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Abstract

A class of new mixed formulations for elasticity is developed and analysed. The formulations are based on the discrete evss method,
introduced in the context of incompressible viscoelastic flows by A. Fortin, M. Fortin and co-workers. A key feature is a stabilization
term that renders coercive a problem that might not otherwise be so. The focus in this work is on behaviour in the incompressible limit
and the goal is that of obtaining formulations that are uniformly stable and convergent. Concrete examples are presented of element
choices that lead to unstable formulations in the classical formulation, and which are stable for the formulations introduced here. A
selection of numerical results illustrates in a comparative way the behaviour of the elements introduced.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Over the past two decades extensive research has been directed towards improving the performance of low-order quad-
rilateral finite elements, which exhibit poor accuracy for certain classes of problems in solid mechanics, and which lock in
the incompressible limit. A comprehensive overview of the many contributions in this area may be found, for example, in
the recent work [5]. Many of these developments have centred on the use of mixed and enhanced methods [5,6,16,17,21]
and stabilization approaches [1,4,7,15], including those using Galerkin least squares [10-12].

The approaches referred to all essentially address basic deficiencies in the standard formulation based on the four-noded
quadrilateral element in two dimensions, and the eight-noded hexahedral element in three, which arise from the fact that
these elements do not satisfy the inf-sup condition for stability when viewed as mixed problems. Alternatively, it can be
shown that the bounds that occur in the analyses of well-posedness depend on the Lamé parameter A, which becomes
unbounded in the incompressible limit.

The purpose of the present contribution is to explore alternative formulations that are designed to overcome a lack of
coercivity or ellipticity in the basic formulation. The point of departure is the classical evss (elastic-visco-split-stress) for-
mulation introduced within the context of incompressible viscoelastic fluids by Rajagopalan et al. [20]. In its original form
this is a four-field problem with unknowns the velocity u, pressure p, extra stress &, and rate of deformation tensor d. Fortin
and coworkers [8,9] have introduced a modification of the evss formulation, known as the discrete evss method (devss). In
this method a stabilizing term of the form 2o(d, e(v)) — 2a(e(u), €(v)), where o is an arbitrary scalar, is introduced in the
equilibrium equation, where e(u) =1 (Vu + (Va)"). In the continuous case the extra term is trivial, but in a discrete setting
it plays a non-trivial role, in that the positive parameter « may be chosen in such a way as to enhance stability and ensure
the well-posedness of finite element discretizations. In [8] the discrete spaces of stresses and rate of deformation coincide,
whereas in the later version [9] this constraint is relaxed.
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In the present work a related approach is explored in the context of elasticity, with a particular focus on obtaining for-
mulations that are uniformly stable and convergent in the incompressible limit. The goal is to include a stabilization term
of the kind described above, and to use this term to render stable a problem that may not otherwise be so. The resulting
formulations are three-field ones involving displacement, strain, and stress, and can be regarded as extensions of the Hu—
Washizu problem in the sense that when o = 0, the Hu—Washizu formulation is recovered.

The problems that result from the extension described take the form most generally of non-standard mixed variational
problems of the form

a((pbvl//) +bl(lpam) = <f7l//>7
bz((]ﬁ,l’l) - C(Wl,l’l) = <ga l’l>,

in which a(,-), bi(,*), ba(*,") and ¢(+,") are bilinear forms and f and g are linear functionals. In its standard form (see, for
example, [3]) b» = b; and ¢ = 0. The analysis of the above form with ¢ = 0 has been carried out by Nicolaides [18] and Ber-
nardi et al. [2]. These analyses are extended here to the case in which the bilinear form ¢(-,) is present.

The remainder of this work is organized as follows. Section 2 is concerned with the presentation of the governing equa-
tions and relevant details concerning the abstract mixed problems. Here the non-standard mixed formulation originally
considered in [2,18] is extended to include the case ¢(-,-) = 0. Section 3 is devoted to the presentation and analysis of
the continuous versions of the two extended mixed problems. Here it is necessary to introduce the pressure p as an addi-
tional variable, in order to obtain results that hold independently of the Lamé parameter A. This is simply a mathematical
artifice, though; the problem that is solved in practice remains the three-field formulation.

Finite element approximations of the extended problems are introduced in Section 4. Conditions on the spaces that are
sufficient for stability are established. In addition, examples of families of spaces that satisfy these conditions are presented.
These examples are of spaces for which the problem without the stabilization term is not coercive. As in the case of the Hu—
Washizu formulation based on continuous piecewise-bilinear approximations of displacements in two dimensions, it is
shown here that the stresses contain checkerboard modes. This phenomenon, which is well known and has been analysed
in detail in [6] and illustrated in [5], is present in the classical enhanced assumed strain method [21], which is a particular
case of the Hu—Washizu formulation. The displacement is nevertheless not affected by the presence of these zero-energy
modes, which can if required be filtered out.

Finally, in Section 5 we present a selection of numerical results that illustrate the performance of the new formulations.

2. The boundary value problem

In the context of elasticity, vector- and tensor- or matrix-valued functions will be written in boldface form. The scalar
product of two tensors or matrices ¢ and 7 will be denoted by ¢ : 7, and is given by ¢ : T = ¢;7;;, the summation convention
on repeated indices being invoked.

Consider a homogeneous isotropic linear elastic material body which occupies a bounded domain Q in R? with Lipschitz
boundary I'. For a prescribed body force f; the equilibrium equation is given by

dive +f =0, (2.1)
where ¢ is the symmetric stress tensor or matrix. The infinitesimal strain d is defined as a function of the displacement u by
1
d=¢€u)= E(Vu + [Vu]') (2.2)
and the constitutive equation is given by
6 =2ud + A(trd)1. (2.3)

Here 1 is the identity tensor and p and / are Lamé parameters, which are assumed positive, and which are constant in view
of the assumption of material homogeneity. Of particular interest is the incompressible limit, which corresponds to 1 — oc.

2.1. The modified equilibrium equation
We add to (2.1) the term
2o.div(d — e(u))
to give the modified equilibrium equation
dive + 2adiv(d — e(u)) + f = 0. (2.4)

This modification is trivial for the continuous problem, in view of (2.2), but will be of significance in the discrete version.
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To the governing equations we add the boundary condition, which for simplicity is taken to be the homogeneous Dirich-
let condition

u=0 onl. (2.5)

2.2. Function spaces

We will make use of the space L*(Q) of square-integrable functions defined on Q with the standard inner product and
norm being denoted by (-,*)o and ||-||o, respectively. The inner product and norm on the vector-valued space [L*(Q)F are
defined componentwise in the standard way, and are also denoted by (-,*)o and ||||o.

