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Abstract. The classical Hu-Washizu mixed formulation for plane problems in elasticity is
examined afresh, with the emphasis on behavior in the incompressible limit. The continuous problem
is shown to be uniformly well-posed in the incompressible limit, by recourse to an equivalent modified
formulation. For the discrete problems, conditions for uniform convergence are made explicit, and
these conditions are shown to be met by particular choices of approximations based on quadrilateral
elements. These choices include bases that are well known, as well as newly constructed bases. The
modified Hu-Washizu formulation is shown to be stable and convergent in circumstances in which the
classical formulation will not exhibit these properties. The theoretical results are explored further
through selected numerical examples.
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1. Introduction. There now exists a large number of publications devoted to
the task of constructing and analyzing finite element approximations for problems
in solid mechanics, in which it is necessary to circumvent volumetric locking, or al-
ternatively expressed, to ensure uniform convergence in the incompressible limit. A
further consideration is that of obtaining approximations of high quality using low-
order elements, and for coarse meshes: when quadrilateral elements are used in two-
dimensional problems, and hexahedral in three, it is well-known that the standard
piecewise bi- and trilinear approximations in two and three dimensions lead to poor
approximations when coarse meshes are used.

There is a growing literature dealing with the well-posedness of stabilization meth-
ods, and Brezzi and Fortin [9] have undertaken a detailed abstract analysis that is
applicable to a wide range of such approaches. Methods associated with the enrich-
ment or enhancement of the strain or stress field by the addition of carefully chosen
basis functions have proved to be highly effective and popular. The key work dealing
with enhanced assumed strain formulations is that of Simo and Rifai [22]. Reddy

and Simo [21] have carried out a detailed analysis of the convergence of enhanced
assumed strain methods, for affine-equivalent meshes, and for the compressible and
incompressible cases. They established an a priori error estimate for displacements
that confirms convergence at the standard linear rate. Braess [5] has re-examined
the sufficient conditions for convergence, in particular relating the stability condition
to a strengthened Cauchy inequality, and elucidating the influence of the Lamé con-
stant λ. The case of limiting compressibility has been the subject of a recent analysis
by Braess, Carstensen and Reddy [6], in which λ-independent asymptotic con-
vergence of the displacement error is obtained, for a class of meshes. The assumed
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stress approach [20] leads to a formulation very similar to that based on enhanced
strains, and in fact the two are equivalent under certain conditions [1, 6].

The purpose of this work is to focus on three-field mixed formulations as an ap-
proach to overcoming the problems encountered in standard formulations, for prob-
lems in elasticity. The starting point is the Hu-Washizu formulation [16, 24], in which
the unknown variables are displacement, strain, and stress. This formulation, which
was in fact first introduced by Fraeijs de Veubeke [12] (see [13] and [14], a reprint
of [13], and the historical comments in [11]), serves as the point of departure for the
development of enhanced strain formulations.

The structure of the rest of this work is as follows. Section 2 is devoted to the
continuous Hu-Washizu problem, in its original and modified settings, and to the pre-
sentation of relevant results on well-posedness. In Section 3 the discrete formulations,
based on finite element approximations, are presented. Section 4 focuses on the anal-
ysis of the modified formulation, and on the conditions for its uniform well-posedness
in the incompressible limit. For this purpose it is necessary to introduce discrete
deviatoric and spherical operators on the spaces of discrete stresses and strains. An
abstract requirement for well-posedness is then that the trace of the space of discrete
spherical stresses forms, with the space of displacements, a stable pairing in the sense
of the classical Stokes problem. Of exclusive interest here are situations correspond-
ing to low-order approximations, with these being built on a space of displacements
corresponding to piecewise continuous bilinear approximations on quadrilaterals. As
with the Stokes problem, in which the pressure space of piecewise constants has to
be modified to extract from it a space of so-called checkerboard modes, it can be
shown that the lack of stability resulting from the presence of a checkerboard mode
is confined to the stress, and does not affect the displacement. This result is impor-
tant in the computational context, especially in situations in which the displacement
is the primary variable of interest. In Section 5, an a priori error estimate for the
displacement is derived, making clear that the finite element solution converges with
optimal order to the exact solution uniformly in the incompressible limit. Similarly in
Section 6, an a priori error estimate for the postprocessed stress is presented. Finally,
in Section 7, the results of Section 5 are explored through two numerical examples.
The numerical results reflect the good performance of the modified formulation.

2. The boundary value problem of elasticity. In the context of elasticity,
vector- and tensor- or matrix-valued functions will be written in boldface form. The
scalar product of two tensors or matrices σ and τ will be denoted by σ : τ , and is
given by a : b = aijbij , the summation convention on repeated indices being invoked.

Consider a homogeneous isotropic linear elastic material body which occupies a
bounded domain Ω in R

2 with Lipschitz boundary Γ. For a prescribed body force
f ∈ L2(Ω)2, the governing equilibrium equation in Ω reads

− div σ = f , (2.1)

where σ is the symmetric Cauchy stress tensor. The infinitesimal strain tensor d is
defined as a function of the displacement u by

d = ε(u) := 1
2 (∇u + [∇u]t) . (2.2)

The displacement is assumed to satisfy the homogeneous Dirichlet boundary condition

u = 0 on Γ. (2.3)



3

With the fourth-order elasticity tensor denoted by C, the constitutive equation reads

σ = Cd := λ(tr d)1 + 2µ d . (2.4)

Here, 1 is the identity tensor, and λ and µ are the Lamé parameters, which are
constant in view of the assumption of a homogeneous body, and which are assumed
positive. Of particular interest is the incompressible limit, which corresponds to
λ → ∞.

The inverse C−1 of C is given by

d = C−1σ =
1

2µ
(σ − γ(trσ)1) , γ :=

λ

κ
, κ := 2(µ + λ) .

Standard weak formulation. We will make use of the space L2(Ω) of square-
integrable functions defined on Ω with the inner product and norm being denoted by
(·, ·)0 and ‖ · ‖0, respectively. We will also make use of the Sobolev spaces Hm(Ω),
for nonnegative integers m. The space H1

0 (Ω) consists of functions in H1(Ω) which
vanish on the boundary in the sense of traces.

For the weak or variational formulations we will require the space V := [H1
0 (Ω)]2

of displacements; this is a Hilbert space with inner product (·, ·)1 and norm ‖ · ‖1

defined in the standard way; that is, (u, v)1 :=
∑2

i=1(ui, vi)1, with the norm being
induced by this inner product. The space of stresses is denoted by S, while the
space of strains is denoted by D. For the continuous case these spaces are equal, and
D := {e | eji = eij , eij ∈ L2(Ω)} =: S, with the norm ‖ ·‖0 generated in the standard
way by the L2-norm. We also introduce the space S0 defined by

S0 := {τ ∈ S | (τ ,1)0 = 0} ;

this is a closed subspace of S.
Remark 2.1. It is crucial that the stresses be sought in S0 rather than in S.

A similar consideration appears in the conditions for well-posedness of the Hellinger-
Reissner problem [6]. The subspace S0 is, however, a natural subspace in which to
work, since for the continuous problem the solution (u, d, σ) satisfies tr σ = κ div u,
and using the Dirichlet boundary condition it is seen that

∫
Ω

trσ dx = 0.
Define the bilinear form A(·, ·) and linear functional `(·) by

A : V × V → R, A(u, v) :=
∫
Ω Cε(u) : ε(v) dx ,

` : V → R, `(v) :=
∫
Ω

f · v dx .

