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Abstract

A class of new mixed formulations for elasticity is developed and analysed. The formulations are based on the discrete evss method,
introduced in the context of incompressible viscoelastic flows by A. Fortin, M. Fortin and co-workers. A key feature is a stabilization
term that renders coercive a problem that might not otherwise be so. The focus in this work is on behaviour in the incompressible limit
and the goal is that of obtaining formulations that are uniformly stable and convergent. Concrete examples are presented of element
choices that lead to unstable formulations in the classical formulation, and which are stable for the formulations introduced here. A
selection of numerical results illustrates in a comparative way the behaviour of the elements introduced.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Over the past two decades extensive research has been directed towards improving the performance of low-order quad-
rilateral finite elements, which exhibit poor accuracy for certain classes of problems in solid mechanics, and which lock in
the incompressible limit. A comprehensive overview of the many contributions in this area may be found, for example, in
the recent work [5]. Many of these developments have centred on the use of mixed and enhanced methods [5,6,16,17,21]
and stabilization approaches [1,4,7,15], including those using Galerkin least squares [10–12].

The approaches referred to all essentially address basic deficiencies in the standard formulation based on the four-noded
quadrilateral element in two dimensions, and the eight-noded hexahedral element in three, which arise from the fact that
these elements do not satisfy the inf–sup condition for stability when viewed as mixed problems. Alternatively, it can be
shown that the bounds that occur in the analyses of well-posedness depend on the Lamé parameter k, which becomes
unbounded in the incompressible limit.

The purpose of the present contribution is to explore alternative formulations that are designed to overcome a lack of

coercivity or ellipticity in the basic formulation. The point of departure is the classical evss (elastic-visco-split-stress) for-
mulation introduced within the context of incompressible viscoelastic fluids by Rajagopalan et al. [20]. In its original form
this is a four-field problem with unknowns the velocity u, pressure p, extra stress r, and rate of deformation tensor d. Fortin
and coworkers [8,9] have introduced a modification of the evss formulation, known as the discrete evss method (devss). In
this method a stabilizing term of the form 2a(d,�(v)) � 2a(�(u),�(v)), where a is an arbitrary scalar, is introduced in the
equilibrium equation, where �ðuÞ ¼ 1

2
ðruþ ðruÞTÞ. In the continuous case the extra term is trivial, but in a discrete setting

it plays a non-trivial role, in that the positive parameter a may be chosen in such a way as to enhance stability and ensure
the well-posedness of finite element discretizations. In [8] the discrete spaces of stresses and rate of deformation coincide,
whereas in the later version [9] this constraint is relaxed.
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In the present work a related approach is explored in the context of elasticity, with a particular focus on obtaining for-
mulations that are uniformly stable and convergent in the incompressible limit. The goal is to include a stabilization term
of the kind described above, and to use this term to render stable a problem that may not otherwise be so. The resulting
formulations are three-field ones involving displacement, strain, and stress, and can be regarded as extensions of the Hu–
Washizu problem in the sense that when a = 0, the Hu–Washizu formulation is recovered.

The problems that result from the extension described take the form most generally of non-standard mixed variational
problems of the form

að/;wÞ þ b1ðw;mÞ ¼ hf ;wi;
b2ð/; nÞ � cðm; nÞ ¼ hg; ni;

in which a(Æ, Æ), b1(Æ, Æ), b2(Æ, Æ) and c(Æ, Æ) are bilinear forms and f and g are linear functionals. In its standard form (see, for
example, [3]) b2 = b1 and c = 0. The analysis of the above form with c = 0 has been carried out by Nicolaides [18] and Ber-
nardi et al. [2]. These analyses are extended here to the case in which the bilinear form c(Æ, Æ) is present.

The remainder of this work is organized as follows. Section 2 is concerned with the presentation of the governing equa-
tions and relevant details concerning the abstract mixed problems. Here the non-standard mixed formulation originally
considered in [2,18] is extended to include the case c(Æ, Æ) = 0. Section 3 is devoted to the presentation and analysis of
the continuous versions of the two extended mixed problems. Here it is necessary to introduce the pressure p as an addi-
tional variable, in order to obtain results that hold independently of the Lamé parameter k. This is simply a mathematical
artifice, though; the problem that is solved in practice remains the three-field formulation.

Finite element approximations of the extended problems are introduced in Section 4. Conditions on the spaces that are
sufficient for stability are established. In addition, examples of families of spaces that satisfy these conditions are presented.
These examples are of spaces for which the problem without the stabilization term is not coercive. As in the case of the Hu–
Washizu formulation based on continuous piecewise-bilinear approximations of displacements in two dimensions, it is
shown here that the stresses contain checkerboard modes. This phenomenon, which is well known and has been analysed
in detail in [6] and illustrated in [5], is present in the classical enhanced assumed strain method [21], which is a particular
case of the Hu–Washizu formulation. The displacement is nevertheless not affected by the presence of these zero-energy
modes, which can if required be filtered out.

Finally, in Section 5 we present a selection of numerical results that illustrate the performance of the new formulations.

2. The boundary value problem

In the context of elasticity, vector- and tensor- or matrix-valued functions will be written in boldface form. The scalar
product of two tensors or matrices r and s will be denoted by r : s, and is given by r : s = rijsij, the summation convention
on repeated indices being invoked.

Consider a homogeneous isotropic linear elastic material body which occupies a bounded domain X in R2 with Lipschitz
boundary C. For a prescribed body force f, the equilibrium equation is given by

divrþ f ¼ 0; ð2:1Þ
where r is the symmetric stress tensor or matrix. The infinitesimal strain d is defined as a function of the displacement u by

d ¼ �ðuÞ ¼ 1

2
ðruþ ½ru�tÞ ð2:2Þ

and the constitutive equation is given by

r ¼ 2ld þ kðtrdÞ1. ð2:3Þ
Here 1 is the identity tensor and l and k are Lamé parameters, which are assumed positive, and which are constant in view
of the assumption of material homogeneity. Of particular interest is the incompressible limit, which corresponds to k!1.

2.1. The modified equilibrium equation

We add to (2.1) the term

2adivðd � �ðuÞÞ
to give the modified equilibrium equation

divrþ 2adivðd � �ðuÞÞ þ f ¼ 0. ð2:4Þ
This modification is trivial for the continuous problem, in view of (2.2), but will be of significance in the discrete version.
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To the governing equations we add the boundary condition, which for simplicity is taken to be the homogeneous Dirich-
let condition

u ¼ 0 on C. ð2:5Þ
2.2. Function spaces

We will make use of the space L2(X) of square-integrable functions defined on X with the standard inner product and
norm being denoted by (Æ, Æ)0 and kÆk0, respectively. The inner product and norm on the vector-valued space [L2(X)]2 are
defined componentwise in the standard way, and are also denoted by (Æ, Æ)0 and kÆk0.

We will also make use of the Sobolev space H1(X). This is a Hilbert space with inner product and associated norm

ðu; vÞ1 :¼ ðu; vÞ0 þ ðru;rvÞ0 and kvk1 :¼ ðv; vÞ1=2
1 . ð2:6Þ

The semi-norm jÆj1 on H1(X) is defined by

jvj1 :¼ krvk0. ð2:7Þ
The space H 1

0ðXÞ consists of functions in H1(X) which vanish on the boundary in the sense of traces.
For the weak or variational formulations we will require the space V :¼ ½H 1

0ðXÞ�
2 of displacements. This is a Hilbert

space with inner product (Æ, Æ)1 and norm kÆk1 defined in the standard way; that is, ðu; vÞ21 ¼
P2

i¼1ðui; viÞ1, with the norm
being induced by this inner product.