We will also make use of the Sobolev space H'(Q). This is a Hilbert space with inner product and associated norm

(u,0), == (u,0), + (Vu, Vv), and |jof|, == (v,0)}%. (2.6)
The semi-norm ||; on H'(Q) is defined by
o]y = [[Vollo. (2.7)

The space H{(Q) consists of functions in H'(Q) which vanish on the boundary in the sense of traces.

For the weak or variational formulations we will require the space V := [H(l)(Q)]2 of displacements. This is a Hilbert
space with inner product (-,-); and norm ||-[|; defined in the standard way; that is, (u, v)f = Zil(u,—, v;);, with the norm
being induced by this inner product.

The space of stresses is denoted by S, while the space of strains is denoted by D. For the continuous case these spaces are
equal, and D := {ele; = e;, e, € L(R)} =: S, with norm |||, generated in the standard way by the L*-norm.

2.3. An abstract non-standard mixed problem

Let @, ¥, M and N be Hilbert spaces and introduce the continuous bilinear forms

a:dx ¥R,
b : ¥V xM— R,
by : dx N — R,
c:MxN—R.

Consider the problem of finding (¢,m) € & x M that satisfy, for (f,g) € ¥’/ x N,
a($,¥) + bi(Y,m) = (f,¥) forall y € ¥, (29)
by(¢p,n) —c(m,n) = (g,n) forallneN.

The standard form of this problem, for which a complete analysis may be found in [3], is recovered by setting b, = b;.
We associate with the bilinear forms a(,-), ¢(-,") and b(-,-) the bounded linear operators A: ® — ¥’', B;: ¥ — M,
B,:®— N, C: M — N and the transposes B} : M — ¥’ and B, : N — @', according to

a(¢,¥) = {d¢,¥), c(m,n) = (Cm,n),
bl(lﬁ,m) = <Bll//am> - <B§m,¢>, bz((ﬁ,l’l) - <BZ¢>n> - <Bt2n>¢>

We require conditions on a(-,"), b{","), and ¢(-,-) under which the system (2.9) has a unique solution which is bounded inde-
pendently of the properties of ¢(:,-). The last requirement will be relevant later in the context of the elasticity problem.
For any (h,h,) € M’ x N', we define the subspaces

(2.10)

Zl(hl) = {d) € <D|b1(d),m) = <h17m> for all m € M},

2.11
Zz(hz) = {lﬁ S lP|b2(lﬁ,l’l) = <h2,l’l> for all n € N}, ( )

and denote by Z; = Z,(0) the kernel of the operator B, We also introduce the subspaces Z| and Z, defined by
Z) ={m e M|b,(y,m) =0 for all y € ¥V}, (2.12)

Z5 ={n € N|by(¢p,n) = 0 for all ¢ € P},

and define
ker C = {m € M|c(m,n) =0 for all n € N}. (2.13)
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With problem (2.9) we associate the following problem: find (¢, m) € Z,(g) x M that satisfies
a(¢7 l//) = <f? l//> for all l// € Zla

2.14
c(m,n) = (g,n) forall neZ,. (2.14)

Clearly, any solution (¢, m) of (2.14) also satisfies (2.9). We want sufficient conditions which ensure that the converse of this
statement holds. For this purpose we have the following.

Theorem 2.1. Suppose that the bilinear forms a(-,+), b{:,*) and c(:,*) are given in such a way that

(a) there exists a constant o, > 0 such that

sup a($,¥) = ul|dlly Yoe€Zy and supa(p, ) >0 Ve Z\{0};
vezy Wy <z

(b) there exist two positive constants [, [, such that for all (m,n) € M X N,

b (Y, m by(¢p,n
up ") o gl and sup 28 o
per Wl P ] P
(c) given m € (Z’I)L, and the continuous bilinear form c(-,"), one can find my € Z\ such that
c(mo,n) = —c(m,n) Vn e Z. (2.15)
Then for (f,g) € V' x Im By, the problem (2.9) has a unique solution (¢p,m) in ® x M /Z} N ker C, which moreover satisfies
the bounds
10, @) < A1l ) s (2.16)

c

s

where ||(x, )||xxy = ||1x|lx *+ ||[¥|lv (or one of its equivalents), and d, is a positive constant depending on ||a
(i=1, 2), and v,.

> %1, ,81'

The bounds (2.16) are obtained in the standard way by assuming that the solution my of (2.15) is such that
Yollmolly < [lmlly,
where 7, is a positive constant. Of course, that condition is a consequence of the well-posedness of (2.15).

Remark 2.2. If (¢,m) € @ x M solves (2.9), then for m € Z| Nker C, (¢, m + m) will also solves (2.9). Thus we do not have
uniqueness of the solution in @ x M but in ® x M/Z{ NkerC.

Bernardi et al. [2] have studied this problem for the special case c(-,) = 0, and have established sufficient conditions for
well-posedness and convergence of finite element approximations. Nicolaides [18] has shown the conditions to be
necessary.

Proof of Theorem 2.1. From the sup conditions (b) on by(-,-), B} is injective. Hence B, is surjective and the restrictions of
B, and B} defined by: By : Zy — N, and B : N — (Z5)' are isomorphic and

_ ~1 _

||le LNz T ||(Bt2) 2((2+)' N) < ﬁzl- (2~17)
Since g € ImB,, there exists ¢, € Z, such that

Bypy =g, and Bofl¢lls < lIglly- (2.18)

Let IT : V' — Z| be defined as follows: for each fe V',
(ITf vy = (f,v) forallveZ.
Then by condition (a), Ay = [14 : Z, — Z is an isomorphism satisfying
145" | = oy "
By means of the isomorphic properties on A4y, knowing that IIf — 4y¢, € Z], there exists a unique ¢o € Z; such that

Aopo = ITf = Aoy, and  au[polly < [ llyr + llalllipilo- (2.19)