Then the standard form of the weak problem for elasticity is as follows: given ` ∈ V ′,
find u ∈ V that satisfies

A(u, v) = `(v) , v ∈ V . (2.5)

The assumptions on C guarantee that A(·, ·) is symmetric, continuous, and V -elliptic.
It is known [7, 23] that (2.5) has a unique solution u ∈ [H2(Ω)]2 and that there

exists a constant C, independent of λ, such that

‖u‖2 + λ‖ div u‖1 ≤ C ‖f‖0 . (2.6)

Mixed formulations. The problem described above may be cast in a variety
of alternative mixed forms, the term ‘mixed’ carrying in this context the connotation



4

that the resulting weak formulation has a link to a saddlepoint problem. We focus
on the Hu-Washizu formulation, in which the displacement, strain, and stress are
unknown variables. The standard Hu-Washizu formulation is obtained by consider-
ing the constitutive equation, the strain-displacement equation and the equation of
equilibrium in weak form. Here, we will consider a more general form depending on
a parameter α := α(µ, λ) ≤ 1: find (u, d, σ) ∈ V × D × S0 such that

aα((u, d), (v, e)) + bα((v, e), σ) = `(v) , (v, e) ∈ V × D ,

bα((u, d), τ ) − (1−α)γ2

λ
c(σ, τ ) = 0 , τ ∈ S0 ,

(2.7)

where the bilinear forms are defined by

aα((u, d), (v, e)) := 2µ(d, e)0 + αλ(tr d, tre)0 ,
bα((v, e), σ) := (ε(v) − 2µ C−1e, σ)0 − αγ(trσ, tre)0 ,

c(σ, τ ) := (tr σ, tr τ )0 .

The standard Hu-Washizu formulation is given by α = 1. By using the Babuška-

Brezzi theory [8, 15], it is easy to show that for α = 1 there exists a unique solution.
However in this case, the continuity constant of the bilinear form a1(·, ·) tends to in-
finity as λ does. Thus, our analysis cannot be based directly on the mixed formulation
with α = 1.

In what follows we will make extensive use of the L2-orthogonal decomposition
of S into its deviatoric and spherical parts. Define the L2-orthogonal projections sph
and dev on S by sph τ := (1/2) (tr τ )1, and dev τ := τ − sph τ . We note that dev S
is a proper subset of S0.

Lemma 2.2. For α 6= −µ
λ
, there exists a unique solution (u, d, σ) ∈ V ×D×S0 of

the modified Hu-Washizu formulation (2.7). Moreover, the solution does not depend
on α and satisfies the bound

‖u‖1 + ‖d‖0 + ‖σ‖0 ≤ C‖`‖V ′ ,

in which the constant C is independent of λ.
Proof. In a first step, we show that the solution of (2.7) does not depend on α.

The first equation in (2.7) with v = 0 yields

0 = (Cd − σ, e + (α − 1)γ tr e1)0 =: (Cd − σ,Bαe)0, e ∈ D . (2.8)

The inverse of Bα exists for α 6= −µ
λ

and satisfies B−1
α e = e − (α−1)λ

2(µ+αλ) tre1. As a

consequence, we find σ = Cd and thus tr σ = κ tr d. The bilinear forms aα(·, ·) and
bα(·, ·) can be equivalently written as

aα((w, g), (v, e)) = a1((w, g), (v, e)) + (α − 1)λc(g, e) ,
bα((v, e), τ ) = b1((v, e), τ ) − (α − 1)γc(τ , e) .

(2.9)

Using λc(d, e) = γc(σ, e) and (2.9), it is trivial to see that the solution does not
depend on α.

The proof of uniform stability is carried out by showing that the bilinear forms for
α = 0 satisfy the conditions for well-posedness for the extended case in which c(·, ·) 6= 0
(see [8], Section II.1.2 and [4]). First, we note that c(·, ·) is symmetric and positive
semi-definite, and that kerBt := {τ ∈ S0 | b0((v, e), τ ) = 0, (v, e) ∈ V ×D} = {0},
so that c(·, ·) plays no further role in determining the well-posedness of the problem.
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Next, it is easy to see that all bilinear forms for α = 0 are continuous, and that
the continuity constants do not depend on λ. It remains therefore to verify that
the coercivity and inf-sup conditions are satisfied. We establish the coercivity of the
bilinear form a0(·, ·) on the kernel Z of b0(·, ·), which is given by

Z = {(v, e) ∈ V × D | b0((v, e), τ ) = 0, τ ∈ S0}
= {(v, e) ∈ V × D | ε(v) − 2µ C−1e ∈ S⊥

0 } .

Let (v, e) be in Z; using Korn’s inequality and the uniform continuity of C−1, and
noting that (ε(v),1)0 = 0, we find that

a0((v, e), (v, e)) = 2µ‖e‖2
0 ≥ c(‖e‖2

0 + ‖ε(v)‖2
0) ≥ c(‖e‖2

0 + ‖v‖2
1) .

We note that the coercivity constant depends on µ but not on λ. Next, to establish
the inf-sup condition we note that there exists a constant C < ∞ such that for each
q ∈ M := {q ∈ L2(Ω)|

∫
Ω

q dx = 0}, there exists vq ∈ V satisfying

div vq = q, ‖vq‖1 ≤ C‖q‖0 , (2.10)

(see, for example, [15]). For τ ∈ S0, we have tr τ ∈ M , and we define eτ :=
dev(ε(vtr τ ) − τ ) ∈ D. Then using (2.10), the norm of (vtr τ , eτ ) is bounded by

‖vtr τ‖
2
1 + ‖eτ‖

2
0 ≤ C(‖ tr τ‖2

0 + ‖ dev τ‖2
0) ≤ C‖τ‖2

0 .

The inf-sup condition now results from the orthogonality of the decomposition of τ

into its spherical and deviatoric parts; using also (2.10), we find that

b0((vtr τ , eτ ), τ ) = (sph ε(vtr τ ), sph τ )0 + (dev τ , dev τ )0
= (1/2)(div vtr τ , tr τ )0 + (dev τ , dev τ )0
= (1/2)‖ tr τ‖2

0 + ‖ dev τ‖2
0 = ‖τ‖2

0 .

Remark 2.3. The result of Lemma 2.2 can be generalized to the case α = − µ
λ

for
which the operator Bα is singular. The kernel of Bα is given by {e ∈ D | dev e = 0}.
To obtain a unique solution of (2.7), we therefore have to seek a solution in the
subspace {(v, e, τ ) ∈ V × D × S0 | tr τ = κ tre}.

3. Finite element formulations. Let Th be a quasi-uniform, shape-regular
quadrilateral triangulation of the polygonal domain Ω. The diameter of an element
K in Th is denoted by hK . Finite element spaces are defined by maps from a refer-
ence square K̂ = (−1, 1)2. For nonnegative integer k, let Pk(·) denote the space of
polynomials in two variables of total degree less than or equal to k, and Qk(·) the
space of polynomials in two variables of total degree less than or equal to k in each
variable. A typical element K ∈ Th is generated by an isoparametric map FK from
the reference element K̂. It is clear that if v̂ ∈ Q1(K̂), then v̂ ◦ F−1

K is in general not
a polynomial on the quadrilateral K.

The finite element space for the displacement is taken to be the space of contin-
uous functions whose restrictions to an element K are obtained by maps of bilinear
functions from the reference element; that is,

Vh :=
{
vh ∈ V, vh|K = v̂h ◦ F−1

K , v̂h ∈ Q1(K̂)2 for all K ∈ Th

}
.
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The spaces of stresses and strains are discretized by defining the finite-dimensional
spaces

Sh : =
{

τh ∈ S0 | (τ h|K)ij = (τ̂ h)ij ◦ F−1
K , τ̂ h ∈ S2 for all K ∈ Th

}
,

Dh : =
{

eh ∈ S0 | (eh|K)ij = (êh)ij ◦ F−1
K , êh ∈ D2 for all K ∈ Th

}
,

where D2 and S2 are the reference bases of strains and stresses, defined on K̂. These
two variables are defined locally on each element and no continuity conditions apply
at the element boundaries. Moreover, we define the space Mh by

Mh := trSh .

