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Abstract

A new class of quadrilateral and hexahedral elements (four- and eight-noded in two and three dimensions, respectively) is presented.
These elements are obtained by combining the concept of the equivalent parallelogram for plane problems, and the equivalent par-
allelepiped for three-dimensional problems, with the notion of incompatible modes. A key feature of the new elements is that inte-
gration of the element stiffness matrices is carried out using one-point integration. The use of affine-equivalent elements
(parallelograms and parallelepipeds) permits a closed-form eigenvalue analysis which includes the incompatible modes, and a stabi-
lization procedure based on the eigenvalue analysis ensures the full rank of the stiffness matrix. Numerical results for problems in
elasticity and plasticity indicate equivalent or superior performance of the new elements, when compared with various elements based
on enhanced strains or incompatible modes. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The bilinear four-noded quadrilateral and trilinear eight-noded hexahedral elements are widely used in
the finite element analysis of problems arising in solid mechanics. Unfortunately, use of the simple bi- or tri-
linear basis functions in displacement formulations leads to poor performance in bending-dominated sit-
uations, and in problems involving incompressibility or near-incompressibility.

A wide range of procedures have been proposed for resolving this difficulty. One commonly used remedy
is that based on a combination of underintegration plus stabilization (see, for example, the work of [5,6]).
The great advantage of this approach is its efficiency, in that only a single integration point is used.
However, the components of the stabilization matrix are not uniquely defined in the case of non-affine
elements (that is, elements which are not parallelograms in two dimensions or parallelepipeds in three), due
to the fact that it is not possible to evaluate the eigenvalues of the stiffness matrix without an inappropriate
amount of effort.

Stabilization by means of novel underintegration schemes is the subject of [10]. Integration over a
quadrilateral is carried out numerically by subdividing the element into two triangles, and by using one-
point integration on each triangle. The method has been proven to be robust and efficient.
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Another popular approach is that associated with the enrichment or enhancement of the strain or stress
field by the addition of carefully chosen basis functions. The key work dealing with enhanced strain for-
mulations is [14]; in this approach the enhanced strain field is condensed out at element level, leading to a
modified stiffness matrix.

The assumed stress approach [9] leads to a formulation very similar to that based on enhanced strains,
and in fact the two are equivalent in certain circumstances [1]. Even the previously mentioned underinte-
grated elements with additional stabilization can be derived from enhanced strain elements for certain
element shapes [8], so that a clear line cannot always be drawn between these methods. This holds par-
ticularly for affine elements.

It has been shown in [14] that any enhanced strain field has to fulfill certain conditions in order to ensure
that the method is stable and consistent. The method of incompatible modes fulfills this condition for affine
elements, while the modification due to Taylor ensures that the condition is fulfilled generally. For the
enhanced strain method this condition is fulfilled readily by an appropriate choice of basis functions. Reddy
and Simo [11] have examined this and other conditions in a study of the convergence of the method.

But still, for the enhanced strain element, the quality of approximations for arbitrary elements declines
with increase in distortion. The approach that is complete to order two on the master element suffers a lack
of completeness in physical space as the higher order enhanced strain field gets mapped from the master to
the actual element. The key problem here is that the Jacobian matrix is non-constant. Nevertheless, these
elements are convergent, as the study by Arunakirinathar and Reddy [3] has shown, and numerous com-
putational tests have confirmed.

It follows that all the different element formulations are concerned with improving element performance
in the case of non-affine elements. In this paper an alternative approach is taken. Rather than overcoming
the problems of distortion by adding new modes, the geometry of the element is adapted to accommodate
the modes that are used naturally with affine elements. More precisely, the arbitrary element is replaced by
the affine element that is closest to it, in a manner that can be made precise. Such an affine element is known
as the equivalent parallelogram in two dimensions, and the equivalent parallelepiped in three.

It has been shown in [2] that the interpolation error obtained by using the equivalent parallelogram
instead of the original distorted element is of the same order as that corresponding to the usual interpo-
lation error. The element stiffness matrices associated with the equivalent elements are therefore admissible
alternatives to the ‘exact’ stiffness matrices of the original elements, while at the same time they are far
easier to construct.