We have ¢ = ¢g + ¢ € Z5(g) and (2.14); is satisfied. The next task is to find m € M such that (2.14), is satisfied. From the
sup condition (b) on by(-,"), B} is injective. Hence B is surjective. Therefore the restrictions of By and Bj defined by:
By :Z{ — M, B} : M — (Z{)' are isomorphic and
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_ —1 _
HBI 1”5/(M’,Z]i) = H(Btl) ”s/((zf)’,M) < ﬁl 1- (2-20)

Now, from the Closed Range Theorem and the sup condition on b,(-,), ImB| = ¥'. Thus, Bj is bijective and there exists a
unique 7 € (Z})" such that

Bl =1 —Ady—Ady = f —A¢, and Bl < Iy + lalllol,. (2.21)
Finally, since g € Im B,, Eq. (2.14), can be equivalently stated in the following way: find m, € (Z!)" satisfying
c(mo,n) = —c(m,n) forall n € Z}, (2.22)

which is exactly the condition (c). So, it suffices to take (¢, m) = (¢y + ¢y, mo +m). O

3. The extended problems
3.1. The first formulation

We derive the first of the two three-field formulations based on the modified equilibrium Eq. (2.4), and for this purpose
introduce the bilinear forms

ai(e,d;t,v) = (6,€(v)), — 20(d, e(v)), — (d,7),,
bi(x, vi) = (22€(v) + 7, €(u)),, (3.1)
by(o,d;e) == (6 — %d,e),.
Then by analogy with [8] we introduce the following problem.
Problem I. Given £ € V', find [6,d,u] € S x D X V that satisfy
ai(e,d;t,v) + by (t,v;u) = £(v) forall [t,v] €S xV,

3.2
by(o,d;e) =0 forall me D. (3.2)

It is straightforward to show the equivalence between Problem I and (2.2)—(2.5). We also observe that for o = 0, Problem I
reduces to the classical Hu—Washizu problem [14,24]. Eq. (3.2) constitute a non-standard mixed method of the form (2.9)
with ¢ =0 and g = 0. Referring to Theorem 2.1 we see that the a priori bounds on the solution are directly related to o,
which in turn depends on A~'. In the incompressible limit, therefore, we are unable to show well-posedness by this ap-
proach. Instead, we pose the problem as an equivalent four-field mixed formulation by introducing the pressure p := Atrd.
For this we need the space Q of pressures defined by

0=12(0) = {veLZ(Q) /dex:O}, (3.3)

and we introduce the bilinear forms
aip,(d,u;e,v) .= =2o0(d, €(v)) + 20(e(u), (v)), + 2u(d, e),,
by(e,v;0,p) = —(0,€), + (0,€(v)), + (p, tre), (34)
c(e,p;7,q) == 2" (p,q),-

Then the following problem is equivalent to Problem I.

Problem Ip. Given ¢ € V', find (6,d,u,p) € Sx D x Vx Q that satisfy

ai,(d,u;e,v) + bi,(e,v;o,p) =¢(v) forall [t,v] €S xV,
bip(d,u;t,q) — c(o,p;t,q) =0 forall [r,q] € S x 0.

(3.5)

This is a standard mixed formulation. The conditions of Theorem 2.1 can nevertheless be used to establish well-posedness
of this problem. Indeed, for (d,u) € ker B,,, that is, d = €(u) with divu = 0, and using the continuity of €, we easily get

(s )l < ll€(@)llg + [[aell, < llaelly + [lull, = 2][ul];, (3.6)
so that using Korn’s inequality ||e(v)||o = cx]||u||; we have
2
Uc
ary(d,u;d, ) = 2ud g + 20 e(u) |y — 20(d () )y = 2pale(w)|[” + 2t €(u)]* — 2| €(u)][g = 2puci ally = (o)1

(3.7)

Thus, the bilinear form ay,(-,") is coercive on ker By,,.



J.K. Djoko, B.D. Reddy | Comput. Methods Appl. Mech. Engrg. 195 (2006) 6330-6346 6335
It is trivial to show that a;, and b,, are continuous. For the sup condition on b,(-,-), we note first that, for given p € Q,
there exists a unique w € V and a positive constant ¢; depending on Q such that [13]
divw=p and [wll, < cillpl- (3.8)
Take e = e(w) — 76 where 0 <y < 2. For any 0 that satisfies 1/v/2 < & < v/2/y, we have

sup bip(e,vip,a) _ biy(e(w) —yo,wip,0) _ (p,divw) +7llalls — 7(p, tro) _ Iplls + vllally — 7(p, tro)
emenxr |lle;Vlllpyr I[e(w) —ya, wlllp.p I[e(w) —ya, wlllp.p ||[€(W)—V6 W]l oy
1 —98/V2 2+w< ) ¢
(I =y5/v2)lplly +» 75 | ||o

2 2
_ lells +2llells = »v2lpllllelle
I[e(w) = vo,wlllp.p

llew) = vo, wlllp.y

(3.9)

Here we have used the fact the ||tr|| < v/2, and Young’s inequality. Turning to the denominator of (3.9), using the conti-
nuity of € and (3.8), we have

2 2
le(w) —vo, wlllpey < llem)llo +vliallo + lwlly = 2[wll, +vllello < —llpllo + vllello < | v+ — |l o]l gxs- (3.10)
1 C1

Thus, putting (3.9) and (3.10) together we obtain

N )>(1—v5/ﬁ)llp§+V(l—ﬁ>llallﬁ min<1_~,{s/ﬁ,y(1_ﬁ>)”m |

sup = = 4 H = ﬁH(aap)” )
er y e,v y 2 OxS SxQ
(ey)eDXV I )”D v <y_|_ )(p )Hst y_|_a
(3.11)
where
min | 1 —76/v/2, < ))
_ ( PIVEIT A
p= 2
Y+
C1
Finally for every [&,7] € (Z)", we have to find [60,po] € Z' satisfying
c(00,p0i ) = —c(3,5:%,§) for all [£,) € 7. (3.12)

But ¢(5,7;%,¢) = 4 (5, ¢) and [6,5; 7, ) € (Z))" x Z', 50 ¢(&, p; T, §) = 0. Thus [6¢, po] should satisfy c(ag, py; T, ) = 0
for all (7,q) € Z', hence we can take (a0,p0) = (0,trao) = (0,0).
Lemma 3.1. Problems 1 and 1p have a unique solution [ d,u,o,p] in (D X V)X (S X Q) that satisfies the bound

dllo + llall, + Nlollo + llpll < mill€lly, (3.13)
in which the constant ny is independent of .