Before giving some concrete examples, we recall the Voigt representation of the
tensorial quantities stress and strain in vectorial form, in two dimensions. These are
written as

σ =




σ11

σ22

σ12


 , and d =




d11

d22

2d12


 , I := span




1 0 0
0 1 0
0 0 1


 ,

so that, in vectorial form, σT d = σijdij .

The spaces Sh and Dh will be generated from bases defined on K̂, and we will
make use of the following bases on K̂:

A := span




ŷ 0
0 x̂
0 0


 , B := span




x̂ 0
0 ŷ
0 0


 , C := span




0 0
0 0
x̂ ŷ


 . (3.1)

Of special interest will be the following choices (Si
h, Di

h), 1 ≤ i ≤ 5:

Table 3.1

Different cases for the discrete spaces

Case I II III IV V
S2 I + A I + A I + C I + A + C I + A + C
D2 I + A I + A + B I + C I + A + C I + A + B + C

S1
h = D1

h S2
h ⊂ D2

h S3
h = D3

h S4
h = D4

h S5
h ⊂ D5

h

Case II corresponds to the method of mixed enhanced strains [17, 18] while Case
V corresponds to the method of enhanced assumed strains [22]. We remark that
tr(I + A) = tr(I + A + C) = P1(K̂) and tr(I + C) = P0(K̂).

In the following, all constants are generic, do not depend on the mesh size, and
do not degenerate in the limit case λ −→ ∞. We restrict our analysis to the case
of meshes for which FK is an affine mapping for each element K ∈ Th. However,
numerical results will also be given for the more general case of meshes of arbitrary
quadrilaterals in Section 7.

From (2.7), the discrete modified Hu-Washizu formulation is as follows: find
(uα

h , dα
h , σα

h) ∈ Vh × Dh × Sh such that

aα((uα
h , dα

h), (vh, eh)) + bα((vh, eh), σα
h) = `(vh), (vh, eh) ∈ Vh × Dh ,

bα((uα
h , dα

h), τh) − (1−α)γ2

λ
c(σα

h , τh) = 0, τ h ∈ Sh .
(3.2)
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In contrast to the continuous setting (2.7), the discrete solution can depend on α.
However for simplicity of notation, we suppress from now on the additional index α
in the solution and replace (uα

h , dα
h , σα

h) by (uh, dh, σh).
Assumption 3.1.

3.1(i) Sh ⊂ Dh

3.1(ii) trDh1 ⊂ Dh

Lemma 3.2. Under the Assumptions 3.1(i) and 3.1(ii), the solution of (3.2) does
not depend on α 6= −µ

λ
.

Proof. Let (uh, dh, σh) ∈ Vh ×Dh × Sh be the solution of (3.2). Using (2.8) and
Assumptions 3.1(i) and 3.1(ii), we find that Bαeh, Cdh, σh all belong to Dh and thus
σh = Cdh. The rest of the proof follows the same lines as in the continuous setting.

Remark 3.3. For Lemma 3.2 the Assumption 3.1(ii) is essential, as this implies
that CDh = Dh. In particular, for the choice Sh = Dh but trDh1 6⊂ Dh, the Hu-
Washizu formulation with α = 1 can yield bad numerical results in the limit case
whereas the formulation with, for example, α = 0 gives good results (see also Section
7). We note that Cases II, III and V in Table 3.1 satisfy both Assumptions 3.1(i) and
3.1(ii), but that the Cases I and IV do not satisfy 3.1(ii). Furthermore, Case IV in
combination with the classical Hu-Washizu formulation (α = 1) leads to the standard
Q1-approach.

We note that there exists a strong link between the modified Hu-Washizu formula-
tion (3.2), the Hellinger-Reissner, Mixed Enhanced Strain, Enhanced Assumed Strain
and the classical Q1-P0 formulation. A detailed discussion on these equivalences can
be found in [10].

4. Analysis of the modified Hu-Washizu formulation. In this section we
turn to the task of establishing conditions under which the discrete saddle point
problem (3.2) is uniformly stable in the limit case. For the inf-sup condition, we need
some preliminary results. First we note that dev Sh and sph Sh are in general not
subspaces of Sh. This is remedied by introducing the discrete deviatoric operator
devh defined by devh Sh := PSh

dev Sh, where PSh
is the orthogonal projection onto

Sh, and by decomposing Sh according to

Sh = devh Sh ⊕ sphh Sh . (4.1)

Here the discrete spherical operator sphh is defined in such a way that sphh Sh is the
orthogonal complement of devh Sh. Next, we define M̃h := tr sphh Sh, and remark
that dim Mh ≥ dim M̃h, where Mh = tr Sh.

Lemma 4.1. The orthogonal complement sphh Sh can be written as

sphh Sh = {τh ∈ Sh | τ h = 1
2 (tr τ h)1} = M̃h1 .

Proof. We start by establishing that the spaces sphh Sh and M̃h1 are equal. Using
the decomposition of sphh τh into its deviatoric and spherical parts and the definition
of devh Sh, we see that

0 = (sphh τh, PSh
dev sphh τ h)0 = (sphh τh, dev sphh τh)0 = ‖ dev sphh τ h‖

2
0 ,

and thus sphh τh = 1
2 tr sphh τh1 ∈ M̃h1. Conversely, for τ̃h ∈ M̃h1, there exists

σh ∈ Sh such that

τ̃ h = tr(sphh σh)1 = 2 sphh σh ∈ sphh Sh .
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Now, it is trivial to see that

M̃h1 = M̃h1 ∩ Sh ⊂ {τh ∈ Sh, τh = 1
2 tr τ h1} .

Using the definition of devh Sh, we can write any element τ̂ h ∈ devh Sh as τ̂h =
PSh

dev σh, σh ∈ Sh. Let τ h = 1
2 tr τh1 ∈ Sh; then we find that

(τ h, τ̂ h)0 = (τh, PSh
dev σh)0 = ( 1

2 tr τh1, dev σh)0 = 0, τ̂ h ∈ devh Sh ,

yielding {τh ∈ Sh | τ h = 1
2 tr τh1} ⊂ sphh Sh.

As a result of Lemma 4.1, we find that not only the elements τ h ∈ sphh Sh and
τ̂h ∈ devh Sh are orthogonal with respect to the L2-inner product, but also their
traces: that is,

2(tr τh, tr τ̂h)0 = (tr τ h1, tr τ̂h1)0 = 2(τ h, τ̂h)0 = 0 . (4.2)

To get a better feeling for the discrete spherical and deviatoric parts, we consider
Case I in more detail. We have

dev(I + A) = span




1 0 x̂ ŷ
−1 0 −x̂ −ŷ

0 1 0 0


 , sph(I + A) = span




1 x̂ ŷ
1 x̂ ŷ
0 0 0


 ,

and we find that dim(I + A) = 5, dim dev(I + A) = 4, and dim sph(I + A) = 3. We
point out that in general sphh Sh 6= PSh

sph Sh; for example

devh(I + A) = span




1 0 ŷ 0
−1 0 0 x̂

0 1 0 0


 , PSh

sph(I + A) = span




1 ŷ 0
1 0 x̂
0 0 0


 ,

whereas sphh(I + A) = span [1, 1, 0]
T
. In the continuous setting, the definition of the

deviatoric part yields that the trace of the deviatoric part is equal to zero. This is
not the case for an element in devh Sh.

For τ ∈ S, the norm of the trace is bounded by ‖ tr τ‖2
0 ≤ 2‖τ‖2

0. The following
lemma shows that a stronger bound holds for the norm of the trace of an element in
devh Sh.

Lemma 4.2. There exists a ω < 1 such that

‖ tr τh‖
2
0 ≤ 2ω‖τh‖

2
0, τ h ∈ devh Sh ,

and thus (C−1τ h, τh)0 ≥ 1−ω
2µ

‖τh‖
2
0, τ h ∈ devh Sh.