The space of stresses is denoted by S, while the space of strains is denoted by D. For the continuous case these spaces are
equal, and D :¼ {ejeji = eij, eij 2 L2(X)} ¼: S, with norm kÆk0 generated in the standard way by the L2-norm.

2.3. An abstract non-standard mixed problem

Let U, W, M and N be Hilbert spaces and introduce the continuous bilinear forms

a : U�W! R;

b1 : W�M ! R;

b2 : U� N ! R;

c : M � N ! R.

ð2:8Þ

Consider the problem of finding (/,m) 2 U · M that satisfy, for (f,g) 2 W 0 · N 0,

að/;wÞ þ b1ðw;mÞ ¼ hf ;wi for all w 2 W;

b2ð/; nÞ � cðm; nÞ ¼ hg; ni for all n 2 N .
ð2:9Þ

The standard form of this problem, for which a complete analysis may be found in [3], is recovered by setting b2 = b1.
We associate with the bilinear forms a(Æ, Æ), c(Æ, Æ) and bi(Æ, Æ) the bounded linear operators A : U! W 0, B1 : W!M 0,

B2 : U! N 0, C : M! N 0 and the transposes Bt
1 : M ! W0 and Bt

2 : N ! U0, according to

að/;wÞ ¼ hA/;wi; cðm; nÞ ¼ hCm; ni;
b1ðw;mÞ ¼ hB1w;mi ¼ hBt

1m;wi; b2ð/; nÞ ¼ hB2/; ni ¼ hBt
2n;/i.

ð2:10Þ

We require conditions on a(Æ, Æ), bi(Æ, Æ), and c(Æ, Æ) under which the system (2.9) has a unique solution which is bounded inde-
pendently of the properties of c(Æ, Æ). The last requirement will be relevant later in the context of the elasticity problem.

For any (h1,h2) 2M 0 · N 0, we define the subspaces

Z1ðh1Þ ¼ f/ 2 Ujb1ð/;mÞ ¼ hh1;mi for all m 2 Mg;
Z2ðh2Þ ¼ fw 2 Wjb2ðw; nÞ ¼ hh2; ni for all n 2 Ng;

ð2:11Þ

and denote by Zi = Zi(0) the kernel of the operator Bi. We also introduce the subspaces Zt
1 and Zt

2 defined by

Zt
1 ¼ fm 2 M jb1ðw;mÞ ¼ 0 for all w 2 Wg;

Zt
2 ¼ fn 2 N jb2ð/; nÞ ¼ 0 for all / 2 Ug;

ð2:12Þ

and define

ker C ¼ fm 2 M jcðm; nÞ ¼ 0 for all n 2 Ng. ð2:13Þ
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With problem (2.9) we associate the following problem: find (/,m) 2 Z2(g) · M that satisfies

að/;wÞ ¼ hf ;wi for all w 2 Z1;

cðm; nÞ ¼ hg; ni for all n 2 Zt
2.

ð2:14Þ

Clearly, any solution (/,m) of (2.14) also satisfies (2.9). We want sufficient conditions which ensure that the converse of this
statement holds. For this purpose we have the following.

Theorem 2.1. Suppose that the bilinear forms a(Æ, Æ), bi(Æ, Æ) and c(Æ, Æ) are given in such a way that

(a) there exists a constant a1 > 0 such that

sup
w2Z1

að/;wÞ
kwkW

P a1k/kU 8/ 2 Z2 and sup
/2Z2

að/;wÞ > 0 8w 2 Z1 n f0g;

(b) there exist two positive constants b1, b2 such that for all (m,n) 2M · N,

sup
w2W

b1ðw;mÞ
kwkW

P b1kmkM and sup
/2U

b2ð/; nÞ
k/kU

P b2knkN ;

(c) given em 2 ðZt
1Þ
?

, and the continuous bilinear form c(Æ, Æ), one can find m0 2 Zt
1 such that

cðm0; nÞ ¼ �cðem; nÞ 8n 2 Zt
2. ð2:15Þ

Then for (f,g) 2 W 0 · ImB2, the problem (2.9) has a unique solution (/,m) in U�M=Zt
1 \ ker C, which moreover satisfies

the bounds

kðm;/ÞkM�U 6 d1kðf ; gÞkW0�N 0 ; ð2:16Þ
where k(x,y)kX·Y = kxkX + kykY (or one of its equivalents), and d1 is a positive constant depending on kak, kck, a1, bi

(i = 1, 2), and c0.

The bounds (2.16) are obtained in the standard way by assuming that the solution m0 of (2.15) is such that

c0km0kM 6 k~mkM ;

where c0 is a positive constant. Of course, that condition is a consequence of the well-posedness of (2.15).

Remark 2.2. If (/,m) 2 U · M solves (2.9), then for ~m 2 Zt
1 \ ker C; ð/;mþ ~mÞ will also solves (2.9). Thus we do not have

uniqueness of the solution in U · M but in U�M=Zt
1 \ ker C.

Bernardi et al. [2] have studied this problem for the special case c(Æ, Æ) = 0, and have established sufficient conditions for
well-posedness and convergence of finite element approximations. Nicolaides [18] has shown the conditions to be
necessary.

Proof of Theorem 2.1. From the sup conditions (b) on b2(Æ, Æ), Bt
2 is injective. Hence B2 is surjective and the restrictions of

B2 and Bt
2 defined by: B2 : Z?2 ! N 0, and Bt

2 : N ! ðZ?2 Þ
0 are isomorphic and

kB�1
2 kLðN 0;Z?

2
Þ ¼ kðBt

2Þ
�1kLððZ?

2
Þ0 ;NÞ 6 b�1

2 . ð2:17Þ

Since g 2 ImB2, there exists /1 2 Z?2 such that

B2/1 ¼ g; and b2k/1kU 6 kgkN 0 . ð2:18Þ

Let P : W0 ! Z 01 be defined as follows: for each f 2 W 0,

hPf ; vi ¼ hf ; vi for all v 2 Z1.

Then by condition (a), A0 ¼ PA : Z2 ! Z 01 is an isomorphism satisfying

kA�1
0 k ¼ a�1

1 .

By means of the isomorphic properties on A0, knowing that Pf � A0/1 2 Z 01, there exists a unique /0 2 Z2 such that

A0/0 ¼ Pf � A0/1; and a1k/0kU 6 kf kW0 þ kakk/1kU. ð2:19Þ
We have / = /0 + /1 2 Z2(g) and (2.14)1 is satisfied. The next task is to find m 2M such that (2.14)2 is satisfied. From the
sup condition (b) on b1(Æ, Æ), Bt

1 is injective. Hence B1 is surjective. Therefore the restrictions of B1 and Bt
1 defined by:

B1 : Z?1 ! M 0, Bt
1 : M ! ðZ?1 Þ

0 are isomorphic and
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kB�1
1 kLðM 0;Z?

1
Þ ¼ kðBt

1Þ
�1kLððZ?