In Section 2 the equivalent parallelogram and parallelepiped are introduced. Section 3 is the core of this
work; here the connection between the enhanced strain (or incompatible modes) and stabilization methods
is made in the context of an eigenvalue analysis, and the extension of the method to small strain plasticity is
given (the successful application of this methodology in the context of hyperelasticity, and in three di-
mensions, has been presented in [12,13]). Then, in Section 4, some numerical results are presented, in which
the performance of the new element is compared with that of other elements, in two and three dimensions.
The concluding section discusses related and future work.

2. Geometrical properties

The notion of the equivalent parallelogram associated with a quadrilateral arises naturally when one
seeks to define the parallelogram that is closest to the quadrilateral, closeness being defined in an appro-
priate manner. Assuming that such a parallelogram can be constructed, the quadrilateral can then be re-
garded as a perturbation of the original domain.

Likewise, in the three-dimensional case, one seeks to construct an equivalent parallelepiped which is
closest to a given hexahedron, in a sense made precise.

For brevity we summarize the relevant details in the context of the equivalent parallelepiped. The re-
duction to two dimensions is straightforward, and details can be found in [2].

Suppose that we are given an eight-noded hexahedron; this element can be generated by a trilinear map
from a cubic master element Q = (—1,1)’, according to
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8
X = Z xANA, (1)
A=l
where
1
Na(®) =g (1+ &1+ na)(1 +L,0) @
and in which &, = (&4, n,,(4) (4 =1,...,8) are the coordinates of the vertices of the master element. If we

define N = [N - 'Ng]T, then (2) becomes, in vector form,

affine part

(r+g:t+gm+gLl+mné+hin+ i +hénl). 3)

non-affine part

N(&) =

S

The vectors r, g:, g,, g, are respectively the rigid body and stretching modes, while o, (4 =1,...,4) are the
bending modes; these are given by

1 —1 —1 —1
1 1 -1 -1
1 1 1 —1
1 1] — 1 1] —
“:z} &= J &g ﬁ &=y f (4)
1 1 —1 1
1 1 1 1
1 —1 1 1
1 1 1 -1
- 1 -1 1
1 - -1 -
1] — 1] — 1
e I L e B I B (5)
—1 —1 1 —1
1 1 1 1
—1 1 —1 —1

The equivalent paralellipiped is then simply defined to be the figure obtained using only the affine part of

the map (3). The nodal coordinates Xg of the parallelepiped are thus given by

X 21 0 1 1 0 -1 0 X
X 2 1 0 O 1 0 -1 X>
X3 2 1 -1 0 1 0 X3
34 _ 1 2 0 -1 0 1 X4
| 4 2 1 0 1 Xs
X 2 1 0 X
X7 2 1 X7
X3 s y m 2 X3

The shift from the arbitrary hexahedron to its equivalent parallelepiped can be written using alternating
vectors k;. These vectors may be obtained by writing the map (1) from the master element to the hexa-
hedron in the form

8

Ny(&)x4 + ZNA(@(XA —-X) = N4(E)Fy + ki En + kanl + k3 EC + kaénl (6)
=l

M)
M)

x=F(§) =

A=1 A=1
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in which

1

k :§(+x1_x2+x3_x4+x5—x6+x7—xs)»
1

k2:§(+x1+x2*x3*x4*x57x6+x7+x8)’
1

k3=§(+.¥1—X2—x3+x4—x5+x6+x7_x8)’ @)
1

k4:§(—x1—|—x2—x3 + X4 + X5 — Xg + X7 — Xg).