Remark. The A-independence of the constant follows from the fact that the constants appearing in (3.13) depend inter alia
on ||¢||, which in turn depends on 2™, and so is bounded.

3.2. The second formulation

We turn next to an alternative formulation based on that presented in [9]. We introduce the bilinear forms
ax(o,d;e,v) := (0,€(v)), — (22€(v),d), + (e,d),,
by(e,v;u) == (2ue(v) — e, e(u)),, (3.14)
bi(o,d;t) == (6 — bd,T),,
and define the following problem.
Problem II. Given ¢ € V', find [6,d,u] € S x D x V that satisfy

ay(o,d;e,v) + bs(e,v;u) = ((v) forall [e,v] €D XV,

by(e,d;t) =0 foralltcsS. (3.15)
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Again we construct an equivalent four-field formulation of Problem II. To this end we introduce the bilinear forms

ay(d,u;t,v) = —20(d, €(v)), + 20(e(v), (u)), + 2u(d, ),
bs(z,v;6,p) = (6,€(v)), — (a,7), + (p, tr7),,

bold.u34,0) = (g t5d), — (d. )y + (elu) )y 310
c(o,piq.¢) = 2~ (p,q),-

The following problem is equivalent to Problem II.

Problem IlIp. Given ¢ € V7, find [6,d,u,p] € S x D x V'x Q that satisfy
ax(d,u;t,v) + bs(t,v;e,p) = L(v) forall [t,v] € SxV, (3.17)

be(d,u;q,e) — c(o,p;q,e) =0 for all [e,q] € D x 0.

In contrast to Problem Ip, Problem Ilp is a non-standard mixed formulation. We turn again to the conditions for well-
posedness as set out in Theorem 2.1.

It is easy to show that all the bilinear forms are continuous with constants independent of /.

Second, we note that uniqueness of the solution should be in (D x V) x (Q x §)/Z5 Nker C, where ker C and Z5 are the
kernels of the linear operators C and Bf. But ker C N Z5 = {0}, thus the solution is unique in (D X V) x (Q X S).

Next, considering the sup condition on bs(-,), let [a,p] € S X Q. Choosing w as in (3.8) and setting [z, v] = [e(w) — Y6, W]
where 0 <y <2, we have

bs(,v;0,p) (0,€(n) + (=0 +pl,7), _ (5,€(W)), + (=0 +pl,e(w) = ya),

0
sup ———————=sup =
iy 1TVl eajescr 1T vllsr I[e(w) = yo, Wllls.r

2 2
_ 7llolid + llpll3 ~ 7(p. tro),
2wlly +7lally

= ﬂl”[G?p]”SXQ' (3.18)

Similarly we can show that bg(-,*) is inf—sup stable.
For the stability condition on a,,(-,) let [d,u] € ker B, that is d = €(u). Thus for v = u we have

ax,(d,u;t,v) _ ar,(e(u), u; e(u),u)

sup =
[r,y]eZs 1z ¥l s - [ [e(u), ul|srr

But since [d,u] € Zg, we have ||[d,u]|| < ||d||o + ||u||: < ||e(@)|o + ||#||1 < 2||u||;. Thus

> e ull. (3.19)

ax,(d,u;T,v)

2
uc
sup = TK||[d7 ”H|DxV' (3-20)

[ey]€Zs ”[Ta v]”SxV
Turning to the second condition on a,(-,"), take [,v] € Zs\{0}; then

sup aZP(Ta vid, ll) = sup a2p(e(v)a Vi E(ll), ll) = azp(E(V), & E(V), v) (taklng u= v)
|duleZs uecV

= 2ule(v)|ls > 2uck|v||; > 0 (since v # 0). (3.21)
Finally, for the verification of condition (c) in Theorem 2.1, let [, 5] € (ker B;)", and [g, ¢] € ker B}, we have (p,¢), = 0
and ¢(@,p;q,¢) = 2 ' (p,q) = 0, thus it suffices to take [60,po] = [0, tr 5] = [0,0].
Lemma 3.2. Problems 11 and Ilp have a unique solution [ d,u,p,o6] in (DX V)X (S X Q) that satisfies the bound
dllo + llall, + llollo + llpll < mall€lly, (3.22)

in which the constant n, is independent of ).

4. Finite element approximations

In this section we analyse the discrete formulations of Problems I and II, referred to respectively as Problems Th and ITh,
via the discrete counterparts of Problems Iph and IIph. The discrete spaces are chosen in such a way that Problems Iph and
IIph are equivalent to Th and IIh, respectively. The goal is to establish well-posedness and convergence uniformly in the
incompressible limit. The emphasis is on low-order quadrilateral elements, with the displacement approximated by contin-
uous piecewise-bilinear functions.
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4.1. Finite element spaces

We assume that .7}, is a regular partition of Q, in which the elements are generated from a reference square K = (—1, 1)2
through a family of affine maps. The diameter of an element K € 7, is denoted by /g, and the mesh size / is defined by
h = maxgezhx. For non-negative integer k, let 2, be the space of polynomials in two variables of total degree less than
or equal to k, and 2, the space of polynomials in two variables of total degree less than or equal to k in each variable.
Then a typical element K € 7, in generated by the affine map Fx from the reference element K; that is,

where By is a constant, invertible matrix and b is a vector. It is clear that if # € [2,(K)]’, then ¥ o F;c' € [2,(K)]’.

We consider the following discrete version of the abstract problem (2.9). With the bilinear forms defined as before, we
introduce the finite-dimensional subspaces &, C &, ¥, C ¥, M;,, C M, and N, C N, and consider the problem of finding
(P, my) € @, x M, that satisfy, for (f,g) € V' x N/,

a(y, ) +bi(y,my) = (f ) for all y, € Py,

4.2
bz(d)}”nh) — c(mh,nh) = (g,nh> for all n, € Ny. ( )

By analogy with Theorem 2.1 we have the following result on the discrete problem. As in the continuous case the results in
[2,18] have been extended to the case c(-,-) # 0. We omit the details of the proof, which follows that in [2,18].

