction of the development of such a theory, but much remains to be done, for example in analysing the Hu–Wash-
izu formulation in its nonlinear context.
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