It is worth emphasizing that the volumes of the hexahedron and its equivalent parallelepiped are equal.
The reduction to the two-dimensional case is achieved by setting the coordinate { equal to zero, and by
summing over 1,...,4in (1). In this case the rigid body mode r, constant gradient modes g and g,, and the
hourglass mode & take the form
1 -1 1 1
1 -1 -1
V:% 11 gizi ) gﬂ:% -1 h:% 1 ' (8)
1 -1 1 -1

The equivalent parallelogram associated with a quadrilateral is illustrated in Fig. 1.
2.1. Convergence properties

An analysis of the equivalent paralellogram, carried out in [2], leads to various results that are of use in
establishing the convergence of finite element approximations based on the four-noded quadrilateral. For
example, let

x=F(&) =At+¢ )

represent the affine map from the master element to the equivalent parallelogram; here 4 and ¢ are re-
spectively a constant matrix and vector. Then, if the length of the longer diagonal of the parallelogram is 4,
it can be shown that there exist positive constants ¢; (i =1,...,6), independent of /, such that

cth< || 4| < eah,

esh < |4 ' <esh, (10)
C5h2 < || dCtZ” < C6h2.

equivalent parallelogram

Fig. 1. The equivalent parallelogram.
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These bounds allow one to obtain the interpolation error estimate for an arbitrary quadrilateral whose
equivalent parallelogram corresponds to the map F, and it is shown in [2] that there exists a constant C,
independent of 4, such that

|u—Iu |, <Ch (11)

| - |1 is the H' — or energy seminorm and ITu represents the interpolate of a function u € H*(Q), in the sense
that the image of IT on the master element is a member of O, the space of bilinear functions.

In the same way it can be shown that if K and K are the stiffness matrices corresponding to the quad-
rilateral and its equivalent element, then the consistency error E, defined by

E=|K-K]|, (12)

and which represents the error due to the replacement of quadrilaterals by their equivalent paralellograms,
is bounded in the sense that

E<Ch

for some positive constant C. This error is of the same order as the interpolation estimate, so that the total
finite element error remains one of order /4. Similar results hold in the three-dimensional case. These error
estimates are of course no guarantee that the use of equivalent elements will lead to an improvement in
approximations — the estimates are, after all, asymptotic — but it will be shown in Section 4 that this ap-
proach does indeed give very satisfactory results, with a significant reduction in computational effort.

3. Incompatible modes and equivalence with underintegration plus stabilization

We begin by reviewing the incompatible modes formulation for a parallelogram and a parallelepiped; this
formulation will then be transformed to an equivalent one based on one-point underintegration plus sta-
bilization.

At this stage, it should be pointed out that the underintegrated stiffness matrices of the arbitrary
quadrilateral and its equivalent parallelogram are identical. This becomes obvious if one bears in mind that
the equivalent parallelogram represents the affine part of the mapping of an arbitrary quadrilateral, so that
the constant part of the stiffness matrix of the arbitrary quadrilateral and its equivalent parallelogram are
identical. The proposed method can therefore be understood in terms of the usual underintegration method
where the properties of the equivalent parallelogram are used only to evaluate the stabilization factors
analytically.

3.1. Parallelograms

We require various properties of an arbitrary parallelogram, shown in Fig. 2.

Fig. 2. Geometrical properties of the parallelogram.
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If (x'y') is a coordinate system with origin at the centroid, and the x'-axis parallel to one of the sides of the
element, then the map from the master element to the parallelogram takes the form

, a d ,_b
x—zf*‘z”l and Y =5 (13)

where a,b and d are defined in Fig. 2. This map has the Jacobian matrix

J:%(g Z). (14)

For a problem in solid mechanics with displacement vector u, we write the compatible part of the dis-
placement in the form

4 4
u=> Niiy;, v=>Y Ny, (15)
A=1 A=1

where u, and v, are nodal values.
The derivatives are then found from (1) and (8) to be given by

ON ON 1 (g + )
ox' _ g7 o¢ _ a 8¢ n (16)
oN oN PR R
and the discrete strain field can be written as
e=B"d, (17)

where d is the nodal displacement vector: that is, d = (it; 0; @y 0 013 U3 iy ﬁ4)T. The matrix B can be split
into a constant part B, and a linear part By, according to

