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Abstra
tWe establish the existen
e and uniqueness, lo
ally and globally in time, of solutions to thegoverning equations for �bre suspensions 
ows, for suÆ
iently small data. The linear andquadrati
 
losure rules are 
onsidered, and the rotary di�usivity is assumed to be 
onstant. Theexisten
e of a unique 
lassi
al solution, lo
al in time, is proven by using the S
hauder FixedPoint Theorem, for both the linear and quadrati
 
losures. Global a priori estimates are thenderived to obtain a unique global 
lassi
al solution for suÆ
iently small data. The solution isfound to be stable in the absen
e of a body for
e. Existen
e and uniqueness of solutions to thesteady problem are also established.Keywords: �bre suspensions, global existen
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1 Introdu
tionMathemati
al models of �bre suspension 
ows take the form of a 
oupled system of nonlin-ear partial di�erential equations, whi
h bear some resemblan
e to the equations governingthe 
ow of vis
oelasti
 liquids (see, for example, [9℄). The primary variables are velo
i-ty and pressure, as in the 
ase of Newtonian 
uids, and in addition a tensorial variableknown as the orientation tensor, whi
h 
aptures in an average sense the orientation of�bres in spa
e and time.The orientation tensor is one of se
ond-order. The governing equations 
ontain also afourth-order orientation tensor, whi
h is normally expressed as a fun
tion of that of se
ondorder through a 
losure approximation. Many su
h approximations exist [1, 2, 3, 4, 17℄,and it is known that while parti
ular 
losure approximations represent a

urate modelsin 
ertain 
ow situations, there is no known universally appropriate 
losure rule.There has re
ently been a series of theoreti
al studies aimed at gaining a better under-standing of the properties of the equations governing the 
ow of �bre suspensions. In astudy of the well-posedness of these equations, Galdi and Reddy [8℄ have shown thatfor the linear 
losure there is a 
onne
tion between stability and the parti
le number,a 
onstant 
losely related to �bre 
on
entration: in parti
ular, the rest state is unsta-ble, in the sense of Liapounov, for parti
le numbers ex
eeding 35/2. These authors alsodemonstrate the existen
e, lo
ally in time, of a solution to the equations 
orrespondingto the quadrati
 
losure, and for the 
ase in whi
h the rotary di�usivity is proportional tojDj, the magnitude of the stret
hing tensor; this approximation is due to Folgar andTu
ker [6℄.Munganga et al. [12℄ have studied the stability of �bre suspension 
ows from thermo-dynami
 and energeti
 perspe
tives, for a wide range of 
losure approximations. Theirresults for the linear 
losure 
on�rm those obtained in [8℄, in that a ne
essary 
ondition forsatisfa
tion of the dissipation inequality, and a suÆ
ient 
ondition for energeti
 stability,are that the parti
le number be less than 35/2.The aim of this work is to establish 
onditions for the existen
e of a unique 
lassi
alsolution, lo
ally and globally in time, to the equations for �bre suspension 
ows, for the2




ase in whi
h the linear and quadrati
 
losure are used, and for a 
onstant value of therotary di�usivity Dr. As indi
ated earlier, lo
al existen
e of solutions was establishedfor the 
ase in whi
h Dr satis�es the Folgar-Tu
ker assumption; in that 
ase it was notpossible to establish global existen
e of solutions. The 
ase of 
onstant rotary di�usivityis one of interest, sin
e su
h a model is espe
ially appropriate for suspensions of small�bres, in whi
h rotary Brownian motion may be present [16℄.The methods used here are based on those employed by Guillop�e and Saut [9℄ in theirstudy of the equations for vis
oelasti
 
uids. We also make use of te
hniques employedin Galdi and Reddy [8℄.The proof of existen
e of a lo
al solution uses a �xed point argument. Global a prioriestimates are derived to obtain a unique global 
lassi
al solution for suÆ
iently smalldata, and it is proven that that solution is stable in the absen
e of body for
es. We alsoderive results on the existen
e and uniqueness of steady 
ows.The rest of this paper is organised as follows. In Se
tion 2 the me
hani
s of �bre suspension
ows is reviewed. The problem of lo
al existen
e of solutions is investigated in Se
tion 3,for both linear and quadrati
 
losure rules, while the global existen
e of solutions and thestability of those solutions are the subje
ts of Se
tion 4. In Se
tion 5 the existen
e anduniqueness of solutions to the steady problem are established.The authors are grateful to Professor G.P. Galdi for his assistan
e and suggestions thathave lead to an improvement in our results.Notation and fun
tion spa
es. We make use of 
oordinate-free notation wherever
onvenient, and denote ve
tors and tensors by bold-fa
e letters.The s
alar produ
t of two ve
tors u and v is denoted by u � v, while the 
orrespondingprodu
t of two se
ond-order tensors A and B is denoted by A:B. In index form theseexpressions read uivi and AijBij, the summation 
onvention on repeated indi
es beingapplied at all times. The magnitude of a ve
tor u and a tensor A are then naturallyde�ned by juj = (u � u)1=2 and jAj = (A : A)1=2.In what follows, 
 will denote a bounded domain in R d (d = 2 or 3), with boundary �.3



We will assume that 
 is on one side of �, and that � is at least Lips
hitzian or C1. Weset 
T = 
� T , for T > 0.We denote by C(
) the spa
e of all real-valued 
ontinuous fun
tions on 
, and by C(
)the spa
e of fun
tions that are bounded and uniformly 
ontinuous on 
. The spa
e C(
)is a Bana
h spa
e with the normkvkC(
) = supfjv(x)j : x 2 
g � maxfjv(x)j : x 2 
g:For any nonnegative integer m, we likewise setCm(
) = fv 2 C(
) : D�v 2 C(
) for j�j � mg:C(
) and C(
) will denote C0(
) and C0(
) respe
tively. The spa
e Cm(
) is a Bana
hspa
e when endowed with the normkvkCm(
) = Xj�j�m kD�vkC(
):We de�ne C1(
) = fv 2 C(
) : v 2 Cm(
) 8m 2 Z+g:We denote by Lp(
) (p � 1) the Lebesgue spa
es 
onsisting of equivalen
e 
lasses offun
tions whose pth powers are integrable on 
; these are Bana
h spa
es with the normkvkLp(
) = �Z
 jv(x)jp dx�1=p :The modi�
ation for p =1 is made in the usual way.The Sobolev spa
es Hk(
), k = 0; 1; : : : are de�ned byHk(
) = fv 2 L2(
); D�v 2 L2(
); j�j � kg;where � = (�1; � � � ; �d), �i being nonnegative integers. These are Hilbert spa
es whenendowed with the inner produ
t(u; v)Hk = Xj�j�k Z
D�uD�v dx:4