1
Þ0 ;MÞ 6 b�1

1 . ð2:20Þ

Now, from the Closed Range Theorem and the sup condition on b1(Æ, Æ), ImBt
1 ¼ W0. Thus, Bt

1 is bijective and there exists a
unique ~m 2 ðZt

1Þ
? such that

Bt
1 ~m ¼ f � A/0 � A/1 ¼ f � A/; and b1k~mkM 6 kf kW0 þ kakk/kU. ð2:21Þ

Finally, since g 2 ImB2, Eq. (2.14)2 can be equivalently stated in the following way: find m0 2 ðZt
1Þ
? satisfying

cðm0; nÞ ¼ �cð~m; nÞ for all n 2 Zt
2; ð2:22Þ

which is exactly the condition (c). So, it suffices to take ð/;mÞ ¼ ð/0 þ /1;m0 þ ~mÞ. h
3. The extended problems

3.1. The first formulation

We derive the first of the two three-field formulations based on the modified equilibrium Eq. (2.4), and for this purpose
introduce the bilinear forms

a1ðr; d; s; vÞ :¼ ðr; �ðvÞÞ0 � 2aðd; �ðvÞÞ0 � ðd; sÞ0;
b1ðs; v; uÞ :¼ ð2a�ðvÞ þ s; �ðuÞÞ0;
b2ðr; d; eÞ :¼ ðr� Cd; eÞ0.

ð3:1Þ

Then by analogy with [8] we introduce the following problem.

Problem I. Given ‘ 2 V 0, find [r,d,u] 2 S · D · V that satisfy

a1ðr; d; s; vÞ þ b1ðs; v; uÞ ¼ ‘ðvÞ for all ½s; v� 2 S � V ;

b2ðr; d; eÞ ¼ 0 for all m 2 D.
ð3:2Þ

It is straightforward to show the equivalence between Problem I and (2.2)–(2.5). We also observe that for a = 0, Problem I
reduces to the classical Hu–Washizu problem [14,24]. Eq. (3.2) constitute a non-standard mixed method of the form (2.9)
with c = 0 and g = 0. Referring to Theorem 2.1 we see that the a priori bounds on the solution are directly related to a1,
which in turn depends on k�1. In the incompressible limit, therefore, we are unable to show well-posedness by this ap-
proach. Instead, we pose the problem as an equivalent four-field mixed formulation by introducing the pressure p :¼ k trd.
For this we need the space Q of pressures defined by

Q ¼ L2
0ðXÞ ¼ v 2 L2ðXÞ

Z
X

vdx ¼ 0

����� �
; ð3:3Þ

and we introduce the bilinear forms

a1pðd; u; e; vÞ :¼ �2aðd; �ðvÞÞ þ 2að�ðuÞ; �ðvÞÞ0 þ 2lðd; eÞ0;
b1pðe; v; r; pÞ :¼ �ðr; eÞ0 þ ðr; �ðvÞÞ0 þ ðp; treÞ0;
cðr; p; s; qÞ :¼ k�1ðp; qÞ0.

ð3:4Þ

Then the following problem is equivalent to Problem I.

Problem Ip. Given ‘ 2 V 0, find (r,d,u,p) 2 S · D · V · Q that satisfy

a1pðd; u; e; vÞ þ b1pðe; v; r; pÞ ¼ ‘ðvÞ for all ½s; v� 2 S � V ;
b1pðd; u; s; qÞ � cðr; p; s; qÞ ¼ 0 for all ½s; q� 2 S � Q.

ð3:5Þ

This is a standard mixed formulation. The conditions of Theorem 2.1 can nevertheless be used to establish well-posedness
of this problem. Indeed, for (d,u) 2 kerB1p, that is, d = �(u) with divu = 0, and using the continuity of �, we easily get

kðd; uÞkD�V 6 k�ðuÞk0 þ kukV 6 kuk1 þ kuk1 ¼ 2kuk1; ð3:6Þ

so that using Korn’s inequality k�(v)k0 P cKkuk1 we have

a1pðd;u;d;uÞ ¼ 2lkdk2
0þ 2ak�ðuÞk2

0� 2aðd;�ðuÞÞ0 ¼ 2lk�ðuÞk2þ 2ak�ðuÞk2� 2ak�ðuÞk2
0 P 2lc2

Kkuk
2
1 P

lc2
K

2
kðd;uÞk2

D�V .

ð3:7Þ
Thus, the bilinear form a1p(Æ, Æ) is coercive on kerB1p.
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It is trivial to show that a1p and b1p are continuous. For the sup condition on b1p(Æ, Æ), we note first that, for given p 2 Q,
there exists a unique w 2 V and a positive constant c1 depending on X such that [13]

divw ¼ p and kwk1 6 c1kpk0. ð3:8Þ
Take e = �(w) � cr where 0 < c < 2. For any d that satisfies 1=

ffiffiffi
2
p

< d <
ffiffiffi
2
p

=c, we have

sup
ðe;vÞ2D�V

b1pðe; v; p; rÞ
k½e; v�kD�V

P
b1pð�ðwÞ � cr;w; p; rÞ
k½�ðwÞ � cr;w�kD�V

¼ ðp; divwÞ þ ckrk2
S � cðp; trrÞ

k½�ðwÞ � cr;w�kD�V

¼ kpk
2
0 þ ckrk2

0 � cðp; trrÞ
k½�ðwÞ � cr;w�kD�V

P
kpk2

0 þ ckrk2
0 � c

ffiffiffi
2
p
kpk0krk0

k½�ðwÞ � cr;w�kD�V

P
ð1� cd=

ffiffiffi
2
p
Þkpk2

0 þ c 1� 1ffiffiffi
2
p

d

� �
krk2

0

k½�ðwÞ � cr;w�kD�V

. ð3:9Þ

Here we have used the fact the ktrk 6
ffiffiffi
2
p

, and Young’s inequality. Turning to the denominator of (3.9), using the conti-
nuity of � and (3.8)2 we have

k½�ðwÞ � cr;w�kD�V 6 k�ðwÞk0 þ ckrk0 þ kwk1 ¼ 2kwk1 þ ckrk0 6
2

c1

kpk0 þ ckrk0 6 cþ 2

c1

� �
k½p; r�kQ�S. ð3:10Þ

Thus, putting (3.9) and (3.10) together we obtain

sup
ðe;vÞ2D�V

b1pðe;v;p;rÞ
kðe;vÞkD�V

P
ð1� cd=

ffiffiffi
2
p
Þkpk2

0þ c 1� 1ffiffiffi
2
p

d

� �
krk2

0

cþ 2

c1

� �
kðp;rÞkQ�S

P
min 1�cd=

ffiffiffi
2
p

;c 1� 1ffiffiffi
2
p

d

� �� �
cþ 2

c1

kðp;rÞkQ�S P bkðr;pÞkS�Q;

ð3:11Þ
where

b ¼
min 1� cd=

ffiffiffi
2
p

; c 1� 1ffiffiffi
2
p

d

� �� �
cþ 2

c1

.