Proof. The proof is based on a discrete norm equivalence on the reference element.
To start, we define ‖τ‖∗;K̂ := ‖ dev τ‖0;K̂ . It is trivial to see that ‖ · ‖∗ defines

a seminorm on (L2(K̂))2×2 and that it is zero if and only if dev τ is zero. Given
τh ∈ devh S2 and dev τh = 0, we find by means of (4.1) and Lemma 4.1 that τ h ∈
devh S2 ∩ sphh S2 = {0}. Thus the seminorm ‖ · ‖∗;K restricted to devh S2 is a norm.
The dimension of the space devh S2 is finite and thus ‖ · ‖∗;K̂ is equivalent to ‖ · ‖0;K̂ .
Using the definition of Sh and the special structure of the isoparametric element map
FK , the equivalence of ‖·‖2

∗ :=
∑

K∈Th
‖·‖2

∗;K and ‖·‖2
0 on devh Sh is established. Now

let 0 < β < 1 be such that ‖τ h‖
2
∗ ≥ β‖τh‖

2
0, τ h ∈ devh Sh; then a straightforward

computation reveals that

2(1 − β)‖τ h‖
2
0 ≥ ‖ tr τh‖

2
0, (C−1τ h, τh)0 ≥

1

2µ
(‖τh‖

2
0 − 2γ(1− β)‖τ h‖

2
0) .
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We can now use these preliminary results to establish a uniform inf-sup condition.

Assumption 4.3. The following assumptions are essential for uniform stability
in the discrete case:
4.3 (i) ‖PSh

ε(vh)‖0 ≥ c‖ε(vh)‖0,
4.3 (ii) max(− clµ

λ
, 1 − cl

ω
) ≤ α ≤ min(Cuµ

λ
, 1), 0 < cl < 1, 0 < Cu < ∞,

4.3 (iii) (Vh, M̃h) forms a stable Stokes pairing,
where ω is the bound from Lemma 4.2. In the following the generic constants

depend on cl and Cu. It is easy to verify that α = 0 or when µ ≤ λ, α = µ/λ are
possible choices that satisfy Assumption 4.3 (ii) with some suitable cl and Cu. As
we will see later, of special interest for Cases I and IV will be a negative value of α.
However, as Assumption 4.3(ii) indicates, the choice of a negative α can lead to the
loss of coercivity.

Roughly speaking, Assumption 4.3 (i) says that Sh has to be large enough and
Assumption 4.3 (iii), that Sh has to be small enough. We point out that Assumption
4.3 (iii) is weaker than the assumption that (Vh, Mh) forms a stable Stokes pairing. For
example, in Case I we find that tr(I +A) = P1(K̂), whereas tr sphh(I + A) = P0(K̂).

The discrete kernel associated with the bilinear form bα(·, ·) is given by

Zh := {(vh, eh) ∈ Vh × Dh | PSh
ε(vh) = PSh

(2µ C−1eh + αγ tr eh1)} .

Lemma 4.4. Under the Assumptions 4.3 (i) and 4.3 (ii), the bilinear form aα(·, ·)
is uniformly coercive on Zh×Zh and uniformly continuous on (Vh×Dh)×(Vh×Dh).

Proof. Let (vh, eh) ∈ Zh. Assuming 4.3 (i) and 4.3 (ii), we find that

‖vh‖
2
1 ≤ C‖ε(vh)‖2

0 ≤ C‖PSh
ε(vh)‖2

0 = C‖PSh
(2µ C−1eh + αγ(tr eh)1)‖2

0

≤ C‖eh‖
2
0 ≤ Caα((vh, eh), (vh, eh)) .

Lemma 4.5. Under the Assumptions 3.1 (i), 4.3 (ii) and 4.3 (iii), the bilinear
form bα(·, ·) satisfies a uniform inf-sup condition.

Proof. The proof is based on the decomposition of τ h into discrete deviatoric and
spherical parts, that is,

τh = devh τ h + sphh τh = devh τh + qh1 ,

where devh τh ∈ devh Sh, sphh τh ∈ sphh Sh and qh ∈ M̃h. Under the Assumption
4.3 (iii) we can find, for each qh ∈ M̃h, a displacement vqh

∈ Vh such that

(div vqh
, qh)0 = ‖qh‖

2
0, ‖vqh

‖1 ≤ C‖qh‖0 . (4.3)

Using the unique decomposition of PSh
ε(vqh

) into its discrete spherical and deviatoric
parts, so that PSh

ε(vqh
) = sphh PSh

ε(vqh
) + devh PSh

ε(vqh
), we define eτh

∈ Dh by

eτh
:= devh PSh

ε(vqh
) − β devh τh, β > 0 .

By means of (4.3) and the fact that ‖ devh PSh
ε(vqh

)‖0 ≤ ‖ε(vqh
)‖0 ≤ C‖vqh

‖1, we
can bound the norm of (vqh

, eτh
) by

‖vqh
‖2
1 + ‖eτh

‖2
0 ≤ C(‖qh‖

2
0 + β2‖ devh τ h‖

2
0) ≤ C(1 + β2)‖τh‖

2
0 .
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To obtain the inf-sup condition, we use the equivalence (2.9) and consider the two
terms of bα(·, ·) separately. We start by obtaining a lower bound for b1((vqh

, eτh
), τ h):

b1((vqh
, eτh

), τ h) = (PSh
ε(vqh

) − eτ h
, τ h)0 = (sphh PSh

ε(vqh
) + β devh τ h, τh)0

= (sphh PSh
ε(vqh

), qh1)0 + β‖ devh τ h‖
2
0

= (ε(vqh
), qh1)0 + β‖ devh τh‖

2
0

= (div vqh
, qh)0 + β‖ devh τh‖

2
0 = ‖qh‖

2
0 + β‖ devh τh‖

2
0 .

Next, we bound c(eτ h
, τ h) by applying Lemma 4.2, (4.2) and (4.3):

c(eτ h
, τ h) = (tr eτ h

, tr τh)0 = (tr (devh PSh
ε(vqh

)) − β tr devh τh, tr devh τh)0
= (tr PSh

ε(vqh
), tr devh τ h)0 − β‖ tr devh τh‖

2
0

≥ −C‖qh‖0‖ devh τ h‖0 − 2βω‖ devh τ h‖
2
0 .

Combining the lower bounds for b1((vqh
, eτ h

), τ h) and c(eτ h
, τ h), and using 2γ ≤ 1

we find that

bα((vqh
, eτh

), τh) ≥ ‖qh‖
2
0 − 2C‖qh‖0‖ devh τh‖0 + β(1 − ω(1 − α))‖ devh τh‖

2
0 .

Assumption 4.3 (ii) gives (1 − ω(1 − α)) ≥ 1 − cl > 0, and we can apply Young’s
inequality to find

bα((vqh
, eτ h

), τ h) ≥ (1 − Cε)‖qh‖
2
0 + (β(1 − cl) − Cε−1)‖ devh τ h‖

2
0 .

For 0 < ε small enough and β < ∞ large enough, we obtain bα((vqh
, eτ h

), τ h) ≥
c(‖qh‖

2
0 + ‖ devh τh‖

2
0) ≥ c‖τh‖

2
0.

We now formulate our main result. The following theorem provides optimal a
priori estimates for the displacement, strain, and stress.

Theorem 4.6. Under the Assumptions 3.1 (i), 4.3 (i)–4.3 (iii), the discretization
error η2

h := ‖u−uh‖
2
1 + ‖d−dh‖

2
0 + ‖σ−σh‖

2
0, where (uh, dh, σh) is the solution of

(3.2), is bounded by the best approximation error

η2
h ≤ C

(
inf

vh∈Vh

‖u − vh‖
2
1 + inf

eh∈Dh

‖d − eh‖
2
0 + inf

τh∈Sh

‖σ − τh‖
2
0

)
.