The spa
e Hk0 (
) is de�ned byHk0 (
) = fv 2 Hk(
) : vj� = 0 and D�f = 0 on � for j�j < kg:The seminorm kvk := jrvj is a norm on H10 (
), equivalent to the natural norm.The topologi
al dual of Hk0 (
) is denoted by H�k(
).We will require spa
es of ve
tor- or tensor-valued fun
tions whose 
omponents are mem-bers of a Sobolev spa
e. Thus we denote by L p(
) the spa
e of ve
tor- or tensor-valuedfun
tions with 
omponents in Lp(
). The spa
e H k(
) is de�ned likewise. We will alsorequire the spa
esH = fv : vi 2 L2(
); div v = 0 in 
; v � n = 0 on �g,V = fv : vi 2 H10 (
); div v = 0 in 
g,X = fA : Aij 2 L2(
); Aij = Aji; Aii = 0 a.e in 
g.These spa
es are equipped respe
tively with the normsk � kH � k � kL2 � j � j;k � kV � k � kH 1 andk � kX � k � kL2 :We denote by P the orthogonal proje
tion of L 2(
) onto H , and the operator L byL(v) = �P�v; (1.1)where � is the Lapla
ian operator. The domain of L is given by D(L) = V\H 2(
), andthe norm kvkD(L) := kLvkL2 is equivalent to the natural H 2-norm.Finally, we will require various Bo
hner spa
es; these are spa
es of fun
tions whi
h aremaps from a time interval to a Bana
h or Hilbert spa
e. Let X be a Bana
h spa
e andT a positive number; then the spa
e Cm(0; T ;X) 
onsists of all m-times 
ontinuouslydi�erentiable fun
tions v from [0; T ℄ to X. This is a Bana
h spa
e with the normkvkCm(0;T ;X) = mXk=0 max0�t�T kv(k)(t)kX :5



For 1 � p <1 the spa
e Lp(0; T ;X) 
onsists of all measurable fun
tions v from (0; T ) toX for whi
h kvkLp(0;T ;X) := �Z T0 kv(t)kpX dt�1=p <1:This is a Bana
h spa
e with the norm kvkLp(0;T ;X). The extension to the 
ase p = 1 is
arried out in the usual way, as is the extension to ve
tor- or tensor-valued fun
tions.2 Me
hani
s of �bre suspension 
owsWe give a brief but self-
ontained review of the equations governing the 
ow of �bresuspensions. Detailed a

ounts may be found, for example, in the works of Advani andTu
ker [1, 2, 15℄.Fibre suspensions. For the purposes of this investigation, a �bre suspension is de�nedto be a vis
ous in
ompressible 
uid in whi
h is suspended a distribution of axisymmetri
,rigid, and ideally massless �bres. The �bre volume fra
tion is denoted by h, and the �breaspe
t ratio r is de�ned by r = `=d, where ` and d are respe
tively the �bre length anddiameter. The orientation of ea
h �bre is des
ribed by a unit ve
tor p .A suspension is said to be dilutesemi-dilute
on
entrated 9>>=>>; if 8>><>>: hr2 < 11 < hr2 < rr < hr2 : (2.1)We 
onsider dilute and semi-dilute suspensions, for whi
h �bres have a low probability ofmaking 
onta
t, though the motion of the �bres and 
uid are 
oupled.The suspension o

upies a bounded domain 
 in R d (d = 2; 3).A 
ontinuum theory for �bre suspensions may be 
onstru
ted by introdu
ing the proba-bility density fun
tion  (p), whi
h gives the probability of a �bre having that parti
ularorientation. The probability density fun
tion is not a 
onvenient variable with whi
h towork, but it may be eliminated in favour of orientation tensors, whi
h are �eld variablesdes
ribing, in an averaged sense, the distribution of orientation in the domain 
.6



We de�ne, for any fun
tion f , the averaging operator ; < � > by< f > = Z f(�; �) (�; �) sin �d�d�; (2.2)in whi
h integration is over the unit sphere. Then the se
ond- and fourth-order orientationtensors A and A are de�ned byA = hp
 pi; (2.3)A = hp
 p
 p
 pi: (2.4)It is easily shown that orientation tensors of odd order are identi
ally zero.By making use of these de�nitions and of the equations of 
onservation of �bres, and ofthe equation of motion of a single parti
le, it is possible to derive an evolution equationfor the tensor A: this is given by [17℄DADt = (WA�AW ) + �(DA+AD � 2AD) +Dr(I � dA): (2.5)Here DADt � �A�t +(v�r)A is the material derivative,D = 12 [rv+(rv)T ℄ is the stret
hingtensor, and W = 12 [rv � (rv)T ℄ is the spin tensor, 
orresponding to a velo
ity �eld v;the quantity � = r2 � 1r2 + 1 is a parameter that 
hara
terises parti
le slenderness.The parameterDr represents the rotary di�usivity. The 
ase Dr = 
onstant is an ex
ellentmodel for very small parti
les whi
h experien
e rotary Brownian motion [16℄, and thisassumption is adopted throughout this work.Closure approximations. Equation (2.5) 
ontains the tensor A; in fa
t it is a featureof su
h evolution equations that the equation for an orientation tensor of a parti
ularrank 
ontains the tensor of the next (even) rank up. In order to 
ir
umvent this problem,A is 
onventionally approximated by means of what is known as a 
losure rule. Thisapproximation 
onsists of writing A as a fun
tion of the se
ond-order tensor A. Therehas been a great deal of work on 
losures (see for example Advani and Tu
ker [1℄,Hin
h and Leal [10℄, Cintra and Tu
ker [3℄ and Dupret and Verleye [4℄);we fo
us on two examples, viz. the linear and quadrati
 approximations. The linearapproximation AL is de�ned byALD = � 235D + 17 [2AD + 2DA+ (A : D)I℄ (2.6)7



for any symmetri
 se
ond-order tensor D with trD = 0, while the quadrati
 approxima-tion AQ is de�ned by AQ = A
A: (2.7)The linear 
losure rule is exa
t for random distributions of �bres, while the quadrati

losure is exa
t for perfe
tly aligned �bres. Ea
h of these approximations is suitable foronly a range of physi
al situations, and there are situations in whi
h neither is a goodapproximation [2, 8℄. Nevertheless, from a mathemati
al point of view the results onwell-posedness that are to be established here may be extended, with little diÆ
ulty, tomore elaborate 
losure rules, and so we 
on
entrate on just the two above examples.Constitutive equation for the stress. Coupling of the 
uid and �bre motions impliesthat the usual 
onstitutive equation for the stress will be modi�ed by terms that 
ontainthe orientation tensor. This 
onstitutive equation is given byT = �pI + S; (2.8)where S = 2�I [D +NpAD +Ns(AD +DA)℄: (2.9)Here p is the pressure, �I 
ontains all the isotropi
 
ontributions to vis
osity, while theanisotropi
 
ontributions due to the parti
les are represented by Np, the parti
le numberand Ns, the shear number.The initial boundary value problem. We assume that the 
uid o

upies a boundeddomain 
 � R d (d = 2 or 3) with boundary �, and is subje
ted to the a
tion of a bodyfor
e b per unit mass. The 
uid has mass density �. It is required to �nd the velo
ity�eld v(x; t), the pressure p(x; t), and the orientation tensor �eld A(x; t) whi
h satisfy thefollowing set of equations:
onservation of momentum��v�t + (v � r)v � divT = �b; (2.10)
onservation of mass (
ontinuity equation)divv = 0; (2.11)8