T T T 1 bgg TO T 1 th’? T 0 T
B =B, +B =, 0 —dg: + ag, +— 0 —dh"y+ah™¢ ). (18)
—dg! +ag, bg! ~dh"n + ah"¢ bh"y
constant linear in ¢ and 5

The incompatible modes. The basic idea of the method of incompatible modes is to enrich the approxi-
mation of the displacement field by adding the terms proposed in [16] and [17]. That is, we add to (15) the
modes

(?): <(P1(1—fj)+</’2(1_’72)). (19)
v @3(1 = &)+ ou(1 — 1)
The derivatives in physical space are

ou 4 ov 4

&:_;(/7167 &Z_Z(f)3é7 (20)
G _4d 4 00 _4d 4
3y ab @< b(Pz’% 3y  ab ?3 b%”’

and the complete strain field is now

e=B'd+G'o (21)
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with the matrix G' given by

4 bé 0 0 0
GT:——b 0 0 —dé an ). (22)
WN_dé anp  bE O

The degrees of freedom ¢; can be condensed out at element level to give

-1
o=— [ / GDG" dQ} [ / GDB, dQ} d, (23)
JQ Q
in which D is the elasticity matrix, so that the strain field can be written in the form
e=(B'+B)d+G"p=(B'+B")d. (24)

An eigenvalue analysis. Since

/ 1 / 1BOTDB* det[J]dédy = / 1 / 13}030 det[J]dédy = 0, (25)
we may write the stiffness matrix in the decoupled form

K=K,+K, = / 11 / 11 B!DB, det[J]d¢dy + / 11 / ]1 B'DB, det[J]d¢dn, (26)

where the matrix K, is defined by

Eab? xhh"  dhh"
x = B T T |- (27)
3(b2 4+ d2)*(1 —v)(1 +v) \dhh"  bhh
This is the rank two stabilization matrix for the plane strain problem; here
b4 2d2 2b2d2 d4
o — +a‘d” + + . (28)

a*b
Six of the eight eigenmodes arise from the constant part of the stiffness matrix K, and are easily evaluated
using one-point integration. The underintegrated element has to be stabilized in the usual way using the
eigenvectors corresponding to the flexure modes; these are easily calculated from the linear part of the
stiffness matrix (27) (see also [7]). The eigenmodes in the (x,y) coordinate system (see Fig. 2) are related to
those in the x';) system according to

1
e = ————[(Jycosa+sina)h" (— Jysino+cosa)h'],

1+
1

1+ 7

With K, = /7e7e] + Jseseg, Eq. (27) takes the form

([ ehh™ e hh"
K* N <€2hhT E3hhT ’ (30)

e = [(As cos o+ sina)h" ( — g sino + cosa)h'].

in which ¢; (i =1,2,3) are expressed in terms of 1;, /g and o. The same procedure has been presented for
rectangular elements in [§].

The patch test. The approach given above converges to the exact solution by using the hourglass vectors A
for the stabilization of the underintegrated stiffness matrix. In the case of distorted elements, however, the
patch test is not fulfilled. To avoid this undesirable aspect, the hourglass vector is replaced by the y-vector
(see, for example, [4,6]. The y-vector has the form

Js Ji

e T 4 (31)
0

:h—
4 T8 T g 8
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with the split of the determinant of the Jacobian matrix into a constant and two linear parts, that is,
J=detJ =Jy+ S &+ . (32)

The coefficients are

Jo = aiby — asby,
Ji = aiby — axby, (33)
J2 = a2b3 - a3b2
with
ay by T
a, b 1 gcT
=— - . 34
a2 b2 2 g;f (x y) ( )
as b '

It can easily be seen that the y-vector and the h-vector are identical for the case of affine elements, for which
the factors J; and J, vanish. With this inexpensive conversion of the A-vector the patch test is fulfilled.

3.2. Stabilization with plasticity

The approach outlined above holds for linear and nonlinear problems. In the following the modifications
necessary to treat small strain plasticity and large displacements is investigated. Results for hyperelastic
problems have been presented in [12].