Theorem 4.1. Define the kernels Z;, Zj, and K, according to

Zy = {l//h c @h\b(wh,nh) = Ofor all ny, € ]Mh}7
Z, = {n, € My|b(Y;,,ny) = 0 for all Y, € @}, (4.3)
K, = {mh S Mh\c(mh,nh) = OfOV all n, € Nh},

and suppose that the bilinear forms a(-,-), b{,") and c(:,*) are such that

(a) there exists a constant oy, > 0 such that

a b
sup AWOV8) o ool Y, € Za
/RSN ”lph”‘l’
sup a(d,,¥,) >0, Yy, €Z;,\ {0}

(A4

(b) there exist two positive constants B, oy such that for all (my,n,) € M;, X Ny,

bl my bz ny
sup AW o g vy and  sup PR o g
YReP), ”‘/jh”sﬂ (A H‘bh“q)

(¢) the continuous bilinear form c(-,-) is positive semidefinite and symmetric, and there exists a positive constant v, such that
for all iy, € (Z5,)", one can find my, € 7\, satisfying

Youllmonllye < Nl

4.4
c(mop, ny) = —c(my,ny), for all n, € ZIZh' 4

Then for [f,g] € V' x ImB, the problem (4.2) has a unique solution [ ¢, my] in @, x M/Z', N K, which moreover satisfies
the bounds

llmns alllarco < dinlllf's &l v (4.5)

If (¢p,m) € ® X M is the solution of (2.9) then

I = bpsm = malll pcpr < Ks{inf I — all, + inf |jm— mhIIM}- (4.6)

PrEDy

Returning to the problems at hand, we define the space V), of discrete displacements to be the subspace of V' comprising
continuous functions whose restriction to an element are bilinear polynomials; that is,

Vi = {mllg € [21(K))} (4.7)
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The finite element space of pressures Q,, is defined by

0 = {4 € Li(Q); qulc = @no F', G € 2o(K) for all K € 7;}. (4.8)
The finite element spaces of strains and stresses are denoted respectively by D, and S, and are subspaces of D and S,
respectively. These spaces will be defined shortly, in the context of Problems Ih and IIh.

4.2. Finite element analysis of Problem I

An assumption made in [8], and adopted here, is that the discrete spaces of stresses and strains are equal; that is, for
Problem I
Sy = D, (4.9)
We now introduce discrete variants of Problems I and Ip.

Problem Ih. Given ¢ € V', find [6},d),, u;,] € S;, X D), X V), that satisfy

ai(on, dy; Ty vi) + b1 (T, vi;uy) = €(vy)  for all [z, v,] € Sy X V),

(4.10)
bz(ﬂh,dh;eh) =0 forall ¢, € Dy,
Problem Iph. Given ¢ € V', find [6},d), pp, uy] € Si, X Dy, X Oy X Vy, that satisfy
alp(dh,uh;eh,vh)+b1p(eh,vh;ph,ah) :E(Vh) fOI' all [eh,vh] GD;, X V;” (4 11)
bip(dy, uns gy, th) — c(py, 043Gy, ) = 0 for all [1),q,] € Sy x Q). .
Assumption. We assume that
trD, C Q,. (4.12)
Under assumption (4.12) Problems Ih and Iph are equivalent. We focus attention henceforth on Problem Iph.
Lemma 4.2. Assume that (4.9) and (4.12) hold, and further, that o> 0. If
(@) (Vy, Qy) is stable for the classical Stokes problem,
(b) 011 C S,
then Problems 1h and Iph have a unique solution [ d,, uy, p;, 6] € Dy X Vi, X Q) X Sy, which satisfies the bound
dillo + llanlly + llonllo + llpally < cll€lly. (4.13)
If [d,u,6,p] € DX VX SXQ is the solution to Problem Ip, then the discretization error
My = — dilly + Il = w3 + llo = aulls + Il = pillo
is bounded by
M < c{e;ggh Idy el + inf lu—wl, + inf [la ~ ], + inf [lp - q,,|o}, (4.14)

where ¢ is a positive constant independent of 1 and h.

Remark. The lemma asserts that the solution [uy,d}, 6, p,] of Problems Th and Iph converges uniformly to the solution
[u,d,e,p] of Problems I and Ip under the given set of conditions.

Proof. To prove this result, we need to verify the conditions of Theorem 4.1. We first show that b;,(-,") is A-independent
inf-sup stable. Let [g;, 1] € Oy % Sj,. Then [13] there exists ¢, > 0, independent of # and wy, € V), such that

(g4 divws)o = sl and  [[will; < eallglo- (4.15)

Let Ps, be the orthogonal projection onto the subspace S,. Since S, = D, we can take e, = Ps,e(w),) — 1. From the Pro-
jection Theorem and (4.15) we obtain
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2 2
bup(en, Y 1, Th) > bip(Ps, €(Wn) — Tny Wi qas Th)o > lgallo + llTallo — (gn, trea)g
(| [Ps,€(wn) = Tn, walll ey 2{[wally + llallo

V2 2

sup
len,vu]EDRX V), ||[eh’vh]||D><V

2e2laullo + Nl = 2\/Zg~ﬁmqhvfh]||gxs~ (4.16)
Next, to establish the coercivity of a;,(-,-) on the discrete kernel Z, of by,(-,"), defined by
Zy = {[Ps,€(v), vs] | tr(Ps,e(v;)) = 0 for all v, € V,,},
we take [d,,u,] € Z), that is, d, = Ps,€(uy,), and let s € R. Then
any(dy, s dy, ) = 2ulldy g + 2ollem,)|lg — 22| P, €y I
= 2ul|dyllg + 2]l €(a) [[g — 2521 P, €(a) [[g — 22(1 = )| P, €(vi) I
= 2ulld 5 + 22| e(as) [[§ — 2s2|Ps, €(an) I§ = 22(1 = 5) |l
= 2(p— o1 = ))ldllg + 2| €(ats) g — 2s22]| P, () |-
We now consider two cases.
(a) 1 =% < s < 0: for this case we have 0 <o« <y, and 20|€(up)||g — 252]|Ps, €(my)|g = 20| €(u) 5. Thus
ary(dy, s dy ) > 2(i— o1 — ) |dylg + 22l e(u)lfg > 2(1 — o1 —9)) |y + 2o [lul]}
> 2min (i — (1 = s),ac3) || [di, ] [ (4.17)
where as before ¢k is the constant in Korn’s inequality.
(b) 0 <1 —% < s < 1: for this case we have « > p, and from ||Pg, e(uy)||, < ||€(u)||y, we obtain
20 €(uy) Iy — 2s2l|Ps,e(m)llg = 22(1 = s)lle(w) 5.
Thus

a(dy, wys dyy ) = 2(1 — (1 — 3))||d |y + 22| €ay) || — 25| Ps, €(uy) |
(1 — (1 — ) |dallg + 20:(1 — )| (o) g