Finally for every ½er; ep� 2 ðZtÞ?, we have to find [r0,p0] 2 Zt satisfying

cðr0; p0;es; eqÞ ¼ �cðer; ep;es; eqÞ for all ½es; eq� 2 Zt. ð3:12Þ
But cðer; ep;es; eqÞ ¼ k�1ðep; eqÞ0, and ½er; ep;es; eq� 2 ðZtÞ? � Zt, so cðer; ep;es; eqÞ ¼ 0. Thus [r0,p0] should satisfy cðr0; p0;es; eqÞ ¼ 0
for all ðes; eqÞ 2 Zt, hence we can take (r0,p0) = (0, trr0) = (0, 0).

Lemma 3.1. Problems I and Ip have a unique solution [d,u,r, p] in (D · V) · (S · Q) that satisfies the bound

kdk0 þ kuk1 þ krk0 þ kpk0 6 g1k‘kV 0 ; ð3:13Þ
in which the constant g1 is independent of k.

Remark. The k-independence of the constant follows from the fact that the constants appearing in (3.13) depend inter alia
on kck, which in turn depends on k�1, and so is bounded.
3.2. The second formulation

We turn next to an alternative formulation based on that presented in [9]. We introduce the bilinear forms

a2ðr; d; e; vÞ :¼ ðr; �ðvÞÞ0 � ð2a�ðvÞ; dÞ0 þ ðe; dÞ0;
b3ðe; v; uÞ :¼ ð2a�ðvÞ � e; �ðuÞÞ0;
b4ðr; d; sÞ :¼ ðr� Cd; sÞ0;

ð3:14Þ

and define the following problem.

Problem II. Given ‘ 2 V 0, find [r,d,u] 2 S · D · V that satisfy

a2ðr; d; e; vÞ þ b3ðe; v; uÞ ¼ ‘ðvÞ for all ½e; v� 2 D� V ;
b4ðr; d; sÞ ¼ 0 for all s 2 S.

ð3:15Þ
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Again we construct an equivalent four-field formulation of Problem II. To this end we introduce the bilinear forms

a2pðd; u; s; vÞ ¼ �2aðd; �ðvÞÞ0 þ 2að�ðvÞ; �ðuÞÞ0 þ 2lðd; sÞ0;
b5ðs; v; r; pÞ ¼ ðr; �ðvÞÞ0 � ðr; sÞ0 þ ðp; trsÞ0;
b6ðd; u; q; eÞ ¼ ðq; trdÞ0 � ðd; eÞ0 þ ð�ðuÞ; eÞ0;
cðr; p; q; eÞ ¼ k�1ðp; qÞ0.

ð3:16Þ

The following problem is equivalent to Problem II.

Problem IIp. Given ‘ 2 V 0, find [r,d,u,p] 2 S · D · V · Q that satisfy

a2pðd; u; s; vÞ þ b5ðs; v; r; pÞ ¼ ‘ðvÞ for all ½s; v� 2 S � V ;

b6ðd; u; q; eÞ � cðr; p; q; eÞ ¼ 0 for all ½e; q� 2 D� Q.
ð3:17Þ

In contrast to Problem Ip, Problem IIp is a non-standard mixed formulation. We turn again to the conditions for well-
posedness as set out in Theorem 2.1.

It is easy to show that all the bilinear forms are continuous with constants independent of k.
Second, we note that uniqueness of the solution should be in ðD� V Þ � ðQ� SÞ=Zt

5 \ ker C, where kerC and Zt
5 are the

kernels of the linear operators C and Bt
5. But ker C \ Zt

5 ¼ f0g, thus the solution is unique in (D · V) · (Q · S).
Next, considering the sup condition on b5(Æ, Æ), let [r,p] 2 S · Q. Choosing w as in (3.8) and setting [s,v] = [�(w) � cr,w]

where 0 < c < 2, we have

sup
½s;v�2S�V

b5ðs; v; r; pÞ
k½s; v�kS�V

¼ sup
½s;v�2S�V

ðr; �ðvÞÞ0 þ ð�rþ p1; sÞ0
k½s; v�kS�V

P
ðr; �ðwÞÞ0 þ ð�rþ p1; �ðwÞ � crÞ0

k½�ðwÞ � cr;w�kS�V

P
ckrk2

0 þ kpk
2
0 � cðp; trrÞ0

2kwkV þ ckrk0

P b1k½r; p�kS�Q. ð3:18Þ

Similarly we can show that b6(Æ, Æ) is inf–sup stable.
For the stability condition on a2p(Æ, Æ) let [d,u] 2 kerB6, that is d = �(u). Thus for v = u we have

sup
½s;v�2Z5

a2pðd; u; s; vÞ
k½s; v�kS�V

P
a2pð�ðuÞ; u; �ðuÞ; uÞ
k½�ðuÞ; u�kS�V

P lc2
Kkuk1. ð3:19Þ

But since [d,u] 2 Z6, we have k[d,u]k 6 kdk0 + kuk1 6 k�(u)k0 + kuk1 6 2kuk1. Thus

sup
½s;v�2Z5

a2pðd; u; s; vÞ
k½s; v�kS�V

P
lc2

K

4
k½d; u�kD�V . ð3:20Þ

Turning to the second condition on a2p(Æ, Æ), take [s,v] 2 Z5n{0}; then

sup
½d;u�2Z6

a2pðs; v; d; uÞ ¼ sup
u2V

a2pð�ðvÞ; v; �ðuÞ; uÞP a2pð�ðvÞ; v; �ðvÞ; vÞ ðtaking u ¼ vÞ

¼ 2lk�ðvÞk2
0 > 2lc2

Kkvk
2
1 > 0 ðsince v 6¼ 0Þ. ð3:21Þ

Finally, for the verification of condition (c) in Theorem 2.1, let ½er; ep� 2 ðker Bt
5Þ
?, and ½q; e� 2 ker Bt

6, we have ðep; qÞ0 ¼ 0
and cðer; ep; q; eÞ ¼ k�1ðep; qÞ ¼ 0, thus it suffices to take [r0,p0] = [0, trr0] = [0, 0].

Lemma 3.2. Problems II and IIp have a unique solution [d,u, p,r] in (D · V) · (S · Q) that satisfies the bound

kdk0 þ kuk1 þ krk0 þ kpk0 6 g2k‘kV 0 ; ð3:22Þ
in which the constant g2 is independent of k.
4. Finite element approximations

In this section we analyse the discrete formulations of Problems I and II, referred to respectively as Problems Ih and IIh,
via the discrete counterparts of Problems Iph and IIph. The discrete spaces are chosen in such a way that Problems Iph and
IIph are equivalent to Ih and IIh, respectively. The goal is to establish well-posedness and convergence uniformly in the
incompressible limit. The emphasis is on low-order quadrilateral elements, with the displacement approximated by contin-
uous piecewise-bilinear functions.
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4.1. Finite element spaces

We assume that Th is a regular partition of X, in which the elements are generated from a reference square K̂ ¼ ð�1; 1Þ2
through a family of affine maps. The diameter of an element K 2Th is denoted by hK, and the mesh size h is defined by
h ¼ maxK2Th hK . For non-negative integer k, let Pk be the space of polynomials in two variables of total degree less than
or equal to k, and Qk the space of polynomials in two variables of total degree less than or equal to k in each variable.
Then a typical element K 2Th in generated by the affine map FK from the reference element K̂; that is,

F Kðx̂Þ ¼ BK x̂þ bK ð4:1Þ

where BK is a constant, invertible matrix and bK is a vector. It is clear that if v̂ 2 ½Q1ðK̂Þ�2, then v̂ � F �1
K 2 ½Q1ðKÞ�2.