For a problem such as that involving both plasticity and large displacements, the conventional stiffness
matrix will be modified as a result of both nonlinear material as well as geometric effects. Suppose that this
matrix, obtained after suitable linearization, is denoted by K™ then K™ may also be decomposed into
constant and linear parts: that is,

elem T T
K" — g +Kn1 _ I:Knl + (61)’? €YY ﬂ 35
o * Z 0 62,y,yT 63'}7?T ( )

n=1

while the residual becomes

elem T T
ayy d.+eyyd,
R= R, , 36

Z{ i (eszdHEszdy)] (30)

with d, and d, being the vectors of components of the displacement vector d.

To achieve quadratic convergence in the application of Newton’s method the tangent stiffness matrix has
to be calculated from the linearization of the residual. In the proposed method, however, a consistent
linearization cannot be given, as the scalars ¢; are themselves functions of the displacement: €; = €;(d).
Nevertheless, the method is interesting also for nonlinear problems because quadratic convergence can be
achieved with constant ¢;. So, if the ¢; are updated only once at the beginning of a timestep, the results
converge quadratically. It turns out that the frequency of updates of the stabilization factors has very little
influence on the quality of the solution, so that updating once in a timestep is a reliable choice. The elements
for nonlinear problems are again very fast as no inversion has to be carried out, even though the calculation
of ¢; is more difficult as the material matrix becomes fully populated for nonlinear problems. Another major
advantage is that associated with the number of history variables; there are at least 56 for a nonlinear plane
enhanced strain element, whereas in the proposed method, the only history variables are the scalars ¢; and
the stress history data at a single gauss point, giving a total of 9 history variables per element.

The calculation of the stabilization factors for a fully occupied material matrix is more difficult, and is
presented in Appendix A.
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3.3. Stabilization for the parallelepiped

The stabilization factors for the three-dimensional parallelepiped are calculated in a manner similar to
that for the case of the parallelogram. To the usual quadratic approach of Wilson et al. [17] with 9 enhanced
modes, 3 trilinear terms are added in order to prevent locking in the nearly incompressible limit. This
enhancement method is comparable to the 12 enhanced modes that have been introduced by Simo et al.
[15].

3.3.1. The compatible approach

We proceed as in the case of the parallelogram, and define a system of coordinates (x', )/, z") with origin at
the centroid of the parallelepiped, and with the x'—)' plane parallel to one of the sides of the figure. Then the
parallelepiped may be generated by a map from the master element Q = (-1, 1)3, according to

, a d e

x—§6+§1’1+§é’,

b S 37
y=3n+36 (37)
¢

Z—ZC.

Bearing in mind that the map to a parallelepiped is affine, with no bi- or tri-linear terms, the Jacobian
matrix is constant, and is given by

1 (@ 0 0
1:5 d b 0 (38)
e f ¢
with determinant
1
det[J] = gabc. (39)

From (4) and (5), the derivatives with respect to the coordinates of the master element are given by

oON 1
a_é:§(g§+h1n+h3€+h4né),
oN 1
a_nzi(g"—l—hlé—i—hzg-l-lufé)a
N 1
B = 38t b+ i),

and the derivatives with respect to the (x',)/,z') coordinate system, which follow from

ON ON
o ¢
a_N =J7 a_N ,
oy’ on
ON ON
o oL

can easily be written in terms of the eigenvectors; thus we have
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o n
ox/ a (1) 0 a
ON —d - —dn +ag
6_)/ = b g+ | b |8+ (1) g+ ~ab h
ON —be + df ;—f ¢ (=be +df)n —af¢
@ abc abc
¢ 1
0 P 2 n
¢ —d{ —dn +
+| 5 |m+ — hy + ’LT“Q h. (40)
bn — f(
-~ é + < ¢, 4 ) (abén + (=be +df )¢ — af &)
ac abc abe

The matrix B can, as in the plane case, be split into constant and linear parts.