Proof. The a priori estimate results from the continuity of the bilinear forms
and Lemmas 2.2, 4.4 and 4.5; see, for example, [8]. In particular, it is seen that
kerBT

h = {0}, as in the continuous case, and ‖c(·, ·)‖ is bounded, independently of
λ. These conditions suffice to establish the uniqueness of σh and the uniform error
estimate (see [8], Section II and [4]).

In the rest of this section, we consider the Assumptions 4.3 (i) and 4.3 (ii) in more
detail. To verify Assumption 4.3 (i) we consider the reference element and observe
that

ε(V2) := span




1 0 0 ŷ 0
0 1 0 0 x̂
0 0 1 x̂ ŷ


 ,

where V2 is the space spanned by the standard bilinear polynomials on the reference
element. A straightforward computation shows that on the reference element and
thus on all elements K ∈ Th, Assumption 4.3 (i) is satisfied for all choices of S2 in
Table 3.1.
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We recall that Assumption 4.3 (iii) is on M̃h, which must be such that it forms with
Vh a stable Stokes pair. Now for all our five choices of pairings (Di

h, Si
h), 1 ≤ i ≤ 5,

we find that M̃ i
h is given by

M̃ i
h = {q ∈ L2

0(Ω) | q|K ∈ P0(K), K ∈ Th}, 1 ≤ i ≤ 5 .

Using bilinear elements for the displacements, it is well known that the pairing
(Vh, M̃ i

h) does not satisfy Assumption 4.3 (iii), and that checkerboard modes might

be observed (see, for example, [15]). Thus it is necessary that M̃h be a proper subset

of M̃ i
h. There are different ways in which to overcome this difficulty. One option

is to work with macro-elements and to extract from M̃ i
h the checkerboard mode on

each macro-element, as in [15] (Section II.3). The restrictions of functions in M̃ i
h to

a macro-element are spanned by the four functions depicted in Figure 4.1. The func-
tions having the signs indicated in Figure 4.1 (d) are the local checkerboard modes.
To obtain a stable pairing, we have to modify the space sphh Si

h but not devh Si
h.

A reduction in the dimension of M̃ i
h results in a smaller dimension of Si

h, and thus
for our choices Assumption 4.3 (i) cannot be verified locally on each element, but must
be done on macro-elements. Using the fact that Vh comprises continuous displace-
ments, and taking into account the rigid body motions, we find that the dimension
of ε(Vh) restricted to one macro-element is 15 and not 4 × 5. The modification of

M̃ i
h reduces the dimension of Si

h on each macro-element by one, and thus for all our
examples the dimension of Si

h restricted to one macro-element is not less than 19.
Moreover, a straightforward computation on the macro-element shows that for all S i

h,
1 ≤ i ≤ 5, Assumption 4.3 (i) is satisfied even if we work on macro-elements and
reduce the dimension of Si

h restricted to a macro-element by one.

(d)(c)(b) (a) 

Fig. 4.1. Restrictions of the basis functions of fM i
h

to a macro-element with ± indicating the
sign inside the elements

5. A priori estimate for the displacement. Due to the local definition of
Sh and Dh, the discrete stress and the discrete strain variables can be locally elimi-
nated in our modified Hu-Washizu formulation. Static condensation in (2.7) yields a
displacement based formulation of the following form: find uh ∈ Vh such that

(Qhε(vh), ChQhε(uh))0 = `(vh), vh ∈ Vh , (5.1)

where Qh is a suitable local projection and Ch is some positive-definite symmetric
operator. The symmetry results from the symmetry in (2.7). We note that the
operators as well as the displacement depend on Sh, Dh and α. For simplicity of
notation, we do not indicate this dependence.

In the following, we provide in a first step some abstract conditions under which
(5.1) gives optimal λ-independent a priori estimates. In a second step, we verify
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these conditions for all our five examples. The optimal a priori estimate is based
on some preliminary results which can be found in the literature. For convenience
of the reader, we present some of these results in a form which is suitable for our
analysis. We assume that the triangulation Th has a macro-element structure and
that there is a local checkerboard free subspace M̃s

h ⊂ M̃h. The space M̃s
h is the

orthogonal complement of M̃u
h , which is spanned by the local checkerboard modes

(Figure 4.1 (d)). Moreover, we assume that the pairing (V s
h , M̃s

h) satisfies a uniform
inf-sup condition, where

V s
h := {vh ∈ Vh | (div vh, qh)0 = 0, qh ∈ M̃u

h } ,

and that both subspaces M̃s
h and V s

h satisfy suitable approximation properties [15, 6].
In the following, we assume that u is the solution of (2.1)–(2.4), uh is the first
component of the solution of (3.2), and we set W := [H2(Ω) ∩ H1

0 (Ω)]2. We recall
that Fortin’s interpolation operator IF

h : W −→ V s
h for the stable Stokes pairing

(V s
h , M̃s

h) is then given by the problem of finding (IF
h w, ph) ∈ V s

h × M̃s
h such that

(∇IF
h w,∇zh)0 + (div zh, ph)0 = (∇w,∇zh)0, zh ∈ V s

h ,

(div IF
h w, qh)0 = (div w, qh)0, qh ∈ M̃s

h .
(5.2)

Lemma 5.1. Under the regularity assumption (2.6), the operator IF
h satisfies the

approximation property

‖u− IF
h u‖1 + λ‖ div u − Πh(div IF

h u)‖0 ≤ Ch‖f‖0 ,

where Πh is the L2-projection on M̃h.
Proof. Using the stability of the saddlepoint problem (5.2) and (2.6), the upper

bound for ‖u − IF
h u‖1 is standard. There exists a ũ ∈ W such that div u = div ũ

and ‖ũ‖2 ≤ C‖ div u‖1, see, for example, [2]. Observing the definitions of V s
h and of

IF
h , we find that

(div IF
h u, qh)0 = (div IF

h ũ, qh)0, qh ∈ M̃h ,

and thus Πh(div IF
h u) = Πh(div IF

h ũ). In terms of (2.6), we obtain

‖ div u − Πh(div IF
h u)‖0 = ‖ div ũ − Πh(div IF

h ũ)‖0

≤ ‖ div(ũ − IF
h ũ)‖0 + ‖ div ũ − Πh div ũ‖0

≤ C(‖ũ − IF
h ũ‖1 + h‖ũ‖2) ≤ Ch‖ div u‖1 ≤

C

λ
h‖f‖0 .

In this section, we provide some assumptions on Qh and Ch under which optimal a
priori estimates for (5.1) can be established. These assumptions can be easily verified
for all given examples.

Assumption 5.2. The following assumptions are essential for λ-independent
constants in the a priori estimates: for vh ∈ Vh,
5.2 (i) ‖ε(vh)‖2

0 ≤ C(Qhε(vh), ChQhε(vh))0;
5.2 (ii) (Qhε(vh), ChQhε(wh))0 = (ε(vh), ChQhε(wh))0, wh ∈ Vh;
5.2 (iii) ‖(ChQh−ΠhC)ε(vh)‖0 ≤ C‖(Id−Πh)ε(vh)‖0, where Πh is the component-

wise L2-projector.
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Theorem 5.3. Under the Assumptions 5.2(i)-(iii) and (2.6), the upper bound

‖u− uh‖1 ≤ Ch‖f‖0

for the discretization error holds, where C < ∞ is independent of λ and h.
Proof. In a first step, we bound ‖vh − uh‖1, vh ∈ Vh, in terms of ‖vh − u‖1.

Using Korn’s inequality and Assumptions 5.2(i)–(ii) and (2.5), we find that

‖vh − uh‖
2
1 ≤ C‖ε(vh − uh)‖2

0 ≤ C(Qhε(vh − uh), ChQhε(vh − uh))0

= C ((ε(vh − uh), ChQhε(vh))0 − (ε(vh − uh), Cε(u))0)

≤ C‖vh − uh‖1‖ChQhε(vh) − Cε(u)‖0 .