onstitutive equation for stressT = �pI + 2�I [D +NpAD +NS(AD +DA)℄; (2.12)and the evolution equation for the orientation tensorDADt = (WA�AW ) + �(DA+AD � 2AD) +Dr(I � dA): (2.13)These equations are supplemented by a boundary 
ondition for the velo
ity �eld, andinitial 
onditions. For 
onvenien
e we make use of the homogeneous Diri
hlet boundary
ondition v = 0 on � (2.14)and the inital 
onditions v(x; 0) = v0; A(x; 0) = A0: (2.15)In (2.12) and (2.13) it is assumed that one of the 
losure approximations will be used toexpress A in terms of A.3 Lo
al existen
e of solutionsIn this Se
tion we show, for the 
ases of the linear and quadrati
 
losures, that the problem(2.10){(2.15) admits a unique solution lo
ally in time, for the 
ase of 
onstant Dr. Galdiand Reddy [8℄ have established the existen
e of a unique solution lo
ally in time for the
ase whi
h whi
h uses the Folgar-Tu
ker assumption Dr = CjDj, and for the quadrati

losure.3.1 Linear 
losure approximationThe dimensionless and tra
eless problem. We setx = xL; v = vV t = tVL ; p = pL�IV ; (3.1)b = � bL2�IV ; Re = �V L�I ; We = �VdDrL:9



Here V and L represent a typi
al velo
ity and length of the 
ow. The 
onstant Re isthe Reynolds number, while We is a dimensionless 
onstant that plays a role very similarto that of the Weissenberg number in vis
oelasti
 
ows (see, for example, [9℄), and for
onvenien
e is denoted in the same way.It is also useful to 
arry out an additive de
ompostion of A: we setA = Â+A� (3.2)where A� is a diagonal tensor with tra
e 1, whi
h implies that Â is tra
eless. For 
onve-nien
e, and without any loss in generality, we 
hooseA� = 1dI (3.3)for a problem in R d. We next make use of (3.1){(3.3) in equation (2.10) and (2.13), anduse (2.6) for A, to obtainRe(v0 + (v � r)v) +rp� 
�v = b+ divSLSL = N(AD +DA) + �Np(A : D)I 9>>=>>; (3.4)and A+We�A0 + (v � r)A+AW �WA� 3��(AD +DA)	= 2!D + 2��We(A : D)I: (3.5)For 
onvenien
e we have denoted Â by A, and we have dispensed also with all overbars.Here 
 = 2�1� 235Np� ; �Np = 27Np; N = 27(2Np + 7Ns); �� = �7 ;and ! = 13�35dDr :We introdu
e the bilinear mappingb(v;w) = P (v � r)w: (3.6)In the next se
tion, we implement a �xed point argument, using S
hauder's Fixed PointTheorem, to show the existen
e of a regular solution on a time interval (0; T �). Thissolution satis�es an energy inequality, whi
h implies its uniqueness in that 
lass.10



Linearised problems. We study two linearised problems, one for the velo
ity v, andthe other for A. We �rst re
all, without proof, some well known results (see, for example,[14℄) for the time-dependent Stokes problemRe v0 + 
Lv = Fdivv = 0v(0) = v0 9>>=>>; (3.7)where F is a given body for
e.Lemma 1 Assume that � 2 C2; v0 2 V and F2 L 2(
T ). If 
 > 0, then the Stokesproblem (3.7) admits a unique solution v2 L 2(0; T ;D(L)) \ C([0; T ℄;V) su
h that v0 2L 2(
T ) and p 2 L2(0; T ;H1). Furthermore, there exists a 
onstant C1(Re; 
;
) su
h thatkvk2L2(0;T ;D(L))\L1(0;T ;V) + kv0k2L2(
T ) + kpk2L2(0;T ;H1)� C1(kv0k2L2(
T ) + kF k2L2(
T )): (3.8)Lemma 2 Assume that � 2 C3, F 0 2 L 2(0; T; H �1), v0 2 D(L).If 
 � 0, then the unique solution of problem (3.7) satis�esv 2 L 2(0; T ; H 3) \ C([0; T ℄;D(L));v0 2 L 2(0; T ;V) \ C([0; T ℄; H );p 2 L2(0; T ;H2);and there exists a 
onstant C2(Re; 
;
) su
h thatkvk2L2(0;T ;H 3)\L1(0;T ;D(L)) + kv0k2L2(0;T ;V)\L1(0;T ;H ) + kpk2L2(0;T ;H 2) (3.9)� C2 njLv0j2 + kF k2L1(0;T ;H 1) + kF 0k2L1(0;T ;H �1) + jF (0)j2o :We now turn to the study of a linearised problem asso
iated with the equation (3.5) forA. For a given velo
ity �eld v, we �rst show the existen
e and the uniqueness of a regularsolution A to the problem 11



WefA0 + (v � r)A+AW �WA� 3��(AD +DA)g+A= 2!D � 2��We(A : D)I; (3.10)A(0) = A0 a.e in 
; (3.11)where D = 12 �rv + (rv)T � and W = 12 �rv � (rv)T � :Lemma 3 Assume that � 2 C1, v 2 L 1(0; T ; H 3) \ D(L), A0 2 H 2(
). Then theproblem (3.10) admits a unique solution A2 C([0; T ℄; H 2). Futhermore, there exists a
onstant C(
; !;We) su
h thatkAkL1(0;T ;H 2) � �kA0kH 2 + 2!We� exp(CkvkL1(0;T ;H 3)): (3.12)In addition, if v 2 C([0; T ℄; D(L)), then A0 2 C([0; T ℄; H 1) and satis�eskA0kL1(0;T ;H 1) � (3.13)C �kvL1(0;T ;H 3) + 1We��kA0kL1(0;T ;H 2) + 2!We� exp(CkvkL1(0;T ;H 3)):ProofThe proof of existen
e of a unique solution follows dire
tly by appli
ation of the methodof 
hara
teristi
s [5℄.We turn now to the derivation of the estimates (3.12) and (3.13).Estimate (3.12) We obtain three equations by, �rst, taking the produ
t of (3.10) withA in L 2(
); next, by applying the operator �=�xl to (3.10), and taking the L 2-innerprodu
t of this equation with A;l; and �nally, by applying the operator �2=�xl�xm to(3.10) and taking the L 2-inner produ
t with A;lm. Here subs
ripts following a 
ommadenote partial derivatives with respe
t to the 
orresponding spatial variable. We add12