3.3.2. The incompatible modes for the eight-noded brick element
The incompatible modes for the brick element derived by Wilson et al. [17] are enhanced by adding
trilinear terms proposed by Simo et al. [15], and are

( ) - (¢1(1—52)+¢4(1—n2 +<07(1—C)+<010617C)>

)

P5(1 — fj) +@s(1 = 17) + o5 (1 = ) + ¢1,Enl)
@3(1 = &)+ @s(1 — 1) + 9o (1 = &) + 15En0)

The derivatives of the displacements in the coordinates of the master element follow in a straightforward

way, and are

(41)

Ny < =

Ou
FY ¢,
ag P>
n ¢ —ing 1o
ow " —1¢& :
- 2° - Ps
o | _ L —Tan || o
a_l~4+@ ¢ n —%fC _%’7{ ?7 (42)
o o¢ n ¢ —3én | =& || Ps
o ow I é { —tan | =InC 1 #
ol " on Pio
6w ou Pu
6( P12
where @1 = ((/71, ...Qy,) or, after transformation to the physical space x',/, 7,
Ot
ox
v
dy
ow
= |=¢" 43
i oo |7 “3)
o A
o 00
0z Oy
ow Ou

o
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with the matrix G being defined by

4y 0 0 0 0 0 0 o 2t % o
a a
—4 2
0000117’70000%(:@0(3
0 0 0 0 0 0 o nf 4L 2nl % o
T: bc C a
G 4 _4¢ 7 (44)
oot 0 =0 0 0 0 0 0 0 0
a
4 —4 —4
0 0 0 o WA Moy 5 0 o
amf bc c Y b
g T 5 9 0 X 9o 0 0 0 0
bc c a
and with
o = e
]_abv
_2(— (dnl) + all)
0y = )
ab
4. 2n( = (be) +df)L +al(bn = f0))
3 abc ’
_4(— (be) +df )¢
oy = ———"=,
abc

As in the plane case the internal incompatible degrees of freedom ¢ may be condensed out at element level,
to give (23), where the material matrix D takes the form

A+2u
) A

~

A A
+2u A
A A+2u
0 0 (45)
0 0
0 0

S OE®T OO O
O OO OO

SO O
= O oo oo

/4 and p being the Lamé constants. The inversion of the 12 x 12-matrix [, GDG"dQ can easily be carried
out analytically as it breaks down into several submatrices with maximum dimension 3 x 3. The strain field
€ is then given by (24), as before.

3.3.3. The stabilization matrix

The linear strain—displacement matrix B, can be expressed in terms of the four eigenvectors &;. Because of
the mutual orthogonality of the eigenvectors, the stiffness matrix can be split into constant and linear parts:
that is, we may write

1 1 1 1 1 1
K=K,+K, = / / / B!DB, det[J]dédndl + / / / B'DB, det[J]d¢dndl. (46)
-1 J-1 J-1 -1 J-1 J-1

The matrix K, can be easily obtained by one-point underintegration, so that the additional matrix K, can
be regarded as the stabilization matrix.
The stabilization matrix K, is, in terms of the four vectors #A;,

o4 [ev(LDRh evy(1,2)hh;  evy(1,3)hih]
K.=> Y evy(2,2)hih}  evy(2,3)hh] |, (47)

(sym) evy(3,3)hih;

=l j=1
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in which the terms ev; can be obtained analytically for a general element geometry and material law.
Material nonlinearities can be accommodated in much the same way as was shown for the plane case. The
analytical evaluation of the stabilization factors ensures a completely inversion-free evaluation of the el-
ement stiffness matrix.

3.3.4. A new element. Q1EP

Having constructed element stiffness matrices based on compatible modes in both two and three di-
mensions (Egs. (30) and (47), respectively), we now return to the original problem of finding the stiffness
matrix for an arbitrary quadrilateral or hexahedron. In line with the motivation given in the introduction
and in Section 2.3, we choose as the stiffness matrix for the distorted element simply that associated with the
corresponding equivalent parallelogram or parallelepiped. The resulting element is denoted by Q1 EP (for Q1
with the enhanced parallelogram or parallelepiped).