In terms of Assumption 5.2(iii), the triangle inequality, the properties of IF
h , and

Lemma 5.1, we obtain

‖u− uh‖1 ≤ C(‖(ChQh −ΠhC)ε(IF
h u)‖0 + ‖C(Πhε(IF

h u) − ε(u))‖0 + ‖u − IF
h u‖1)

≤ C(λ‖Πh(div IF
h u) − div u‖0 + ‖ε(u) −Πhε(u)‖0 + ‖u− IF

h u‖1) ≤ Ch‖f‖0 .

Next, we consider the operators Ch and Qh in more detail. We start with an
orthogonal decomposition of Sh and define Sc

h := {τ ∈ Sh | Cτ ∈ Sh}, and

Sh = Sc
h ⊕ St

h .

We note that St
h ⊂ devh Sh, sphh Sh ⊂ Sc

h and tr(sphh Sh) = tr Sc
h.

Assumption 5.4. (τ t
h, ωt

h)0 = (tr τ t
h, trωt

h)0, τ t
h, ωt

h ∈ St
h

It is straightforward to verify this assumption for all our Cases I–V. For Case III,
we find St

h = {0}, and for all other cases, St
h is spanned locally by the basis A in

(3.1). Let τ̂h, ω̂h ∈ St
2

be given by τ̂h11
= aŷ, τ̂h22

= bx̂, τ̂h12
= τ̂h21

= 0, ω̂h11
= cŷ,

ω̂h22
= dx̂, ω̂h12

= ω̂h21
= 0, then we find tr τ̂ h = aŷ + bx̂ and tr ω̂h = cŷ + dx̂. Using

the definition of the reference element we find that

(τ̂ h, ω̂h)0;K̂ =
4

3
(ac + bd) = (tr τ̂ h, tr ω̂h)0;K̂ ,

and thus Assumption 5.4 is satisfied for all our cases.
Lemma 5.5. For α 6= −µ

λ
the operator Ch is given by:

(a) under the Assumptions 3.1(i)–(ii) and 5.4

Cheh = CPSc

h
eh +

2µ

1 − γ
PSt

h
eh .

(b) under the assumptions Sh = Dh, α 6= −2µ/λ and 5.4,

Cheh = CPSc

h
eh +

4(µ + λ)2(2µ + αλ)

λ2 + (2µ + 3λ)(2µ + αλ)
PSt

h
eh ,

where PSc

h
and PSt

h
are orthogonal projections onto the spaces Sc

h and St
h,

respectively.
The operator Qh is given by Qhε(vh) = PSh

ε(vh) for both cases (a) and (b). Then
the displacement based formulation (5.1) is equivalent to the three field formulation
(3.2).
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Proof. The main idea of the proof is to use the orthogonal decomposition of Sh as
given above and to apply static condensation. In the case that Assumptions 3.1(i)–(ii)
hold, Lemma 3.2 yields σh = Cdh. In terms of the decomposition given above, we
can write σh = σc

h + σt
h, σc

h ∈ Sc
h, σt

h ∈ St
h. Using dh = C−1σh, Assumption 5.4,

and the orthogonal decomposition of Sh in the second equation of (3.2), we get

σc
h = CPSc

h
ε(uh), and σt

h =
2µ

1 − γ
PSt

h
ε(uh) . (5.3)

We point out that 0 < 2γ ≤ 1 independently of λ. If Sh = Dh, the first equation in
(3.2) yields PSh

(Bα(Cdh − σh)) = 0. Using the decomposition for dh, we find that
dh = dc

h + dt
h, dc

h ∈ Sc
h, dt

h ∈ St
h, and

dc
h = C−1σc

h , PSt

h
(Bα(Cdt

h − σt
h)) = 0 . (5.4)

Assumption 5.4 yields

dt
h =

1 + γ(α − 1)

αλ + 2µ
σt

h . (5.5)

In terms of (5.4) and (5.5), we can eliminate d
c
h and d

t
h from the second equation of

(3.2). The elimination of dc
h gives σc

h = CPSc

h
ε(uh), and by means of (5.5), we obtain

σt
h =

4(µ + λ)2(2µ + αλ)

λ2 + (2µ + 3λ)(2µ + αλ)
PSt

h
ε(uh) . (5.6)

Remark 5.6. The theoretical analysis requires that we work with the discrete
space Sh ⊂ S0. Using the bigger space Ŝh := Sh ⊕ span{1}, dimŜh = dimSh + 1, we
find that (P

Ŝh
ε(vh),1)0 = (ε(vh),1)0 = (div vh, 1)0 = 0, vh ∈ Vh. Thus Qh can be

locally computed on each element K ∈ Th by

Qhε(vh) = P
Ŝh

ε(vh) ∈ Sh, vh ∈ Vh .

Remark 5.7. The operators specified in Lemma 5.5 are also well defined for the
cases α = −µ/λ and α = −2µ/λ. Thus the displacement based formulation (5.1) can
be extended to these cases. The well-posedness of (5.1) for α = −2µ/λ depends on
Sh, see also Section 7.

In a next step, we provide sufficient conditions such that the Assumptions 5.2(i)–
(iii) are satisfied.

Assumption 5.8. sphh Sh|K
⊂ I ⊂ Sh|K , K ∈ Th.

By construction all our cases satisfy I ⊂ Sh|K and sphh Sh|K
= P0(K)1 ⊂ I.

Thus Assumption 5.8 is satisfied for all our cases. We note that Assumption 5.8
guarantees that the best approximation error in the L2-norm of the space Sc

h ⊂ Sh is
of order h.

Lemma 5.9. Assume that Assumptions 3.1(i), 4.3(i), 5.4 and 5.8 are satisfied.
If either the Assumption 3.1(ii) or Sh = Dh and 0 < cd ≤ (2µ + αλ) ≤ Cd < ∞ hold,
then the Assumptions 5.2(i)–(iii) are satisfied.

Proof. For both cases, we have the displacement based formulation (5.1) with
Qhε(vh) = CPSc

h
ε(vh) + θ(µ, λ, α)PSt

h
ε(vh), where

θ(µ, λ, α) :=
2µ

1 − γ
in the first case, and

θ(µ, λ, α) :=
4(µ + λ)2(2µ + αλ)

λ2 + (2µ + 3λ)(2µ + αλ)
in the second case.
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Since in both cases θ is positive and bounded independently of λ from below, As-
sumption 4.3(i) yields

(Qhε(vh), ChQhε(vh))0 = (PSc

h
ε(vh), CPSc

h
ε(vh))0 + θ(µ, λ, α)(PSt

h
ε(vh), PSt

h
ε(vh))0

≥ C(PSh
ε(vh), PSh

ε(vh))0 ≥ C‖ε(vh)‖2
0

with a λ-independent constant C. Assumption 5.2(ii) is satisfied as a result of Qh =
PSh

, and ChQhε(vh) ∈ Sh. Now, we turn our attention to 5.2(iii). Assumption 5.8
yields tr(PSc

h
−Πh)ε(vh) = 0, and thus

(ChQh − CΠh)ε(vh) = CPSc

h
ε(vh) + θ(µ, λ, α)PSt

h
ε(vh) − CΠhε(vh)

= 2µ(PSc

h
ε(vh) −Πhε(vh)) + θ(µ, λ, α)PSt

h
ε(vh).

Since θ(µ, λ, α) is bounded independently of λ from above, it suffices to show that

‖(PSc

h
−Πh)ε(vh)‖0 ≤ C‖(Id −Πh)ε(vh)‖0 , (5.7)

‖PSt

h
ε(vh)‖0 ≤ C‖(Id −Πh)ε(vh)‖0 .