these three equations and simplify, to obtain12 ddt �WekAk2H 2� + kAk2H 2 = 2!(D;A)H 2 +We(WA�AW ;A)H 2�We Z
fvk;l [A;k : A;l + 2A;km : A;lm℄ + vk;lmA;k : A;lmg dx�2��We ��(A : D)I;A�H 2 + 3��We(AD +DA;A)H 2� : (3.14)The right-hand side of (3.14) may be estimated as in [8℄, and we dedu
e that12 ddt(WekAk2H 2) + kAk2H 2 � 2!C0kvkH 3kAkH 2 + 2WeC0kvkH 3kAk2H 2 : (3.15)The 
onstant C0 entering the estimate (3.15) depends only on 
, and on the material
onstants. Inequality (3.15) implies in parti
ular thatddt �kAkH 2� � 2!C0We kvkH 3 + 2C0kvkH 3kAkH 2 � 1WekAkH 2 : (3.16)Now, for a given � 2 R+, we dedu
e from (3.16) that12 ddt �(kAkH 2 + �)2� = (kAkH 2 + �) ddt(kAkH 2)� 2CkvkH 3(kA(t)kH 2 + �)�kAkH 2 + 2!We� (3.17)for some positive 
onstant C. We set � = 2!=We; it follows from inequality (3.17) that12 ddt "�kA(t)kH 2 + 2!We�2# � 2Ckv(t)kH 3 �kA(t)kH 2 + 2!We�2 : (3.18)Integration of (3.18) over (0; t) � (0; T ) gives (3.12). ThereforeA belongs to L1(0; T; H 2).Estimate (3.13) Let us �rst 
onsider the initial-value problem8<: ddtA(t;x) = G(t;A) in 
T ;A(0;x) = A0 in 
; (3.19)where G(t;A) = 1We �2!D + 2��We(A :D)I �A�� (v � r)A�(AW �WA) + 3��(AD +DA): (3.20)13



We note that the solution of (3.19) is given byA(t) = A0 + Z t0 � 1We �2!D + 2��We(A : D)I �A��(v � r)A� (AW �WA) + 3��(AD +DA)� ds: (3.21)If G 2 C([0; T ℄; H 2) then the solution (3.21) belongs to C([0; T ℄; H 2) (at least lo
ally). Ifv 2C([0; T ℄; H 2), we haveA0(t) = 1We �2!D � 2��We(A : D)I �A�� (v � r)A�(AW �WA) + 3��(AD +DA) (3.22)and the righthand side belongs to C([0; T ℄; H 1). Taking the H 1-norm of both sides of(3.22) we obtainkA0(t)kH 1 � C0 2!WekvkH 3 + 1WeC0kA(t)kH 2 + C0kvkH 3kA(t)kH 2� C0�kvkH 3 + 1We��kA(t)kH 2) + 2!We� : (3.23)Equation (3.23) may be written in the formkA(t)kH 2 + 2!We � kA0(t)kH 1C0 �kvkH 3 + 1We� : (3.24)We integrate (3.18) over (0; T ), and dedu
e thatkAkH 2 + 2!We � �kA0kH 2 + 2!We� expfCkvkL1(0;T ;H 3)g: (3.25)Next, we use (3.25) to dedu
e from (3.24) thatkA0(t)kL1(0;T ;H 1) �C �kvkL1(0;T ;H 3) + 1We��kA0(t)kL1(0;T ;H 2) + 2!We� exp(CkvkL1(0;T ;H 3)):Thus (3.13) is proved.
14



Lo
al existen
e of a regular solution. Let us now 
onsider the problemRe v0 + �
Lv = b�Re(v � r)v+div f�N(AD +DA) + �Np(A : D)I�gWefA0 + (v � r)A+AW �WA� 3��(AD +DA)g+A= 2!D � 2��We(A :D)Iv(�; t) 2 V; A(�; t) 2 H 2(
) \ X for almost all t;v(0) = v0; A(0) = A0
9>>>>>>>>>>>>>=>>>>>>>>>>>>>; (3.26)

Theorem 1 (Lo
al existen
e of solution: linear 
losure). Assume that � 2C3; b 2 L 2lo
(R+; H 1); b0 2 L 2lo
(R+; H �1); v0 2 D(L); A0 2 H 2(
). If 
 > 0, then thereexist T � >0, v 2 L 2(0; T �; H 3) \ C([0; T �℄; D(L)), with v0 2 L 2(0; T �;V) \ C([0; T �℄; H );p 2 L2(0; T �; H 2) (p is the asso
iated pressure), and A2 C([0; T �℄; H 2) \ X, su
h that(v;A; p) is a solution to the problem (3.26) in 
T �.Proof. Step 1. For T > 0; B1 >0 and B2 > 0, we de�ne the setRT = f (v;A); v 2 C([0; T ℄; D(L)) \ L 2(0; T ; H 3);v0 2 C([0; T ℄; H ) \ L 2(0; T ;V);A 2 L1(0; T ; H 2);A0 2 L1(0; T ; H 1); v(0) = v0;A(0) = A0 2 
;kvk2L1(0;T ;D(L))\L2(0;T ;H 3) + kv0k2L1(0;T ;H )\L2(0;T ;V) � B1;kAk2L1(0;T ;H 2) � B1; kA0kL1(0;T ;H 1) � B2 g : (3.27)We show that, if B1 is large enough, then 8T > 0; RT 6= ;. Let v� be the solution of theproblem Re v�0 + 
Lv� = 0 a.e in R+;v�(t) 2 V in R+;v�(0) = v0:If 
 > 0, then from Lemma 2, there exists a 
onstant D1(Np; Re;
) su
h thatkv�kL2(0;T ;H 3)\L1(0;T ;D(L)) + kv�0k2L1(0;T ;H )\L2(0;T ;V) � D1jLv0j2: (3.28)15



If we set B1 > D1jLv0j2 + kA0kH 2 ; (3.29)then (v�;A0) 2 RT , for all T > 0.Next, we 
onsider the mapping� : RT �! XT = C([0; T ℄;V)� C([0; T ℄; H 1);(v;A) 7�! (v;A); (3.30)where A and v are the unique solutions of (3.7) and (3.10) respe
tively, and withF = �Re(v � r)v + b+ div��N(A D +D A) + �Np(A : D)I�	 : (3.31)Clearly a �xed point of � is a solution to the problem (3.26).Step 2. We show that � satis�es the 
onditions of S
hauder's Fixed Point Theorem [13℄.First we show that there exists T � su
h that �(RT �) � RT �. If (v;A) 2 RT , then from(3.31) and the Poin
ar�e-Friedri
hs inequality, we obtainkF k2L2(0;T ;H 1) � Z T0 hD2(kvk4H 3 + kAk2H 2kvk2H 3) + kbk2H 1i dt;where D2 depends on 
; Np, and Ns. ThuskF k2L2(0;T ;H 1) � D2B21T + kbk2L2(0;T ;H 1): (3.32)In the same way we �nd thatjF (0)j2 � D2 �jLv0j2 + jA0j2 + 1� jLv0j2 + jb(0)j2 (3.33)and kF 0k2L2(0;T ;H �1) � Z T0 D2 hkvk2H 3kv0k2H 2 + kA0k2H 1kvk2H 3i dt+ Z T0 hD2(kAk2H 2kv0k2H 2) + kbk2H �1i dt;so that kF 0k2L2(0;T ;H �1) � D2(B21 +B1B22)T + kb0k2L2(0;T ;H �1): (3.34)16