4. Numerical examples

We give in this section a variety of examples in both two and three dimensions, in order to evaluate the
performance of the elements proposed in this work. The performance of the new elements is compared
against that of now-standard elements which have been enhanced in one way or another.

4.1. Plane problems

Example 1 (The two-element test). This standard benchmark problem is treated as one in plane strain, with
E =70 units and v = 0.3. The beam has length 10 units and height 2. Distortion is measured by the pa-
rameter a shown in Fig. 3. The loading is adjusted so as to give a unit vertical tip deflection in the un-
distorted case.

deflection
14

0.2
0 | | 1
0 1 2 3 a 4
Displacement at B Displacement at A
O QIEP: Y vector ® QIEP: ¥ vector
O QIEP: h vector W QIEP: h vector
A QI-E4 A QI-E4
L
RN B
~
=~ ~
~ \‘ A

Fig. 3. The two-element test.
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deflection
)|

027
0251 o/
023
0.21 | 1 | |

2 4 8 16 32 64

elements per side
o Q1-E4 and QI1EP (y vector) e Q1

O Q1EP: h vector

4 '
16

%/ t
44

PR

48

Fig. 4. Cook’s membrane problem.

Fig. 3 shows graphs of variation in tip deflection with distortion. Results for the Q1EP element are
obtained in two ways: first, using the hourglass vector & in the computation of the stabilization term, and
second, making use of the y vector (31). The use of this vector results in an improvement in accuracy which
is more marked as the distortion becomes more severe. In particular, whereas with the use of the hourglass
vector the values of tip deflection at the bottom and top increase and decrease linearly, respectively, with an
average value equal to the exact deflection, the use of the y-vector leads to behaviour that is similar at the
top and bottom, and that is furthermore a marginal improvement over that exhibited by the enhanced
strain element Q1-E4 [14].

Example 2 (Cook’s membrane problem). The Cook membrane problem is carried out as a plane strain
example with nearly incompressible material behaviour (£ = 70, v = 0.4999). Four different elements are
compared in Fig. 4: the standard four-noded element Q1, the enhanced strain element Q1-E4, and the new
element QIEP with the use, respectively, of the hourglass vector and the y-vector in the stabilization
matrix.

The element showing the weakest performance is the standard Q1-element, even with an underintegrated
volumetric part. The Q1-E4 and Q1EP with the y-vector exhibit almost identical behaviour, while Q1EP
with the use of the hourglass vector leads to behaviour that is slightly less accurate.

Example 3 (Plasticity). Here we investigate the Cook membrane problem again, for an elastic-plastic
material. The total load is chosen to be 1.8 units, Young’s modulus is equal to 70, and Poisson’s ratio is 1/3.



1980

Table 1

The Cook membrane problem: tip displacenments for an elastic—plastic material
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Number of elements per side QIl-E4 QIEP
2 0.6543 0.5527

4 1.1070 0.7166

8 2.1727 1.2745
16 2.3496 1.8390

We make use of the von Mises yield condition with yield stress 0.243 units and isotropic hardening
parameter 0.135.

It can be seen in Table 1 that the results obtained using Q1EP are not as good as those obtained using the
enhanced strain formulation. One of the reasons for this behaviour is that, in the stabilized equivalent
parallelogram formulation, yielding occurs only if the center of the element yields, while the enhanced
strain formulation shows plastic behaviour if yielding occurs at just one of the integration points. Nev-
ertheless, the stabilization method compares well, taking into account that the formulation is inversion-free,

and therefore much more efficient than the enhanced strain formulation.

distortion

-~ QLEI2
—— QIEP

Fig. 5. The effect of distortion in three dimensions.