To prove the first inequality in (5.7), we start with the identity

‖(PSc

h
− Id)ε(vh)‖2

0 = ((PSc

h
− Id)ε(vh), (PSc

h
−Πh + Πh − Id)ε(vh))0.

By definition of PSc

h
and Assumption 5.8, we find that (PSc

h
−Πh)ε(vh) ∈ Sc

h, and so

‖(PSc

h
− Id)ε(vh)‖0 ≤ ‖(Πh − Id)ε(vh)‖0 .

Hence the first inequality in (5.7) results from the triangle inequality.
Using Πhε(vh) ∈ Sc

h, and the orthogonality of Sc
h and St

h, the following upper
bound is obtained:

‖PSt

h
ε(vh)‖2

0 = (−PSt

h
ε(vh), (Id − PSt

h
− Id + Πh)ε(vh))0

≤ ‖PSt

h
ε(vh)‖0‖(Id −Πh)ε(vh)‖0.

Now, we show that Assumptions 5.2(i)–(iii) are satisfied for all our cases. To
do so we use Lemma 5.9. We recall that Assumptions 3.1(i), 4.3(i), 5.4 and 5.8 are
satisfied for all our cases. Moreover Assumption 3.1(ii) holds for Case II, Case III and
Case V and Dh = Sh holds for Case I and Case IV.

Remark 5.10. Lemma 5.9 provides sufficient conditions such that the displace-
ment based formulation (5.1) is well defined and yields λ-independent optimal a pri-
ori estimates. We recall that for Cases I and IV, the choice of α is crucial. Set-
ting α = 1 will result in volumetric locking whereas the case α = 0, for example,
will give good numerical results. For the λ-independent estimate, the Assumption
0 < cd ≤ (2 + αλ/µ) ≤ Cd < ∞ is essential. We remark that this condition on α is
weaker than Assumption 4.3(ii).

In the rest of this section, we show that the well known Q1-P0 saddlepoint problem
can be analyzed as special situation of our modified Hu-Washizu formulation.

Lemma 5.11. Case IV with α = −µ
λ

3λ+2µ
2λ+µ

is equivalent to the penalized Q1-P0

saddlepoint problem (Stokes)

2µ(ε(vh), ε(uh))0 + (div vh, ph)0 = `(vh), vh ∈ Vh ,

(div uh, qh)0 − 1
λ
(ph, qh)0 = 0, qh ∈ M̃h .
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Proof. By static condensation, we can eliminate the pressure from the saddle
point problem and arrive at

2µ(ε(vh), ε(uh))0 + λ(Πh div vh, Πh div uh)0 = `(vh), vh ∈ Vh . (5.8)

Using the given α, we show that (5.1) is equivalent to (5.8). With the given α, we get
Chτh = CPSc

h
τ h + 2µPSt

h
τ h . Hence

(Qhε(vh), ChQhε(uh))0 = (PSc

h
ε(vh), CPSc

h
ε(uh))0 + (PSt

h
ε(vh), 2µPSt

h
ε(uh))0

= 2µ(PSh
ε(vh), PSh

ε(uh))0 + λ(tr PSc

h
ε(vh), tr PSc

h
ε(uh))0

= 2µ(PSh
ε(vh), PSh

ε(uh))0 + λ(Πh div vh, Πh div uh)0 .

Finally, the result follows by using the fact that PSh
ε(vh) = ε(vh) for Case IV.

Remark 5.12. The choice α = −µ
λ

3λ+2µ
2λ+µ

does not satisfy Assumption 4.3(ii)

but 0 < cd ≤ (2 + αλ/µ) ≤ Cd < ∞.

6. A priori results for the stress. The results of the previous sections show
that the lack of stability resulting from the presence of a checkerboard mode is con-
fined to the stress, and does not affect the displacement. In this section, we establish
an optimal a priori result for a post-processed stress. Let (uh, dh, σh) be the unique
solution of the modified Hu-Washizu formulation (3.2), and σs

h be the post-processed
stress given by

σh = devh σh + sphh σh = devh σh + ph1, ph ∈ M̃h ,
σs

h := devh σh + ps
h1, ps

h := Πs
hph ,

where Πs
h is the L2-projection onto the checkerboard-free subspace M̃s

h.
Theorem 6.1. Under the Assumptions 4.3(ii), 5.2(i)-(iii), 5.4, 5.8 and (2.6),

the following λ-independent upper bound for the discretization error for the stress
holds

‖σ − σs
h‖0 ≤ Ch‖f‖0 .

Proof. We start by eliminating the strain from the saddlepoint problem (3.2), to
obtain a modified Hellinger-Reissner two-field formulation. Using (5.3), (5.6) and the
definition of θ(µ, λ, α), we find that

â(σh, τh) − (ε(uh), τ h)0 = 0, τ h ∈ Sh ,
(ε(vh), σh)0 = `(vh), vh ∈ Vh ,

where â(σh, τ h) := (C−1
h σh, τh)0 with C−1

h τh = C−1PSc

h
τh + 1/θ(µ, λ, α)PSt

h
τh.

We define Ss
h and V ⊥

h such that the orthogonal decomposition of Sh = Ss
h⊕M̃u

h 1,
and Vh = V s

h ⊕V ⊥
h holds, respectively. Then, we have (ε(vs

h), qu
h1)0 = (div vs

h, qu
h)0 =

0, vs
h ∈ V s

h , qu
h ∈ M̃u

h . Using the orthogonality between Ss
h and M̃u

h 1 and observing
that (ε(vs

h), ph1)0 = (ε(vs
h), ps

h1)0, we find that (σs
h, uh) ∈ (Ss

h × Vh) satisfies

â(σs
h, τ s

h) − (ε(uh), τ s
h)0 = 0, τ s

h ∈ Ss
h ,

(ε(vs
h), σs

h)0 = `(vs
h), vs

h ∈ V s
h .

(6.1)
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The bilinear form â(·, ·) is not uniformly in λ coercive on Ss
h × Ss

h. We recall that
St

h ⊂ devh Sh, and decompose τ s
h according to τ s

h = τ c
h + τ t

h, τ c
h ∈ Sc

h, τ t
h ∈ St

h, and
τ c

h according to τ c
h = devh τ c

h + sphh τ c
h. Due to Lemma 4.2 and using the fact that

θ(µ, λ, α) is uniformly bounded from above, we obtain

â(τ s
h, τ s

h) = (C−1τ c
h, τ c

h)0 +
1

θ(µ, λ, α)
(τ t

h, τ t
h)0

= (C−1 devh τ c
h, devh τ c

h)0 + (C−1 sphh τ c
h, sphh τ c

h)0 +
1

θ(µ, λ, α)
(τ t

h, τ t
h)0

≥ c(‖ devh τ c
h‖

2
0 + ‖τ t

h‖
2
0) ≥ c‖ devh(τ

c
h + τ t

h)‖2
0 = c‖ devh τ s

h‖
2
0 .

To establish an upper bound for the norm of τ s
h, we have to consider sphh τ s

h in
more detail. Lemma 4.1 and the definition of Ss

h yields that sphh τ s
h = qs

h1, 2qs
h =

tr sphh τ s
h ∈ M̃s

h. Since (V s
h , M̃s

h) forms a stable Stokes pairing, we can find vs
qs

h

∈ V s
h

such that

(qs
h, div vs

qs

h

)0 = 2‖qs
h‖

2
0, ‖vs

qs

h

‖1 ≤ C‖qs
h‖0 .

and the discrete spherical part of τ s
h can be bounded by

‖ sphh τ s
h‖

2
0 = 2‖qs

h‖
2
0 = (qs

h, div vs
qs

h

)0 = (qs
h1, ε(vs

qs

h

))0 = (sphh τ s
h, ε(vs

qs

h

))0

= (τ s
h, ε(vs

qs

h

))0 − (devh τ s
h, ε(vs

qs

h

))0

≤ (τ s
h, ε(vs

qs

h

))0 + C‖ devh τ s
h‖0‖ sphh τ s

h‖0 .