From Lemmas 2 and 3, we use (3.32){(3.34) to getkvk2L2(0;T ;H 3)\L2(0;T ;D(L)) + kv0k2L2(0;T ;H �1)\L1(0;T ;H )� C2 hjLv0j2 + kF k2L(0;T ;H 1) + kF 0k2L(0;T ;H �1) + kF (0)k2i� C2 hB1D2(2B1 +B22)T + kb0k2L(0;T ;H �1) + jb(0)j2+D2(jLv0j2 + jA0j+ 1)jLv0j2� ; (3.35)kAkL1(0;T ;H 2) � �kA0kL2(0;T ;H 2) + 2!We� exp(C1TB1=21 ); (3.36)and kA0kL1(0;T ;H 1) � C0�B1=21 + 1We��kA0kL2(0;T ;H 2) + 2!We� exp(C1TB1=21 ):(3.37)Therefore (v,A)2 RT � , if we 
hoose T � su
h that the righthand sides of (3.35){(3.37) arebounded respe
tively by B1; B1 and B2. We make use of (3.29), and then 
hoose B1, B2and T � su
h thatB1 � max�D1jLv0j2;�kA0k+ 2!We� e; 2C2 hkb0k2L1(0;T ;H 1)+jb(0)j2 +D2(jLv0j2 + jA0j2 + 1)jLv0j2�	 ; (3.38)B2 � eC0�B1=21 + 1We��kA0kL1(0;T ;H 2) + 2!We� ; (3.39)and T � � T � min( 14C2D2(2B1 +B22) ; 1C1B1=21 ) : (3.40)Therefore, we have de�ned 
onstants B1 and B2, depending onWe, 
, ! and on the data,and we have de�ned a time, say T �, satisfying (3.40), depending on B1; B2 and on thedata, su
h that �(RT �) � RT � .Obviously � is 
ontinuous, and by the Arzela-As
oli Theorem, we dedu
e that RT � is
ompa
t in XT = C([0; T ℄;V)�C([0; T ℄; H 1). Therefore, sin
e RT � is a non-empty 
onvexsubset of XT , we dedu
e from the S
hauder Fixed Point Theorem that � has a �xed point,(v,A) say, whi
h is the solution to the problem(3.26).17



Step 3. It remains to show that A2 X; that is that AT = A and trA=0.AT=A We take the transpose of (3.10), to obtainWenAT 0 + (v � r)AT +ATW �WAT � 3��(ATD +DAT )o+AT = 2!D � 2��We(A :D)I: (3.41)Next, we set Q = AT �A, and substra
t (3.10) from (3.41) to getWefQ0 + (v � r)Q+QW �WQ� 3��(QD +DQ)g+Q = 0: (3.42)We now take the L 2-inner produ
t of (3.42) with Q, to obtain12 ddtkQk2 + (QW �WQ;Q)� 3��(QD +DQ;Q) + 1WekQk2 = 0: (3.43)Some terms in (3.43) are now simpli�ed. Using the identity AB:C=B:ATC and theskew-symmetry of W , we have(QW �WQ;Q) = Z
(QTQ :W �QQT :W ) dx = 0and (QD +DQ;Q) � 2kQk2L2kvkH 3 :Using the above results, we dedu
e from (3.43) the inequalityddtkQk2L2 � �CkvkH 3 + 1We� kQk2L2 :Sin
e v 2 L 2(0; T �; H 3) we may apply Gronwall's Lemma to 
on
lude that Q=0, orAT=A.trA=0 First we re
all that trA=trA0=0. We set Z=trA, and take the tra
e of bothsides of (3.10), to obtainWefZ 0 + (v � r)Z � 2��(A :D)g+ Z = �2��We(A : D):This implies that Z 0 + (v � r)Z +KZ = 0: (3.44)18



Clearly, Z1(t) = 0 solves (3.44). Now assume that Z2 is also a solution of (3.44); this isa linear di�erential equation, so that if we set Z = Z1 � Z2, then it follows, after takingthe L2-inner produ
t of the resulting equation with Z, thatddt jZj2 +KjZj2 = 0:We now apply Gronwall's Lemma and 
on
lude that Z = 0; that is Z1 = Z2. This
ompletes the proof of the theorem. 23.1.1 Uniqueness of the solutionWe now show that the solution obtained in Theorem 1 is the only one in the 
lass ofregular solutions.Theorem 2 Let T � > 0. The problem (3.26) admits at most one solution (v,A) inL 2(0; T ; H 3) \C([0; T ℄;D(L))� C([0; T ℄; H 2). The pressure p is unique up to an additive
onstant in L2(0; T ; H 2)Proof. As usual, we take the di�eren
e of two solutions (v1;A1; p1) and (v2;A2; p2),
orresponding to the same data. Set v=v1 � v2 and A=A1 �A2. The fun
tions v andA satisfy the equationsRefv0 + (v1 � r)v + (v � r)v2g+ �
Lv = div(S1 � S2);WefA0 + (v � r)A1 + (v2 � r)Ag+A = 2!D (3.45)�2��We(A1 :D1 �A2 : D2)I �We (R(A1; v) +R(A; v2)) ;where Si = N(AiDi +DiAi) + �Np(Ai :Di)I;R(A; v) = AW �WA� 3��(AD +DA): (3.46)Now, we take the L 2-inner produ
t of (3.45) with v and A respe
tively, and integrateover 
, to obtainRe�12 ddtkv(t)k2L2 + ((v � r)v2; v)�+ �
kv(t)k2H 1 = � (S1 � S2;D) ;19



We�12 ddtkA(t)k2L2 + ((v � r)A1;A)�+ jA(t)j2L2 = 2!(D;A(t)) (3.47)�We (R(A1; v) +R(A; v2);A(t)) :Using (3.46) and the Sobolev inequality we obtain the estimatesj(v � r)v2j � C0kv2kH 3 jvj;jR(A; v2)j � C0kv2kH 3 jAj; (3.48)j(v � r)A1 +R(A1; v)j � C0kA1kH 2kvkH 2:Also, (S1 � S2;D) = 2�I7� N �A1D +DA1 +AD2 +D2A;D� : (3.49)We make use of (3.48) and (3.49), we add (3.47)1 and (3.47)2, and use Young's inequalityto dedu
e the energy inequality12 ddt �Rekvk2L2 +WekAk2L2� + h�
 � C0 �2kA1kH 2i kvk2H 2�C0 �2 hkvk2H 3 + 2! +WekA1kH 2i kvk2H 2� 12� �C0kv2kH 3 + 2� + 2!C0 + C0WekA1kH 2 + 2�Wekvk2H 3� kAk2L2+ 12� �C0kA1kH 2 + 2�Rekv2kH 3� kvk2L2� �Rekvk2L2 +WejAj2� �C0kv2kH 3 + k� ; (3.50)wherek = 12� �2�Rekv2kH 3 + C0kA1kH 2 + 2�+ 2!C0 + C0We+ 2�Wekv2k2H 3� : (3.51)Equation (3.51) is true for any � > 0; we 
hoose � small enough, for example,� = �
C0(kA1kH 2 + kv2kH 3 + 2! +WekA1kH 2) ;su
h that the 
oeÆ
ient of kvk2H 2 on the left hand side of (3.50) is positive (this requiresalso that Np < 35=2). Then (3.50) reads12 ddt �Rekvk2L2 +WekAk2L2� � K �Rekvk2L2 +WekAk2L2� (3.52)with K = C0kv2kH 3 + k:We dedu
e from (3.52) and Gronwall's Lemma that Rekvk2L2 +WekAk2L2 = 0, and hen
ealso that the pressure p is 
onstant. 2 20