(= a1 = )y llg + 20(1 = 5)c |||}

> 2min (j— (1 —s),a(1 — $)ci) | [dy, wi]|[3,-

Finally, we check condition (¢) of Theorem 2.1 for Z, = Z, = Z;. From the definition of ¢(-,), and the fact that
(64, Pr; Ths qn) € (Z;l)l x Zj,, we have c(@y, pp; Th, i) = 0. Thus c(609, py; Th, g») = 0 for all [z,,¢,] € Z}, and we can take
[60,p0] = [0,tray] = [0,0], with y, any positive number.

This completes the proof of the lemma. [

AR\

2
2

vV

Remarks
(a) It is important to note that the stability of the displacement—pressure pair is needed for the inf-sup condition on
blp('a )
(b) The admissible range of o varies according to the sign of s, which can be chosen a priori.
(c) If =0, then the bilinear form a,, is coercive if a discrete Korn’s inequality which has been recently discussed in
length in [6] is satisfied. That condition requires that there exists a positive constant ¢ < 1, independent of /, such that
for all (v,,K) € V}, X T,

1Ps,€(wi)llc = clleva)lx- (4.18)

Later, we shall choose bases for which (4.18) is not satisfied for the case o = 0.

4.3. Finite element analysis of Problem II

We assume here that
D, CS,. (4.19)

As in the case of Problem I we begin by defining the discrete versions of Problems II and IIp.
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Problem ITh. Given ¢ € V', find [6},d),, u;] € S;, X D;, X V), that satisfy

az(ah,dh;mh,vh) + b3(mh, Vh;llh) = €(vh) for all [m,,,v;,] €D, xVy,

(4.20)
by(6y,dy;t,) =0 for all 7, € Dy,
Problem IlIph. Given ¢ € V', find [6},d}, up, pr] € S, X Dy X V), X Q, that satisfy
asy(dy, wy; Ty vi) + bs(Th, v 04, py) = £(vy)  for all [z, v,] € S x Vi, 4.21)

be(dy, un; 4y, €n) — c(6n, Py @ en) = 0 for all [e,, q,] € Dy x O,

We once again adopt assumption (4.12), so that Problems ITh and IIph are equivalent, and we proceed by analyzing Prob-
lem IIph.
Remark. It is easy to show that when S, = D;, Problems Ih and IIh are equivalent.
For the well-posedness and uniform convergence of Problems I1h and IIph we have
Lemma 4.3. If 0 <a < p, tr Dy, C Qy, the pair (V;, Qy) is Stokes stable, and Q1 C D;,, then Problems Ilph and 11h have a
solution (dy,, uy,, 61, p;,) which is unique in (D, X V}) X (S), X Q) and which satisfy the bound
dillo + llaally + llonllo + llpally < cll€lly. (4.22)

If d, u,P,a) € (DX V)X (QXS) is the solution to Problem 1lp, then the error i, = ||lu —llh||? + o — 0h||§ i ||d—dh||(2)+
lp — pylle is bounded by

m<e {etgglndhehu + inf =%, + inf [lo %, + inf [lp - qhno}

in which the constant c is independent of /.

Proof. Again here, we need to verify the conditions of Theorem 4.1. The bilinear forms ax,(*,"), bs(",-) and be(:, ) and c(-,")
are continuous since V;, & V, D, & D, S, & 8,0, ¢ Q, and we have ||az,|| < 4o+ 2p, ||| < 2\/§ and ||| <

The sup conditions on b5 and bg can be established exactly as in the case of Problem Iph, and the details w111 therefore
will not be presented here.

In order to verify the stability of a,,(:,"), knowing that 0,1 C D;, C S, we first observe that the kernels Zs;, and Zg, are
given by

Zsy, = {[Ps,€(vn),va] | (p,1,€(v4)), = 0 for all p, € Q,},

423
Zoy = {1Poyelu).y) | (g1, e(uy)) = 0 for all g, € 0, }. (4.23)

For [dy,u] € Zg;, that is d, = Pp,€(uy,), and taking v, = u;,, we have

sup axy(dy, wy; Ty Vi) _ axy(Pp,€(uy), uy; Ps,€(vy), vy)
[envnl€Z1 ”[Thvvh]”SxV €V |HPS;,€(vh)7vh]||S><V
- 20| €(my) |l + (21 — 29)[|Pp, €(us) o n 2u(Pp,€(up), Ps,€(uy) — €(my)),
2H”h||1 2||”h||1

The satisfaction of the stability condition depends on the sizes of D;, S, and . We clearly see that we should take
0 <o < p. Now, for D, C S, and using the identity (Pp,e(uy), Ps,€(uy) — €(u;)), = 0, we have

sup a2p(dh;uh;rh7vh)

(Th,vn)EZ1n H[ThvvthxV

> acy ||usl|,- (4.24)

But since [dj, ux] € Zoy, we have ||[dy, w|| < |dally + llually, < [P, €(@n)llo + lually < 2llsll,- That'is, [lusll; = 3 1(d, )|,y
Finally,

. 2
Su azp(dh,”h»fm vh) > Xk d,. u, ) 4.25
p — ) s U]l pxy

[envhl€Z 1 ||[Th7 vh]”SXV
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Turning to the second sup condition on a,,(-,"), for [t,,v,] € Zs,\{0} we have

sup  axy(dy, wy; Th, vi) = Sup as,(Pp,e(v),v; Ps,€(vy),vs) = ar,(Pp,€(v), vi; Ps,€(vy),v,) (taking w, = v,)
[dy.up)€Zoy, wev,

= 2ol|e(vi)[l§ + (21 — 200)||Pp, €(vi) |; + 21(Pp, €(v4), Ps,e(vs) — €(vi),
= 20| e(vy)l5 + 2(1 — ) |[Pp,e(vs) |§ > 0.