We consider the following discrete version of the abstract problem (2.9). With the bilinear forms defined as before, we
introduce the finite-dimensional subspaces Uh � U, Wh � W, Mh �M, and Nh � N, and consider the problem of finding
(/h,mh) 2 Uh · Mh that satisfy, for (f,g) 2 W 0 · N 0,

að/h;whÞ þ b1ðwh;mhÞ ¼ hf ;whi for all wh 2 Wh;

b2ð/h; nhÞ � cðmh; nhÞ ¼ hg; nhi for all nh 2 Nh.
ð4:2Þ

By analogy with Theorem 2.1 we have the following result on the discrete problem. As in the continuous case the results in
[2,18] have been extended to the case c(Æ, Æ) 5 0. We omit the details of the proof, which follows that in [2,18].

Theorem 4.1. Define the kernels Zh, Zt
h and Kh according to

Zh ¼ fwh 2 Uhjbðwh; nhÞ ¼ 0 for all nh 2 Mhg;
Zt

h ¼ fnh 2 Mhjbðwh; nhÞ ¼ 0 for all wh 2 Uhg;
Kh ¼ fmh 2 Mhjcðmh; nhÞ ¼ 0 for all nh 2 Nhg;

ð4:3Þ

and suppose that the bilinear forms a(Æ, Æ), bi(Æ, Æ) and c(Æ, Æ) are such that

(a) there exists a constant a1h > 0 such that

sup
wh2Z1h

að/h;whÞ
kwhkW

P a1hk/hkU; 8/h 2 Z2h;

sup
/h2Z2h

að/h;whÞ > 0; 8wh 2 Z1h n f0g;

(b) there exist two positive constants b1h, b2h such that for all (mh,nh) 2Mh · Nh,

sup
wh2Wh

b1ðwh;mhÞ
kwhkW

P b1hkmhkM and sup
/h2Uh

b2ð/h; nhÞ
k/hkU

P b2hknhkN ;

(c) the continuous bilinear form c(Æ, Æ) is positive semidefinite and symmetric, and there exists a positive constant c0h such that
for all ~mh 2 ðZt

2hÞ
?

, one can find m0h 2 Zt
2h satisfying

c0hkm0hkM 6 k~mhkM ;

cðm0h; nhÞ ¼ �cð~mh; nhÞ; for all nh 2 Zt
2h.

ð4:4Þ

Then for ½f ; g� 2 W0 � ImB02, the problem (4.2) has a unique solution [/h,mh] in Uh �Mh=Zt
1h \ Kh which moreover satisfies

the bounds

k½mh;/h�kM�U 6 d1hk½f ; g�kW0�N 0 . ð4:5Þ

If (/,m) 2 U · M is the solution of (2.9) then

k½/� /h;m� mh�kU�M 6 K3 inf
/h2Uh

k/� /hkU þ inf
mh2Mh

km� mhkM

( )
. ð4:6Þ

Returning to the problems at hand, we define the space Vh of discrete displacements to be the subspace of V comprising
continuous functions whose restriction to an element are bilinear polynomials; that is,

V h ¼ fvhjvhjK 2 ½Q1ðKÞ�2g. ð4:7Þ
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The finite element space of pressures Qh is defined by

Qh ¼ fqh 2 L2
0ðXÞ; qhjK ¼ q̂h � F �1

K ; q̂h 2 P0ðK̂Þ for all K 2Thg. ð4:8Þ
The finite element spaces of strains and stresses are denoted respectively by Dh and Sh, and are subspaces of D and S,
respectively. These spaces will be defined shortly, in the context of Problems Ih and IIh.

4.2. Finite element analysis of Problem I

An assumption made in [8], and adopted here, is that the discrete spaces of stresses and strains are equal; that is, for
Problem I

Sh ¼ Dh. ð4:9Þ
We now introduce discrete variants of Problems I and Ip.

Problem Ih. Given ‘ 2 V 0, find [rh,dh,uh] 2 Sh · Dh · Vh that satisfy

a1ðrh; dh; sh; vhÞ þ b1ðsh; vh; uhÞ ¼ ‘ðvhÞ for all ½sh; vh� 2 Sh � V h;

b2ðrh; dh; ehÞ ¼ 0 for all eh 2 Dh.
ð4:10Þ

Problem Iph. Given ‘ 2 V 0, find [rh,dh,ph,uh] 2 Sh · Dh · Qh · Vh that satisfy

a1pðdh; uh; eh; vhÞ þ b1pðeh; vh; ph; rhÞ ¼ ‘ðvhÞ for all ½eh; vh� 2 Dh � V h;

b1pðdh; uh; qh; shÞ � cðph; rh; qh; shÞ ¼ 0 for all ½sh; qh� 2 Sh � Qh.
ð4:11Þ

Assumption. We assume that

trDh � Qh. ð4:12Þ
Under assumption (4.12) Problems Ih and Iph are equivalent. We focus attention henceforth on Problem Iph.

Lemma 4.2. Assume that (4.9) and (4.12) hold, and further, that a > 0. If

(a) (Vh,Qh) is stable for the classical Stokes problem,
(b) Qh1 � Sh,

then Problems Ih and Iph have a unique solution [dh,uh,ph,rh] 2 Dh · Vh · Qh · Sh which satisfies the bound

kdhk0 þ kuhk1 þ krhk0 þ kphk0 6 ck‘kV 0 . ð4:13Þ

If [d,u,r, p] 2 D · V · S · Q is the solution to Problem Ip, then the discretization error

g2
h ¼ kd � dhk2

0 þ ku� uhk2
1 þ kr� rhk2

0 þ kp � phk
2
0

is bounded by

gh 6 c inf
eh2Dh

kdh � ehk0 þ inf
vh2V h

ku� vhk1 þ inf
sh2Sh

kr� shk0 þ inf
qh2Qh

kp � qhk0

� �
; ð4:14Þ

where c is a positive constant independent of k and h.

Remark. The lemma asserts that the solution [uh,dh,rh,ph] of Problems Ih and Iph converges uniformly to the solution
[u,d,r,p] of Problems I and Ip under the given set of conditions.

Proof. To prove this result, we need to verify the conditions of Theorem 4.1. We first show that b1p(Æ, Æ) is k-independent
inf–sup stable. Let [qh,sh] 2 Qh · Sh. Then [13] there exists c2 > 0, independent of h and wh 2 Vh, such that

ðqh; divwhÞ0 ¼ kqhk
2
0 and kwhk1 6 c2kqhk0. ð4:15Þ

Let P Sh be the orthogonal projection onto the subspace Sh. Since Sh = Dh we can take eh ¼ P Sh�ðwhÞ � sh. From the Pro-
jection Theorem and (4.15) we obtain
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sup
½eh;vh�2Dh�V h

b1pðeh; vh; qh; shÞ
k½eh; vh�kD�V

P
b1pðP Sh�ðwhÞ � sh;wh; qh; shÞ0
k½P Sh�ðwhÞ � sh;wh�kD�V

P
kqhk

2
0 þ kshk2

0 � ðqh; trshÞ0
2kwhk1 þ kshk0

P

1�
ffiffiffi
2
p

2

 !
k½qh; sh�k2

Q�S

2c2kqhk0 þ kshk0

P
2�

ffiffiffi
2
p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4c2

2 þ 1
p k½qh; sh�kQ�S. ð4:16Þ

Next, to establish the coercivity of a1p(Æ, Æ) on the discrete kernel Zh of b1p(Æ, Æ), defined by