3.2 The quadrati
 
losure approximationNow we turn to the the quadrati
 
losure approximation for the problem studied in Se
tion3.1. We prove the lo
al existen
e of the solution, as well its uniqueness.Dimensionless and tra
eless problem. We use the de
omposition (3.2) and (3.3),and again write A for Â and use trD = 0 to obtainAD = (A+A�)
 (A+A�)D= (A : D)(A+ 1dI): (3.53)We also set � = 1dDr VL : (3.54)The system of dimensionless equations 
orresponding to the quadrati
 
losure is thereforeRe(v0 + (v � r)v) +rp� 27 �1 + 2Nsd ��v = b+ divSQ;� [A0 + (v � r)a+ (AW �WA)� �(AD +DA)℄ +A (3.55)= 2��D � 2��(A : D)(A+ 1dI);where SQ(A; v) = 27 �Np(A : D)(A+ 1dI) +Ns(AD +DA)� : (3.56)Remark. Lemmas 1 and 2 are still valid with 
 repla
ed by �
 := 27(1+ 2Nsd ), but Lemma3 will be modi�ed appropriately below.The linearised problem. For a given admissible velo
ity �eld v and orientation tensor�eld A, let us 
onsider the problem� �A0 + (v � r)A+ (AW �WA)� �(AD +DA)�+A= 2��D � 2��(A : D)(A+ 1dI); (3.57)A(0) = A0 a.e in 
:Lemma 4 Assume that � 2 C1, v 2 L 1(0; T ; H 3) \ D(L); A 2 X \ C([0; T ℄; H 1), andA0 2 H 2(
). Then the problem (3.57) exists a 
onstant C(
; !;We) su
h thatkAkL1(0;T ;H 2) 21



� �kA0kH 2 + 1� exp hC �kvk2L2(0;T ;H 3)k+ kAk2L2(0;T ;H 2) + kvkL1(0;T ;H 3)�i :(3.58)In addition, if v 2 C([0; T ℄; D(L)), then A0 2 C([0; T ℄; H 1) and satis�eskA0kL1(0;T ;H 1) � C �kvkH 3(2��kAkH 2 + �(2�+ 1)) + 1� �kA0kH 2 + 1��expnC �kvk2L2(0;T ;H 3)k+ kAk2L2(0;T ;H 2) + kvkL1(0;T ;H 3)�o :(3.59)Proof. See the proof of Lemma 3.Lo
al existen
e of a regular solution. Let us 
onsider the problemRe v0 � �
Lv = 27div �Np(A : D)(A+ 1dI) +Ns(AD +DA)�+b�Re(v � r)v;� fA0 + (v � r)A+ (AW�WA)� �(AD +DA)g+A= 2��D � 2��(A : D)(A+ 1dI);v(�; t) 2 V; A(�; t) 2 H 2(
) and A(�; t) 2 X for almost all tv(0) = v0; A(0) = A0:
9>>>>>>>>>>>>>=>>>>>>>>>>>>>; (3.60)

Theorem 3 (Lo
al existen
e of solution: quadrati
 
losure). Assume that� 2 C3; b 2 L 2lo
(R+; H 1); b0 2 L 2lo
(R+; H �1); v0 2 D(L); A0 2 H 2(
) \ X.Then there exists T� > 0, v2 L 2(0; T �; H 3) \ C([0; T �℄;D(L)), with v0 2 L 2(0; T �;V) \C([0; T �; H ); p 2 L2(0; T �; H 2) (p is the asso
iated pressure), and A2 C([0; T �℄; H 2)\Xsu
h that (v,A,p) is a solution to the problem (3.60) in 
T �.Proof. The proof of this theorem is similar to that of Theorem 1, sin
e the di�eren
ebetween problems (3.26) and (3.60) lies in an extra term of the form M(A : D)A inequations (3.60)1 and (3.60)2, where M is a 
onstant. One 
an follow the same steps asin the proof of Theorem 1 to obtain the ne
essary estimates.Uniqueness of the solution. We 
an show, as in Theorem 2, that the solution obtainedin Theorem 3 is the only one in the 
lass of regular solutions. The proof follows that ofTheorem 2 very 
losely, so we merely state the result.22



Theorem 4 Let T>0. The problem (3.26) admits at most one solution (v,A) inL 2(0; T ; H 3) \ C([0; T ℄;D(L)) � C([0; T ℄; H 2). Furthermore, the pressure p is unique upto an additive 
onstant in L 2(0; T ; H 2).4 Global existen
e of solutionsIn this se
tion, we show that the unique solutions obtained in Theorems 1 and 2 for thelinear 
losure and in Theorem 3 and 4 for the quadrati
 
losure, are de�ned for all t > 0,for small enough data. These global solutions are proved to be stable in the absen
e ofbody for
es.We reiterate here the observation that it is possible, as will be shown in this Se
tion, toobtain results on global existen
e for the model (2.12)-(2.13) in whi
h the rotary di�usivityis assumed 
onstant. Galdi and Reddy [8℄ have studied lo
al existen
e for the 
ase inwhi
h Dr is non-
onstant, and proportional to jDj, and have indi
ated that it is not 
learhow their analysis may be extended to in
lude global existen
e.The approa
h used in this se
tion draws substantially on the analysis by Guillop�e andSaut [9℄.4.1 Linear 
losureWe start by deriving some a priori bounds uniform in time, satis�ed by the solution inTheorem 1.Some a priori estimates. We re
all �rst that (v,A) is the unique solution to problem(3.26). We rewrite (3.15), with v = v, and using Young's Inequality, to obtain12 ddt(WekAk2H 2) + kAk2H 2 � 2!C0kvkH 3kAkH 2 + 2WeC0kvkH 3kAk2H 2� 4!2C20 �2kvk2H 3 + 12�kAk2H 2 + 4We2C20 �2 kAk4H 2 + 12�kvk2H 3 :
23



We 
hoose � = 43 and � = 3=(2!2C20 ); then the previous inequality readsddt(WekAk2H 2) + 12kAk2H 2 � 6!2C0kvk2H 3 + 6We2!2 kAk4H 2 : (4.1)Next, we write (3.26)1 in the form�
Lv = �Re v0 + b� Re(v � r)v + div�27 [N(AD +DA) +Np(A : D)I)� :We take the H 1-norm of both sides by Lv, and use the Poin
ar�e-Friedri
hs and Young'sinequalities to obtainkLvk2H 1 � 
0
2 �Re2kv0k2H 2 + kAk2H 2 + kbk2H 1 + C2Re2jLvj4� :Using Korn's Inequality, we dedu
e from the previous inequality an estimate for kvkH 3 ,in the form kvk2H 3 � C0 hRe2kv0k2H 2 + kAk2H 2 + kbk2H 1 + C2Re2jLvj4i : (4.2)From (4.1) and (4.2), therefore,ddt(WekAk2H 2) + �12 � 6!2C0� kAk2H 2� 6!2C0 �Re2kv0k2H 2 + kbk2H 1 + C2Re2jLvj4�+ 3We2!2 kAk4H 2 : (4.3)Remark. Inequality (4.3) will be used only for values of Dr su
h that the 
oeÆ
ient ofkAk2H 2 in the left-hand side is positive. In parti
ular, we will 
hoose Dr su
h that the
oeÆ
ient of kAk2H 2 is larger than C0!2. That is,12 � 7!2C0 � 0: (4.4)We return to (3.26)1, whi
h we write in the formLv = 1�
 ��Rev0 + b+ div�27 [N(AD +DA) +Np(A : D)I℄�� Re(v � r)v� ;(4.5)We now take the s
alar produ
t of (4.5) with Lv in H , and use the Cau
hy-S
hwarzinequality, to obtainkLvk = 1
 �Re2jv0jjLvj+ jbjjLvj+ �Nk(AD +DA)kkvk+ �NpjAj jDj kvk�+Rek(v � r)vkkLvk℄ : 24