Table 2

Eigenvalues of the unit cube
Ql QI-E9 QIl-El12 QIEP
0.30000D + 10 0.30000D + 10 0.30000D + 10 0.30000D + 10
0.66667D + 09 0.11111D +09 0.20000D + 01 0.20000D +01
0.66667D + 09 0.11111D + 09 0.20000D + 01 0.20000D + 01
0.66667D + 09 0.11111D+ 09 0.20000D + 01 0.20000D + 01
0.11111D +09 0.20000D + 01 0.20000D + 01 0.20000D + 01
0.11111D+09 0.20000D + 01 0.20000D + 01 0.20000D + 01
0.11111D+09 0.20000D + 01 0.20000D + 01 0.20000D + 01
0.20000D + 01 0.20000D + 01 0.20000D + 01 0.20000D + 01
0.20000D + 01 0.20000D + 01 0.20000D + 01 0.20000D + 01
0.20000D + 01 0.20000D + 01 1.33333D + 01 1.33333D + 01
0.20000D + 01 0.20000D + 01 0.66667D + 00 0.66667D + 00
0.20000D + 01 0.20000D + 01 0.66667D + 00 0.66667D + 00
0.13333D +01 0.13333D + 01 0.66667D + 00 0.66667D + 00
0.10000D + 01 0.66667D + 00 0.66667D + 00 0.66667D + 00
0.10000D + 01 0.66667D + 00 0.66667D + 00 0.66667D + 00
0.10000D + 01 0.66667D + 00 0.66667D + 00 0.66667D + 00

0.33333D + 00
0.33333D+00

0.33333D + 00
0.33333D +00

0.33333D + 00
0.33333D +00

0.33333D+00
0.33333D+00
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4.2. Three-dimensional problems

Example 4 (A cube with distorted elements). The brick in Fig. 5 is clamped at its base and loaded as shown.
The elements are randomly distorted, the measure of distortion ranging from 1, corresponding to no
distortion, to 3. Young’s modulus £ is 2100 units, while a value of Poisson’s ratio of 0.4999 ensures a
condition of quasi-incompressibility. The total load is 1000 units.

The performances of the QI-E12 [15] and Q1EP elements are very similar, though the latter performs
slightly better with increasing distortion. Taking into account the economy in setting up the stiffness matrix
for the equivalent parallelepiped, there is a clear advantage in using the Q1EP element.

Example 5 (Eigenvalue analysis). In this example an eigenvalue analysis is carried out along the lines of
that reported in [15]. The eigenvalues of a unit cube with a ratio of bulk modulus to shear modulus of 10°
are computed. Six zero eigenvalues are linked to rigid body modes, and are not given in Table 2, which
contains details of the other eigenvalues.

The locking of the standard Q1 element is evident, while it can also be observed that the nine additional
enhanced modes in element Q1-E9 are not sufficient in the nearly incompressible case. Element Q1-E9
exhibits four locking modes, while physically there is only volumetric locking mode. As expected, the fully
integrated element Q1-E12 and Q1EP give identical results.

5. Conclusions

Motivated by the notion of the equivalent parallelogram and parallelepiped, and in particular by the
property that they possess of being affine figures closest to a given quadrilateral or hexahedron, we have
developed a new family of elements which have the properties of accuracy and economy. The accuracy
of these elements derives from their close association with the elements based on incompatible modes,
while their economy is based on the fact that only a single integration point is used per element. In this
respect, the elements closely resemble those based on underintegration coupled with stabilization, with
the important property that the stabilization matrices can be evaluated in closed form. The error due to
the replacement of the original element by its equivalent affine figure is of the order of mesh size, so that
the order of the error due to the finite element approximation is not adversely affected by this modi-
fication.

In the traditional incompatible modes or enhanced strain methods, accuracy decreases with an in-
crease in distortion. For the elements presented here the sensitivity to distortion is less pronounced. The
element is easily adapted to use in problems of elastoplasticity, while the extension to problems of finite
strain elasticity is studied in [12] in the context of plane problems, and in [13] for three-dimensional
problems.
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Appendix A

In the following the stabilization factors ¢; are given for the general case of a fully occupied symmetric
material matrix for 2D problems; a, b and d represent the given geometrical properties of the parallelogram
before the rotation to the physical axes, while e;; represents the data of the material matrix of line / and
column j.
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