Zh ¼ ½P Sh�ðvhÞ; vh� j trðP Sh�ðvhÞÞ ¼ 0 for all vh 2 V h

� 	
;

we take [dh,uh] 2 Zh, that is, dh ¼ P Sh�ðuhÞ, and let s 2 R. Then

a1pðdh; uh; dh; uhÞ ¼ 2lkdhk2
0 þ 2ak�ðuhÞk2

0 � 2akP Sh�ðuhÞk2
0

¼ 2lkdhk2
0 þ 2ak�ðuhÞk2

0 � 2sakP Sh�ðuhÞk2
0 � 2að1� sÞkP Sh�ðvhÞk2

0

¼ 2lkdhk2
0 þ 2ak�ðuhÞk2

0 � 2sakP Sh�ðuhÞk2
0 � 2að1� sÞkdhk2

0

¼ 2ðl� að1� sÞÞkdhk2
0 þ 2ak�ðuhÞk2

0 � 2sakP Sh�ðuhÞk2
0.

We now consider two cases.
(a) 1� l

a < s < 0: for this case we have 0 < a < l, and 2ak�ðuhÞk2
0 � 2sakP Sh�ðuhÞk2

0 P 2ak�ðuÞk2
0. Thus

a1pðdh; uh; dh; uhÞP 2ðl� að1� sÞÞkdhk2
0 þ 2ak�ðuÞk2

0 P 2ðl� að1� sÞÞkdhk2
0 þ 2ac2

Kkuk
2
1

P 2 min l� að1� sÞ; ac2
K


 �
k½dh; uh�k2

D�V ; ð4:17Þ

where as before cK is the constant in Korn’s inequality.
(b) 0 6 1� l

a < s < 1: for this case we have a P l, and from kP Sh�ðuhÞk0 6 k�ðuhÞk0, we obtain

2ak�ðuhÞk2
0 � 2sakP Sh�ðuhÞk2

0 P 2að1� sÞk�ðuÞk2
0.

Thus

a1pðdh; uh; dh; uhÞ ¼ 2ðl� að1� sÞÞkdhk2
0 þ 2ak�ðuhÞk2

0 � 2sakP Sh�ðuhÞk2
0

P 2ðl� að1� sÞÞkdhk2
0 þ 2að1� sÞk�ðuhÞk2

0

P 2ðl� að1� sÞÞkdhk2
0 þ 2að1� sÞc2

Kkuhk2
1

P 2 min l� að1� sÞ; að1� sÞc2
K


 �
k½dh; uh�k2

D�V .

Finally, we check condition (c) of Theorem 2.1 for Z1 = Z2 = Zh. From the definition of c(Æ, Æ), and the fact that
½erh; eph;esh; eqh� 2 ðZt

hÞ
? � Zt

h, we have cðerh; eph;esh; eqhÞ ¼ 0. Thus cðr0; p0;esh; eqhÞ ¼ 0 for all ½esh; eqh� 2 Zt
h, and we can take

[r0,p0] = [0, trr0] = [0, 0], with c0 any positive number.
This completes the proof of the lemma. h

Remarks
(a) It is important to note that the stability of the displacement–pressure pair is needed for the inf–sup condition on
b1p(Æ, Æ).
(b) The admissible range of a varies according to the sign of s, which can be chosen a priori.
(c) If a = 0, then the bilinear form a1p is coercive if a discrete Korn’s inequality which has been recently discussed in

length in [6] is satisfied. That condition requires that there exists a positive constant c < 1, independent of h, such that
for all ðvh;KÞ 2 V h �Th,

kP Sh�ðvhÞkK P ck�ðvhÞkK . ð4:18Þ

Later, we shall choose bases for which (4.18) is not satisfied for the case a = 0.
4.3. Finite element analysis of Problem II

We assume here that

Dh � Sh. ð4:19Þ
As in the case of Problem I we begin by defining the discrete versions of Problems II and IIp.
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Problem IIh. Given ‘ 2 V 0, find [rh,dh,uh] 2 Sh · Dh · Vh that satisfy

a2ðrh; dh; mh; vhÞ þ b3ðmh; vh; uhÞ ¼ ‘ðvhÞ for all ½mh; vh� 2 Dh � V h;

b4ðrh; dh; shÞ ¼ 0 for all sh 2 Dh.
ð4:20Þ

Problem IIph. Given ‘ 2 V 0, find [rh,dh,uh,ph] 2 Sh · Dh · Vh · Qh that satisfy

a2pðdh; uh; sh; vhÞ þ b5ðsh; vh; rh; phÞ ¼ ‘ðvhÞ for all ½sh; vh� 2 Sh � V h;

b6ðdh; uh; qh; ehÞ � cðrh; ph; qh; ehÞ ¼ 0 for all ½eh; qh� 2 Dh � Qh.
ð4:21Þ

We once again adopt assumption (4.12), so that Problems IIh and IIph are equivalent, and we proceed by analyzing Prob-
lem IIph.

Remark. It is easy to show that when Sh = Dh, Problems Ih and IIh are equivalent.

For the well-posedness and uniform convergence of Problems IIh and IIph we have

Lemma 4.3. If 0 < a 6 l, trDh � Qh, the pair (Vh,Qh) is Stokes stable, and Qh1 � Dh, then Problems IIph and IIh have a

solution (dh,uh,rh,ph) which is unique in (Dh · Vh) · (Sh · Qh) and which satisfy the bound

kdhk0 þ kuhk1 þ krhk0 þ kphk0 6 ck‘kV 0 . ð4:22Þ

If (d,u; p,r) 2 (D · V) · (Q · S) is the solution to Problem IIp, then the error g2
h ¼ ku� uhk2

1 þ kr� rhk2
0 þ kd � dhk2

0þ
kp � phk

2
0 is bounded by

gh 6 c inf
~eh2Dh

kdh � eehk0 þ inf
~vh2V h

ku� evhk1 þ inf
~sh2Sh

kr� eshk0 þ inf
~qh2Qh

kp � eqhk0

� �
in which the constant c is independent of k.

Proof. Again here, we need to verify the conditions of Theorem 4.1. The bilinear forms a2p(Æ, Æ), b5(Æ, Æ) and b6(Æ, Æ), and c(Æ, Æ)
are continuous since Vh W V, Dh W D, Sh W S,Qh W Q, and we have ka2pk 6 4a + 2l, kbik 6 2

ffiffiffi
2
p

and kck 6 1
k.

The sup conditions on b5 and b6 can be established exactly as in the case of Problem Iph, and the details will therefore
will not be presented here.

In order to verify the stability of a2p(Æ, Æ), knowing that Qh1 � Dh � Sh, we first observe that the kernels Z5h and Z6h are
given by

Z5h ¼ f½P Sh�ðvhÞ; vh� j ðph1; �ðvhÞÞ0 ¼ 0 for all ph 2 Qhg;
Z6h ¼ f½P Dh�ðuhÞ; uh� j ðqh1; �ðuhÞÞ ¼ 0 for all qh 2 Qhg.