Using the Poin
ar�e-Friedri
hs and Young inequalities, we dedu
e from the previous ex-pression that there exist 
onstants C0 > 0 and C1 > 0 su
h thatjLvj2 � C0�
 hRe2jv0j2 + jbj2 + kAk2H 2 + C2Re2kvk4i (4.6)where kvk2 = Z
 jrvj2dxis the Diri
hlet norm.Again we take the s
alar produ
t in H of (3.26)1 with Lv, and getddt(Rekvk2) + 
jLvj2 � jbjjLvj+Rej(v � r)vjkvk+ 2N jADjkvk+ �NpjAjjDjkvk:Using the Young and Poin
ar�e-Friedri
hs inequalities, we dedu
e from the previous in-equality that there exists a 
onstant C3 su
h thatddt(Rekvk2) + 
jLvj2 � 32
 �jbj2 + C2kAk2H2 + C3Re2
2 kvk6� : (4.7)Next, we di�erentiate (3.26)1 with respe
t to t, and take the s
alar produ
t in H of theresulting equation with v0, to obtain12 ddt(Rejv0j2) + 
kv0k2 � jb0jjLvj+Re h j(v0 � r)vj+ j(v � r)v0ji jLvj+2N jADjkvk+ �NpjAjjDjkvk:Using the Cau
hy-S
hwarz and Young inequalities, we dedu
e that there exists a 
onstantC = C(Np; N;
) su
h that12 ddt(Rejv0j2) + �
kv0k2 � 3C22
 jb0j2 + Re22� jv0j4 + �2kvk2H 3+C2
 �kA0k4H1 + kvk4 + kAk4 + kA0k4� : (4.8)We also di�erentiate (3.26)2 with respe
t to t, and take the s
alar produ
t in H of theresulting equation with (3
=4!2C20 )A0, to obtain12 ddt � 3�
We4!2C20 jAj2� + 3�
8!2C20 jA0j2 � �
2kv0k2 + We28!2 � 12� jv0j4 + �2kAk2H 1�+3We2�
8�!2 jA0j4 + �8 �
!2C20 kvk2H 3+ �
8!2 � �2kAk4H 2 + 12�kv0k4� : (4.9)25



Adding (4.8) and (4.9), we obtainddt �Rejv0j2 + 3�
We4!2C20 jA0j2� + �
kv0k2 + 3�
4!2C20 jA0j2� 3C2�
 jb0j2 + 1� �We28!2 +Re2� jv0j4 + �We28!2 kAk4H 1+��1 + �
4!2C20� kvk3H3 + 3�
We24�!2 � �2kAk4H 2 + 3�
We24�!2 jA0j4�+ 12�kv0k4 + 2C2�
 �kA0k4H1 + kvk4 + kA0k4 + kv0k4� : (4.10)We multiply inequality (4.3) by �
=(12Re2!2C0), add the resulting inequality to (4.10),make use of (4.2) to estimate kvk2H 3 , and use also (4.4), to obtainddt �Rejv0j2 + 3�
We4!2C20 jA0j2 + 3�
We4!2C20 kAk2H 2� + �
2kv0k2 + 3�
4!2C20 jA0j2 + �
2Re2kAk2H 2� �C0�1 + �
4!2C20�nRe2kv0k2 + kAk2H 2 + kbk2H 1 + C2Re2jLvj4o + 3C2�
 jb0j2+ �
2Re2kbk2H 1 + C0�
2 jLvj4 + We2�
4Re2C0!4kAk4H 2 + �We28!2 kAk4H 1 + 3�
We24�!2 jA0j4+ �
4!2 � �2kAk4H 2 + 1� kv0k4�+ 2C2�
 �kA0k4H 1 + kvk4 + kAk4 + kv0k4�+1� �We28!2 +Re2� jv0j4: (4.11)We 
hoose � = (�
!2C0=(Re2(4!2C20 + �
)); inequality (4.11) now readsddt �Rejv0j2 + 3�
We4!2C20 jA0j2 + 3�
We4!2C20 kAk2H 2� + �
4kv0k2 + 3�
4!2C20 jA0j2 + �
4Re2kAk2H 2� 3�
4Re2kbk2H 1 + 3C2�
 jb0j2 + 3C3�
4 jLvj4 + We2�
4Re2C0!4kAk4H 2 + C5�
We28Re2 kAk4H 1+3C5We2Re24!2 jA0j4 + C5Re2�
 jv0j4 + C5�
4Re2kAk4H 2 + C5Re24!2 kv0k4+2C2�
 �kA0k4H 1 + kvk4 + kAk4 + kv0k4� ; (4.12)where C5 = max�4!2C20 + �
4!2C0 ; C04!2C20 + �
 ; C0; 4!2C20 + �
!2C0 �We28!2 +Re2�� :We multiply (4.7) by �
2=(12C2Re2), add the resulting inequality to (4.12), and make useof (4.6) to estimate jLvj4 in (4.12). It follows that there exists C6 > 0 su
h thatddt � �
212C2Re2kvk2 +Rejv0j2 ++3�
We4!2C20 jA0j2 + 3We�
4!2C20 kAk2H 2�26



+ �
8Re2kAk2H 2 + �
4kv0k2 + 3�
We4!2C20 jA0j2 + �
312dRe2kvk2� 3�
4Re2kbk2H 1 + 3�
8C2Re2 jbj2 + 3C2�
 jb0j2 + 3C64�
�
 jbj4 + 3C5We2Re24!2 jA0j4+C7� �
Re2kAk4H 1 + 1�
 kvk4 + Re2�
 jv0j4 + �
Re2kAk4H 2 + Re2�
 kv0k4�+2C2�
 kAk4 + 2C2�
 kA0k4H 1 + kvk6 + C73Re44�
 kvk8; (4.13)withC7 = max�C5We28 + 3C6Re2�
2 ; 2C2 + C38C2 ; 3
6Re2 + C5; We24C0!4 + C54 3C3C6�
2 ;C5�
4!2 + 2C2Re2C6C22� :We now state an important result whi
h will help us to show the global existen
e ofregular solution.Lemma 5 [9℄ Let f be a non negative, absolutely 
ontinuous fun
tion satisfying the in-equality f 0 + kf � � �f 2 + f 3 + f 4 + f 6 + f 2m�+ � (4.14)where m� 2; k > 0; � > 0 and � � 0 are some 
onstants. Let M0 > 0, be the uniquesolution of M2m�1 +M5 +M3 +M2 +M � k2� = 0, and 0 < M < M0. If f(0)�M, and� � kM3 , then f(t) is bounded by M for all t>0.Corollary 1 Under the hypotheses of Lemma 5, f(t)�M 8t � 0, and inequality (4.14)implies that f 0 + kf � �f 2 + �; (4.15)where � = � �1 +M +M2 +M4 +M2m�1� > 0:Global existen
e and stability of regular solution: linear 
losure. Letf(t) = �
212C2Re2kv(t)k2 +Rejv0(t)j+ 3�
We4!2C20 jA0(t)j2 + 3�
We4!2C20 kA(t)k2H 2 : (4.16)27