The second condition on ay,(-,") is obtained in the same way. The condition (c) is checked exactly as in the continuous case
and therefore will not be repeated here. Thus the lemma is proven. [

4.4. Some examples of spaces

In this section we construct finite-dimensional spaces V7, D;, S, and Q) that satisfy the conditions specified in Lemmas
4.2 and 4.3.

Before giving some concrete examples of bases for S, and Dy, we introduce the Voigt vectorial representation of the
tensorial quantities stress and strain. These are written as

g1 dll
o= | 0n and d= d22 . (426)
o1 2d1»

The function e(u) representing the strain as a function of displacement is written in vectorial form in the same way as d.
For convenience we work with a uniform mesh of square elements. Starting with Lemma 4.2, and knowing that the pair
0 — Py is not Stokes stable [3,13], we first partition .7, into a mesh of 2 X 2 macro-elements, as shown in Fig. 1.
Next, from standard arguments [3,4,13] we define the subspace Q;, by

O = {4y € L(Qs;qlx = @ o Fi' a1 € 20(K), 4] ¢ = b’y + 00’y + 0’y for all 4~ € 7},

where o; are real numbers and ¢, are defined by

1 on Ky, —1 on Ky, —1 on Ky,
R TR S SRR 427
1 on Ky, —1 on Ky, 1 on Kj4.
We introduce the checkerboard space
CBy = {q), € L*(Q)iq4lx = 4w o F' . q; € Po(K), q,|, = uCBy for all A" € T},
where
1 on Ky,
CB, — _1 ZE 2 (4.28)
—1 on Kj.
Finally, we define the space
Vi = {wi|vi € Vil(divws, q,), = 0 for all g, € CB,}, (4.29)
where
Vi={v€V,wl, =voFg' v € 2(K) for all K € F;}. (4.30)

K | K;

K | Ky

Fig. 1. Macro element #".
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From [3,13], the pair (fl7h, 0,) is stable for the Stokes problem and equivalent in terms of degrees of freedom to the 0, — P;
discretization on the macro-element #".

An alternative approach would be to adopt the “overstabilization” procedure proposed in [22,23], which amounts to
taking

0, = {4, € L*(Q)lg,lx = 4 OFEIaCIh € ,@0(k), Gl = 0‘1¢.1y/ for all 4" € T y,}.

In this last approximation the couple (7}, Q;) is equivalent to the O, — P, element.
Now for the stress approximation we must first impose the condition (4.12), and taking into account the fact that the
pressure is approximated on macro-elements, the same will apply to the stress. Therefore the direct components of the

stress should be spanned by (¢',);_,. For Problem Th we consider

Dy, =8, = {1, €S|(thly ) = Bn)y 0 F, 1 € S for all # € Ty}, (4.31)
where S, = 30 "¢, + S?CB,, and
1 00 0 00
S'=span|0 1 0| and S*=span|0 0 O0]. (4.32)
0 0 1 1 3

We see that because of the choice of S, the checkerboard mode has been eliminated, and the trace of such stress and strain
is constant on each macro-element. With this choice we see that (4.18) is not satisfied, since for that inequality to hold we
should require at least that dim S;, > dime(V}) = 15 on each macro-element. But here the dimension of S, restricted to
each macro-element is 12. Therefore for that choice of element, the corresponding Hu—Washizu formulation for o =0
is not well-posed.

We conclude the study of Problems Iph and Th with the following result.

Theorem 4.4. Let [d,u;p,6] € (DX V)X(QXS) be the solution to Problem 1 or Ip such that [d,u,p,e] €
[H' Q1 < [ HH( Q1> x H(Q) x [ H'(D1*. Then for o.>0 and with the discrete spaces chosen according to (4.29)~(4.31),
there exists a unique solution [ dy, uy, py,6,) € Dy X Vi, X O, X Sy, of Problems Iph and Th such that

ld = dplly + llu — wll, +[lo = oully + llp — pallo < ch, (4.33)
for some positive constant ¢ independent of h and ).

Turning next to Problem II, for the spaces satisfying Lemma 4.3 we take (¥, O5) as before. Again the direct components
of stresses and strains are spanned by (¢',);_,. Since D, C S, we can choose

S, = {‘L’h S S|(Th|,%)kl = (%h)kl OF;/I,%h S S[( for all 4 € fa/hzh}7

) . i (4.34)
D, ={e, € D|(es] ,),; = (€n),, 0 F ey € Dg for all A" € Ty},

where Dy = Zf:]Slqﬁf%- + S2CB,,, Sy = Zf:]Sl(b}- +S3CB,,, and

000 0
S*=span|{0 0 0 0
1 % § i

Moreover, on each macro-element 4~ € 75, we have dim S;, = 13, dim D, = 12. Again for this choice condition (4.18) is not
satisfied, so the corresponding Hu—Washizu formulation for o = 0 is not well-posed. With this choice of spaces we have the
following convergence result for Problem IIph.

Theorem 4.5. Let [d,u;p,6] € (DX V)X (QXxS) be the weak solution to Problem 1lp such that [d,u,p,6] €
[H' (Q]7*x [HX(Q)]*x H(Q)x [ H'(Q)]%2. Then for Vy, S, Q, and D, as chosen, there exists a unique solution
Ldp, up;pp, 6] in (DX V) X (Qp, % Sy) to Problems llph and 11h, and a positive constant ¢ independent of h and 1., such that

ld = dllo + [l — will, + llo = anlly + llp — pally < ch. (4.35)

5. Numerical experiments

In this section we present a selection of numerical results in which the features of the formulations introduced earlier are
compared with existing formulations. All examples are assumed to be under conditions of plane strain and for quasi-
incompressible materials, with Poisson’s ratio v = 0.4999. Four-noded quadrilateral elements with standard bilinear inter-
polation of the displacement field are used.
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There is a minor difference between the bases (4.32) for stress and strain associated with Problem Ih, and those in (4.34)
that are associated with Problem ITh. In fact the difference lies in the bilinear term xJ for the shear stress in Problem I1h.
The numerical results were found to be essentially unaffected by the presence of this term, without which we have S, = Dy,
so that Problems ITh and Th are equivalent. In the examples that are presented, attention is therefore confined to Problem
Ih with the basis (4.32).