ð4:23Þ

For [dh,uh] 2 Z6h, that is dh ¼ P Dh�ðuhÞ, and taking vh = uh, we have

sup
½sh;vh�2Z1h

a2pðdh; uh; sh; vhÞ
k½sh; vh�kS�V

¼ sup
vh2V h

a2pðP Dh�ðuhÞ; uh; P Sh�ðvhÞ; vhÞ
k½P Sh�ðvhÞ; vh�kS�V

P
2ak�ðuhÞk2

0 þ ð2l� 2aÞkP Dh�ðuhÞk2
0

2kuhk1

þ 2lðP Dh�ðuhÞ; P Sh�ðuhÞ � �ðuhÞÞ0
2kuhk1

.

The satisfaction of the stability condition depends on the sizes of Dh, Sh and a. We clearly see that we should take
0 < a 6 l. Now, for Dh � Sh, and using the identity ðP Dh�ðuhÞ; P Sh�ðuhÞ � �ðuhÞÞ0 ¼ 0, we have

sup
ðsh;vhÞ2Z1h

a2pðdh; uh; sh; vhÞ
k½sh; vh�kS�V

P ac2
Kkuhk1. ð4:24Þ

But since [dh,uh] 2 Z2h, we have k½dh; uh�k 6 kdhk0 þ kuhk1 6 kP Dh�ðuhÞk0 þ kuhk1 6 2kuhk1. That is, kuhk1 P 1
2
kðd; uÞkD�V .

Finally,

sup
½sh;vh�2Z1h

a2pðdh; uh; sh; vhÞ
k½sh; vh�kS�V

P
ac2

K

2
k½dh; uh�kD�V . ð4:25Þ
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Turning to the second sup condition on a2p(Æ, Æ), for [sh,vh] 2 Z5hn{0} we have

sup
½dh;uh�2Z2h

a2pðdh; uh; sh; vhÞ ¼ sup
uh2V h

a2pðP Dh�ðvÞ; v; P Sh�ðvhÞ; vhÞP a2pðP Dh�ðvhÞ; vh; P Sh�ðvhÞ; vhÞ ðtaking uh ¼ vhÞ

¼ 2ak�ðvhÞk2
0 þ ð2l� 2aÞkP Dh�ðvhÞk2

0 þ 2lðP Dh�ðvhÞ; P Sh�ðvhÞ � �ðvhÞÞ0
¼ 2ak�ðvhÞk2

0 þ 2ðl� aÞkP Dh�ðvhÞk2
0 > 0.

The second condition on a2p(Æ, Æ) is obtained in the same way. The condition (c) is checked exactly as in the continuous case
and therefore will not be repeated here. Thus the lemma is proven. h
4.4. Some examples of spaces

In this section we construct finite-dimensional spaces Vh, Dh, Sh and Qh that satisfy the conditions specified in Lemmas
4.2 and 4.3.

Before giving some concrete examples of bases for Sh and Dh, we introduce the Voigt vectorial representation of the
tensorial quantities stress and strain. These are written as

r ¼
r11

r22

r12

264
375 and d ¼

d11

d22

2d12

264
375. ð4:26Þ

The function �(u) representing the strain as a function of displacement is written in vectorial form in the same way as d.
For convenience we work with a uniform mesh of square elements. Starting with Lemma 4.2, and knowing that the pair

Q1 � P0 is not Stokes stable [3,13], we first partition Th into a mesh of 2 · 2 macro-elements, as shown in Fig. 1.
Next, from standard arguments [3,4,13] we define the subspace Qh by

Qh ¼ fqh 2 L2ðXÞ; qhjK ¼ q̂h � F �1
K ; qh 2 P0ðK̂Þ; qhjK ¼ a1/

1
K þ a2/

2
K þ a3/

3
K for all K 2T2hg;

where ai are real numbers and /i
K are defined by

/1
K ¼

1 on K1;

1 on K2;

1 on K3;

1 on K4;

8>>><>>>: /2
K ¼

�1 on K1;

1 on K2;

1 on K3;

�1 on K4;

8>>><>>>: /3
K ¼

�1 on K1;

�1 on K2;

1 on K3;

1 on K4.

8>>><>>>: ð4:27Þ

We introduce the checkerboard space

CBh ¼ fqh 2 L2ðXÞ; qhjK ¼ q̂h � F �1
K ; qh 2 P0ðK̂Þ; qhjK ¼ a4CBK for all K 2T2hg;

where

CBK ¼

1 on K1;

�1 on K2;

1 on K3;

�1 on K4.

8>>><>>>: ð4:28Þ

Finally, we define the space

V h ¼ fvhjvh 2 eV hjðdivvh; qhÞ0 ¼ 0 for all qh 2 CBhg; ð4:29Þ
whereeV h ¼ fvh 2 V ; vhjK ¼ v̂ � F �1

K ; v̂h 2 Q1ðK̂Þ for all K 2Thg. ð4:30Þ
Fig. 1. Macro element K.
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From [3,13], the pair ðeV h;QhÞ is stable for the Stokes problem and equivalent in terms of degrees of freedom to the Q2 � P1

discretization on the macro-element K.
An alternative approach would be to adopt the ‘‘overstabilization’’ procedure proposed in [22,23], which amounts to

taking

Qh ¼ fqh 2 L2ðXÞjqhjK ¼ q̂h � F �1
K ; qh 2 P0ðK̂Þ; qhjK ¼ a1/

1
K for all K 2T2hg.

In this last approximation the couple (Vh,Qh) is equivalent to the Q2 � P0 element.
Now for the stress approximation we must first impose the condition (4.12), and taking into account the fact that the

pressure is approximated on macro-elements, the same will apply to the stress. Therefore the direct components of the
stress should be spanned by ð/i

KÞ
3
i¼1. For Problem Ih we consider

Dh ¼ Sh ¼ fsh 2 SjðshjKÞkl ¼ ðŝhÞkl � F �1
K ; ŝh 2 SK̂ for all K 2T2hg; ð4:31Þ

where SK̂ ¼
P3

i¼1S1/i
K þ S2CBK and

S1 ¼ span

1 0 0

0 1 0

0 0 1

264
375 and S2 ¼ span

0 0 0

0 0 0

1 x̂ ŷ

264
375. ð4:32Þ

We see that because of the choice of S2, the checkerboard mode has been eliminated, and the trace of such stress and strain
is constant on each macro-element. With this choice we see that (4.18) is not satisfied, since for that inequality to hold we
should require at least that dim Sh P dim�(Vh) = 15 on each macro-element. But here the dimension of Sh restricted to
each macro-element is 12. Therefore for that choice of element, the corresponding Hu–Washizu formulation for a = 0
is not well-posed.

We conclude the study of Problems Iph and Ih with the following result.

Theorem 4.4. Let [d,u; p,r] 2 (D · V) · (Q · S) be the solution to Problem I or Ip such that [d,u, p,r] 2
[H1(X)]4 · [H2(X)]2 · H1(X) · [H1(X)]4. Then for a > 0 and with the discrete spaces chosen according to (4.29)–(4.31),
there exists a unique solution [dh,uh,ph,rh] 2 Dh · Vh · Qh · Sh of Problems Iph and Ih such that

kd � dhk0 þ ku� uhk1 þ kr� rhk0 þ kp � phk0 6 ch; ð4:33Þ
for some positive constant c independent of h and k.