Applying Young’s inequality, we obtain

‖τ s
h‖

2
0 = ‖ sphh τ s

h‖
2
0 + ‖ devh τ s

h‖
2
0 ≤ (τ s

h, ε(vs
qs

h

))0 + Câ(τ s
h, τ s

h) . (6.2)

Replacing τ s
h by τ s

h −σs
h and using the second equation in (6.1), the first term in the

upper bound of (6.2) can be estimated by

(τ s
h − σs

h, ε(vs
qs

h
−ps

h

))0 = (τ s
h − σ, ε(vs

qs

h
−ps

h

))0 + (σ − σs
h, ε(vs

qs

h
−ps

h

))0

≤ ‖τ s
h − σ‖0‖τ

s
h − σs

h‖0 .

To bound â(τ s
h −σs

h, τ s
h −σs

h), we have to use the first equation in (6.1). This gives

â(τ s
h − σs

h, τ s
h − σs

h) = (C−1
h τ s

h, τ s
h − σs

h)0 − (ε(uh), τ s
h − σs

h)0

= (C−1
h τ s

h − C−1σ, τ s
h − σs

h)0 + (ε(u) − ε(uh), τ s
h − σs

h)0

≤ ‖τ s
h − σs

h‖0(‖C
−1
h τ s

h − C−1σ‖0 + ‖ε(u − uh)‖0) .

Combining the last two estimates with (6.2), we find that

‖τ s
h − σs

h‖0 ≤ C(‖C−1σ − C−1
h τ s

h‖0 + ‖σ − τ s
h‖0 + ‖ε(u) − ε(uh)‖0) . (6.3)

Since Sc
2h ⊂ S2h ⊂ Ss

h Assumption 5.8 guarantees that the best approximation
error in the subspace Sc

h ∩Ss
h satisfies infτ s

h
∈Sc

h
∩Ss

h
‖τ s

h −σ‖0 ≤ Ch‖f‖0. In terms of
Theorem 5.3, the triangle inequality in combination with (6.3) yields

‖σ − σs
h‖0 ≤ C( inf

τ s

h
∈Sc

h
∩Ss

h

(‖σ − τ s
h‖0 + ‖ε(u) − ε(uh)‖0) ≤ Ch‖f‖0 .

We recall that Ch restricted to Sc
h is identical to C.
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7. Numerical examples. In this section, we illustrate the performance of the
formulation discussed in the preceding sections in some numerical tests. In particular,
we show the locking free response in the incompressible limit of the proposed formu-
lation by comparing the results with the analytical solution and the results obtained
from the standard Q1-displacement approach. All examples are in two dimensions,
and based on four-noded quadrilateral elements with standard bilinear interpolation
of the displacement field. Furthermore, we assume isotropy and plane strain. The
implementation is based on the finite element toolbox UG, [3]. In our two examples,
we use the modified Hu-Washizu formulation (3.2) and apply static condensation.

Example 1: Cook’s membrane problem. In this popular benchmark problem [22,
19, 17], we set Ω := conv{(0, 0), (48, 44), (48, 60), (0, 44)}, where convξ is the convex
hull of the set ξ. The left boundary of the tapered panel Ω is clamped, and the right
one is subjected to an in-plane shearing load of 100N along the y-direction, as shown
in Figure 7.1(a). The material properties are taken to be E = 250 and ν = 0.4999,
so that a nearly incompressible response is obtained. The vertical tip displacement

T

16

44

48

100N

1000

1000

A

Fig. 7.1. (a) Cook’s membrane problem with initial triangulation; (b) the square beam problem
with a mesh of four squares

at the point T is computed for the different cases in Table 3.1, for different levels of
uniform refinement, starting with the initial triangulation shown in Figure 7.1 (a).
As can be seen from Table 7.1, the standard displacement approach and standard
Hu-Washizu formulation (α = 1) with stress and strain spaces given in Cases I and
IV exhibit locking whereas all other cases show rapid convergence.

Table 7.1

Vertical tip displacement at point T, Example 1

α = 1 α independent α = µ

4λ
α = −

µ

4λ
α = 0 Q1-P0

lev Q1 I II III V I IV I IV I IV

0 2.00 2.00 4.00 4.58 3.15 2.93 2.70 3.18 2.82 3.04 2.75 3.01

1 2.07 2.08 5.40 5.64 4.42 4.18 3.76 4.53 3.97 4.34 3.86 4.31

2 2.10 2.12 6.73 7.02 6.24 5.93 5.60 6.20 5.83 6.06 5.71 6.28

3 2.15 2.22 7.59 7.52 7.17 7.00 6.85 7.13 6.97 7.06 6.91 7.21

4 2.32 2.54 7.59 7.68 7.53 7.45 7.40 7.50 7.45 7.48 7.42 7.55

5 2.84 3.39 7.69 7.73 7.67 7.63 7.62 7.66 7.64 7.64 7.63 7.68

6 4.03 4.94 7.74 7.75 7.73 7.71 7.70 7.72 7.71 7.71 7.71 7.73

Example 2: Square beam. In the second example, we consider the domain Ω :=
(0, 2) × (0, 2), which is fixed in the x-direction at the point (0, 2) and fixed in both
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directions at the origin. A linearly varying horizontal force is applied in the x-direction
along the boundary x = 2, with resultant point forces p = 1000 at (2, 0) and p = −1000
at (2, 2) (Figure 7.1 (b)). This problem has also been considered in [25]. In Table 7.2,
we present the vertical tip displacement at the point A := (2, 0) for E = 1500 and for
different values of Poisson’s ratio ν, where ν1, ν2, ν3 and ν4 are given by 0.4, 0.49, 0.499
and 0.4999, respectively. The exact vertical displacement at A is 4(1 − ν2).

Table 7.2

Vertical tip displacement at point A, Example 2

α = 1 α independent α = µ

4λ
α = −

µ

4λ
α = 0 Q1-P0

ν Q1 I II III V I IV I IV I IV

ν1 2.64 2.80 3.36 4.07 3.13 3.04 2.85 3.13 2.92 3.08 2.88 3.45

ν2 0.75 0.76 3.04 3.74 2.86 2.39 2.27 2.60 2.47 2.49 2.36 3.23

ν3 0.09 0.09 3.00 3.70 2.83 2.30 2.19 2.53 2.41 2.41 2.29 3.20

ν4 0.01 0.01 3.00 3.69 2.82 2.29 2.18 2.53 2.40 2.40 2.29 3.20

As in the previous example, the standard displacement approach and the standard
Hu-Washizu formulation with Cases I and IV show the locking effect whereas all
other cases exhibit stable behavior. In particular, Cases II, V and Q1-P0 give better
numerical results. Furthermore, the numerical results from Case II are almost exact.

To illustrate the dependence of the numerical solution uh on α, we show in Figure
7.2 the absolute error of the vertical tip displacement at A versus αλ

2µ
. The left picture

shows the Case IV and the right pictures shows the Case I. We set E = 1500 and
ν = 0.4999. As can be seen from Figure 7.2, the locking effect increases with αλ. We
note that Bα is singular for α = −µ

λ
but the displacement based formulation (5.1)

with Qh and Ch given as in Lemma 5.5 is well defined. Therefore, we use formulation
(5.1) to compute the displacement here. For α = −2µ

λ
, we find that Ch|

St
h

= 0 and

(S4
h)c = S3

h = (S3
h)c, and (S1

h)c = I. Thus Case IV reduces to Case III, whereas for
the Case I Assumption 5.2(i) does not hold locally for this special choice of α.
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Fig. 7.2. Error of the vertical tip displacement at A versus αλ
2µ

∈ [−1, 1], Case IV (left) and

Case I (right)
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