If o = 0 then Problem Ih is ill-posed for this choice of bases since the corresponding bilinear form will not be coercive, as
pointed out earlier.

We are interested in showing computationally the stability of Problem Ih when the stress and strain are approximated
element-wise by S', and also in showing the poor behaviour of these formulations for « = 0, using the same bases.

It has been shown in [5,6] for an extended version of the Hu—Washizu formulation that even when the spaces of stresses
and strains are chosen to be simply constant element-wise, in which case they contain a checkerboard mode, the displace-
ment satisfies an a priori bound that is A-independent. This will be demonstrated numerically in the examples that follow.

The formulations referred to in the examples that follow are:

ThO Problem Th with " and D" spanned by S', with o =0

Ihl As Th, but with « = /10

1h2 As Th, but with o = p

EAS  Method of enhanced assumed strains [21]

Q1 Standard displacement formulation using the four-noded quadrilateral

MHW Modified Hu—-Washizu formulation [5,6] with stress spanned by the Pian—Sumihara basis [19]
MES Method of mixed enhanced strains [16,17]

Example 1 (Cook’s membrane problem). In this standard benchmark problem simulations are carried out for progressive
uniform refinements of the mesh shown in Fig. 2. This figure also shows results for the top corner vertical displacement, for
various formulations. Convergence is achieved for all formulations except the Q; element. For formulation Ih0, for which
we expect lack of convergence, it is found that convergence is achieved from above, while Th1, that is, the case for which o/
w=0.1, gives the most rapid convergence. Of course the results on error estimates that have been established relate to
errors in the norms of the spaces on which the problem is defined. We examine these errors in the following example.

Example 2 (Cantilever beam). We consider a beam of unit thickness, subjected to a couple at one end, as shown in Fig. 3.
Along the edge x = 0, the horizontal displacement and vertical surface traction are zero. At point (0,0), the vertical dis-
placement is also zero. The exact solution is given by

21 (1 — vz)x(l f v

_ s _ 1 2 (42
ulx,y) =——4 3 y>, and v(x,y) [x t1 07 =)

El
We set L= 10, /=2, E=1500, v = 0.4999, and /= 3000.

10

g,
_ Ll
< 1100 =
i+ 57r
7 5
/] 5 6f
e o
/] =
/] S 5
= 4 g
- >
e 4t
/ —e—C.)1
/]
Ve 3l —=—EAS |
7
1+ e e e
48 0 5 10 15 20 25

{ Number of elements per side

Fig. 2. Cook’s membrane problem.



6344 J.K. Djoko, B.D. Reddy | Comput. Methods Appl. Mech. Engrg. 195 (2006) 6330-6346

Ty
!
/
f T
L
0.7
——
o6 =
—A—|h2
——MES
0.5 —*— MHW
_ ——Q
= —+—EAS
T 04}
=} /()
(@]
o3
0.2
0.1

0 1 1 1 1 1 1
-02 -01 0 0.1 02 03 04 05
log h

Fig. 3. Cantilever problem: behaviour of displacement error, measured in the H' norm, with mesh size, using regular refinements of a rectangular mesh.

Fig. 3 shows the behaviour of the displacement error
2 2 2
[l — w7 = Nl = wplg + [ Ve = V[

with regular meshes of 4 x 2, 8 x4, and 16 x § elements. It is manifest that formulations Ih0 and Q; behave poorly, while
the other formulations show approximately linear convergence. The same behaviour was observed for distorted meshes,
and these results are accordingly not presented here.

Example 3 (Influence of o). Next, we investigate the dependence on « in the displacement error. For this purpose we com-
pute solutions to the cantilever problem in Example 2 for a mesh of 200 elements, for varying o. While the analysis in Sec-
tion 4 is not amenable to determining optimal values of «, it is seen in Fig. 4(a), at least for this example problem, that an
optimal value exists in the region between p/4 and u/8. The same results are shown in Fig. 4(b), this time as a log-log plot.

Example 4 (Driven cavity). We consider the problem of a unit square subjected to a unit horizontal displacement along
the upper boundary. The material properties used are Young’s modulus E=0.1, Poisson’s ratio v=0.4999, and A/
1= 10". The aim here is to demonstrate numerically the existence of the checkerboard modes predicted in our analysis.

The hydrostatic pressure p is computed from tre;, = g, + g, for uniform meshes of square elements with 20 and 40
elements per side. The pressure distribution along the line y = 0.22 is shown for Ih0 and Ihl in Fig. 5. The checkerboard

2 - 2
1.9 1.9
1.8 1.8
?-C 1.7}F ?-C 1.7}
=] =]
o 1.6} o 1.6}
° °
1.5} 1.5}
1.4f 1.4f
13 L L L L L L L L L 13
0 0.1 02 03 04 05 06 07 08 09 1 -4
(a) o/u (b) log ou/pt

Fig. 4. Log-normal plot of norm error in displacement vs o for the cantilever problem.
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0.04 T T T T T T T T T 0.04

0.03} —— 40 elts per side 1 0.03 - —— 40 elts per side

—a— 20 elts per side —=&— 20 elts per side

0.02} 0.02 |
0.01 0.01
=
6~ 0 © ot
o =
-0.01} -0.01 F
-0.02} -0.02 |
-0.03} -0.03 b
7004 L L L L L L L L L 7004 L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
(a) (b)

Fig. 5. The checkerboard mode associated with the trace of the stress, or the pressure: (a) problem 1h0; (b) problem 1hl.

mode is easily seen for both problems, as expected; the stabilization that arises in problem Ihl from a choice of a non-zero
value of o has no effect on the presence of the checkerboard mode, as the theory in Section 4 makes clear.

6. Closure

Extended Hu—Washizu formulations have been presented based on the elastic-visco-split-stress method proposed in
[8,9]. These formulations extend the classical Hu—Washizu formulation in the sense that for « = 0, one recovers the classical
formulation. These formulations relax the system since the stabilization term introduced allows the use of very simple ele-
ments while still achieving a stabilized formulation, and uniform convergence in the incompressible limit. Error estimates
obtained are first order accurate and the numerical results reflect this feature. Extensions to three-dimensional problems are
under investigation. In addition, it will be useful to obtain theoretical results that explain the dependence of the solutions
on the parameter o.
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