Turning next to Problem II, for the spaces satisfying Lemma 4.3 we take (Vh,Qh) as before. Again the direct components
of stresses and strains are spanned by ð/i

KÞ
3
i¼1. Since Dh � Sh we can choose

Sh ¼ fsh 2 SjðshjKÞkl ¼ ðŝhÞkl � F �1
K ; ŝh 2 SK̂ for all K 2T2hg;

Dh ¼ feh 2 DjðehjKÞkl ¼ ðêhÞkl � F �1
K ; êh 2 DK̂ for all K 2T2hg;

ð4:34Þ

where DK̂ ¼
P3

i¼1S1/i
K þ S2CBK, SK̂ ¼

P3
i¼1S1/i

K þ S3CBK, and

S3 ¼ span

0 0 0 0

0 0 0 0

1 x̂ ŷ x̂ŷ

264
375.

Moreover, on each macro-element K 2T2h we have dim Sh = 13, dim Dh = 12. Again for this choice condition (4.18) is not
satisfied, so the corresponding Hu–Washizu formulation for a = 0 is not well-posed. With this choice of spaces we have the
following convergence result for Problem IIph.

Theorem 4.5. Let [d,u; p,r] 2 (D · V) · (Q · S) be the weak solution to Problem IIp such that [d,u, p,r] 2
[H1(X)]2·2 · [H2(X)]2 · H1(X) · [H1(X)]2·2. Then for Vh, Sh, Qh and Dh as chosen, there exists a unique solution

[dh,uh;ph,rh] in (Dh · Vh) · (Qh · Sh) to Problems IIph and IIh, and a positive constant c independent of h and k, such that

kd � dhk0 þ ku� uhk1 þ kr� rhk0 þ kp � phk0 6 ch. ð4:35Þ
5. Numerical experiments

In this section we present a selection of numerical results in which the features of the formulations introduced earlier are
compared with existing formulations. All examples are assumed to be under conditions of plane strain and for quasi-
incompressible materials, with Poisson’s ratio m = 0.4999. Four-noded quadrilateral elements with standard bilinear inter-
polation of the displacement field are used.
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There is a minor difference between the bases (4.32) for stress and strain associated with Problem Ih, and those in (4.34)
that are associated with Problem IIh. In fact the difference lies in the bilinear term x̂ŷ for the shear stress in Problem IIh.
The numerical results were found to be essentially unaffected by the presence of this term, without which we have Sh = Dh,
so that Problems IIh and Ih are equivalent. In the examples that are presented, attention is therefore confined to Problem
Ih with the basis (4.32).

If a = 0 then Problem Ih is ill-posed for this choice of bases since the corresponding bilinear form will not be coercive, as
pointed out earlier.

We are interested in showing computationally the stability of Problem Ih when the stress and strain are approximated
element-wise by S1, and also in showing the poor behaviour of these formulations for a = 0, using the same bases.

It has been shown in [5,6] for an extended version of the Hu–Washizu formulation that even when the spaces of stresses
and strains are chosen to be simply constant element-wise, in which case they contain a checkerboard mode, the displace-
ment satisfies an a priori bound that is k-independent. This will be demonstrated numerically in the examples that follow.

The formulations referred to in the examples that follow are:
Ih0 Problem Ih with Sh and Dh spanned by S1, with a = 0
Ih1 As Ih, but with a = l/10
Ih2 As Ih, but with a = l
EAS Method of enhanced assumed strains [21]
Q1 Standard displacement formulation using the four-noded quadrilateral
MHW Modified Hu–Washizu formulation [5,6] with stress spanned by the Pian–Sumihara basis [19]
MES Method of mixed enhanced strains [16,17]
Example 1 (Cook’s membrane problem). In this standard benchmark problem simulations are carried out for progressive
uniform refinements of the mesh shown in Fig. 2. This figure also shows results for the top corner vertical displacement, for
various formulations. Convergence is achieved for all formulations except the Q1 element. For formulation Ih0, for which
we expect lack of convergence, it is found that convergence is achieved from above, while Ih1, that is, the case for which a/
l = 0.1, gives the most rapid convergence. Of course the results on error estimates that have been established relate to
errors in the norms of the spaces on which the problem is defined. We examine these errors in the following example.

Example 2 (Cantilever beam). We consider a beam of unit thickness, subjected to a couple at one end, as shown in Fig. 3.
Along the edge x = 0, the horizontal displacement and vertical surface traction are zero. At point (0,0), the vertical dis-
placement is also zero. The exact solution is given by

uðx; yÞ ¼ 2f ð1� m2Þ
El

x
l
2
� y

� �
; and vðx; yÞ ¼ f

El
x2 þ m

1� m
ðy2 � lyÞ

h i
.

We set L = 10, l = 2, E = 1500, m = 0.4999, and f = 3000.
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Fig. 2. Cook’s membrane problem.
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Fig. 3 shows the behaviour of the displacement error

ku� uhk2
1 ¼ ku� uhk2

0 þ kru�ruhk2
0

with regular meshes of 4 · 2, 8 · 4, and 16 · 8 elements. It is manifest that formulations Ih0 and Q1 behave poorly, while
the other formulations show approximately linear convergence. The same behaviour was observed for distorted meshes,
and these results are accordingly not presented here.

Example 3 (Influence of a). Next, we investigate the dependence on a in the displacement error. For this purpose we com-
pute solutions to the cantilever problem in Example 2 for a mesh of 200 elements, for varying a. While the analysis in Sec-
tion 4 is not amenable to determining optimal values of a, it is seen in Fig. 4(a), at least for this example problem, that an
optimal value exists in the region between l/4 and l/8. The same results are shown in Fig. 4(b), this time as a log-log plot.

Example 4 (Driven cavity). We consider the problem of a unit square subjected to a unit horizontal displacement along
the upper boundary. The material properties used are Young’s modulus E = 0.1, Poisson’s ratio m = 0.4999, and k/
l = 107. The aim here is to demonstrate numerically the existence of the checkerboard modes predicted in our analysis.

The hydrostatic pressure p is computed from trrh = rh1 + rh2, for uniform meshes of square elements with 20 and 40
elements per side. The pressure distribution along the line y = 0.22 is shown for Ih0 and Ih1 in Fig. 5. The checkerboard
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Fig. 4. Log-normal plot of norm error in displacement vs a for the cantilever problem.
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Fig. 5. The checkerboard mode associated with the trace of the stress, or the pressure: (a) problem 1h0; (b) problem 1h1.
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mode is easily seen for both problems, as expected; the stabilization that arises in problem Ih1 from a choice of a non-zero
value of a has no effect on the presence of the checkerboard mode, as the theory in Section 4 makes clear.
6. Closure

Extended Hu–Washizu formulations have been presented based on the elastic-visco-split-stress method proposed in
[8,9]. These formulations extend the classical Hu–Washizu formulation in the sense that for a = 0, one recovers the classical
formulation. These formulations relax the system since the stabilization term introduced allows the use of very simple ele-
ments while still achieving a stabilized formulation, and uniform convergence in the incompressible limit. Error estimates
obtained are first order accurate and the numerical results reflect this feature. Extensions to three-dimensional problems are
under investigation. In addition, it will be useful to obtain theoretical results that explain the dependence of the solutions
on the parameter a.
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