Then inequality (4.13) takes the form:f 0(t) + kf(t) � � �f 2(t) + f 3(t) + f 4(t)�+ �; (4.17)where k > 0; � > 0 and � � 0 are 
onstants depending on the data.Theorem 5 (Global existen
e for the linear 
losure)Let �
 2 C4. If �
 > 0, there exists !0 satisfying (4.4) and depending on the data, su
hthat, if !0 < ! and v0 2 D(L); A0 2 H 2; b 2 L1(R+; H 2), and b0 2 L1(R+; H 1)are small enough in their spa
es, then the problem (3.26) admits a unique solution (v,A)de�ned for all times t > 0, andv 2 Cb(R+; D(L)) \ L 2lo
(R+; H 3)v0 2 Cb(R+; H ) \ L 2lo
(R+;V)A 2 Cb(R+; H 2) \ X; A0 2 Cb(R+; H 1):Proof. Step 1. From (4.13), we see that the lo
al solution obtained in Theorem 1 satis�esinequality (4.17) with� = 3�
4Re2kbk2L1(0;T ;H 1) + �
8C2Re2 jbj2 + 3C2�
 jb0j2 + 3C64�
�
 jbj4:By Lemma 5, there exists a 
onstant M0, depending on the data, su
h that if f(0) �M �M0 and � � kM3 , then f(t) is bounded for all t 2 R+. Observe also that f(0) �Mif v0; A0 and b are small in their respe
tive spa
es. Therefore from the hypotheses, ifb 2 L1(R+; H 2); b0 2 L 2(R+; H 1), we dedu
e thatv 2 L1(R+;V) \ L 2lo
(R+; D(L));v0 2 L1(R+; H ) \ L 2lo
(R+;V); (4.18)A 2 L1(R+; H 2); A0 2 L1(R+; L 2):Step 2. From inequality (4.6) we dedu
e that v 2 L1(R+;D(L)) and from (4.5), thatv 2 L 2lo
(R+; H 3). In the same way (4.18) implies that v 2 Cb(R+;D(L)), and (3.26)1implies that v0 2 Cb(R+; H ). 28



We write (3.26)2 in the formWe fA0 + (v � r)A+Ag = �We�AW �WA� 3��(AD +DA)	+2!D � 2��We(A :D)I: (4.19)The right hand side of (4.19) has its �rst and third terms belonging to L 2lo
(R+; H 2), sothat A2 Cb(R+; H 3). This together with (4.18) implies that the right-hand side of (4.19)belongs to Cb(R+; H 1) and that A0 2 Cb(R ; H 1), be
ause we also have A0(0) 2 H 1 (fromthe hypotheses of the theorem). 2Corollary 2 (Stability of solution in the absen
e of body for
e)Under the hypotheses of Theorem 5, and in the absen
e of body for
e, the solution (v,A)obtained in Theorem 5 is exponentially stable.Proof. We 
hoose !0 su
h that it satis�es (4.4). Therefore the solution (v,A) satis�es(4.13), (4.17), (4.14) and 
onsequently (4.15), with � = 0. Therefore, from (4.15) wededu
e that f(t) � f(0)e�kt1� �kf(0) ; (4.20)with 1� �kf � 0: In parti
ular, we use (4.16), whi
h with (4.20) implies thatkvk2L2 + kAk2L2 � Ke�kt; (4.21)where K is a positive 
onstant depending on the data. 24.2 Quadrati
 
losure approximationIn this Se
tion, we show, as in the previous Se
tion, that the unique solution obtained inTheorems 3 and 4 is de�ned on R+, if the data are small enough. As in the 
ase of thelinear 
losure, a priori estimates may be derived for the quadrati
 
losure, and we �ndthat v and A satisfy the inequality (see [11℄ for more details)ddt � �
292C2Rekvk2 +Rejv0j2 + �
80C2�2� jA0j2 + �
12C0�2�Re2kAk2H 2�29



+ �
48Re2kAk2H 2 + �
24kv0k2 + �
160C2�2�2 jA0j2 + �
396C2Re2dkvk2� 4C2�
 jb0j2 + 7�
8Re2kbk2H 1 + C0�
48C2Re2 jbj2 + C5�2�kbk4H 1 + 7C624�
 jbj4 + C6Re4�
4 jbj8+C7�
 � kvk4 + kA0k4 +Re2jv0j4�+ C7 �
12Re2 � kvk4H 2 + 12kvk4H 1�+C5 �
4 �kv0k4 + 2�2�2 jA0j4�+ C7�
 � kAk8H 1 + kA0k8 + kvk8�+Re4C7�
4 �Re8jv0j8 + kAk8H 2 + kAk8� + C1�
12C0�4�2Re2kAk6H 2+Re4C7�
4 �kAk16H 1 + C2Re2kAk16� ; (4.22)where C;C0; C1; C2; C5; C6; C7 and d are positive 
onstants depending on the data.We state without proof the results 
on
erning global existen
e and stability of solutions,for the quadrati
 
losure.Theorem 6 (Global existen
e for the quadrati
 
losure)Let �
 2 C4. There exists �0 depending on 
; Ns and on the data, su
h that, if �0 < �and v0 2 D(L); A0 2 H 2; b 2 L1(R+; H 2), and b0 2 L1(R+; H 1) are small enough intheir spa
es, then the problem (3.60) admits a unique solution (v,A) de�ned for all timest, and v 2 Cb(R+; D(L)) \ L 2lo
(R+; H 3)v0 2 Cb(R+; H ) \ L 2lo
(R+;V)A 2 Cb(R+; H 2) \ X; A0 2 Cb(R+; H 1):Corollary 3 (Stability of solution around zero for the quadrati
 
lo-sure)Under the hypotheses of Theorem 6, we assume also that b=0. Then the solution (v,A)obtained in Theorem 6 is exponentially stable.
30



5 Solution to the steady problemWe turn now to the steady versions of problems (3.26) and (3.60). These are, for thelinear 
losure, Lv = b�Re(v � r)v+div fN(AD +DA) + �Np(A : D)IgWefA0 + (v � r)A+AW �WA� 3��(AD +DA)g+A= 2!D � 2��We(A :D)Iv 2 V; A 2 H 2(
) \ X
9>>>>>>>>>>>>>=>>>>>>>>>>>>>; (5.1)

and for the quadrati
 
losure,�
Lv = 2div �Np(A : D)(A+ 1dI) +Ns(AD +DA)�+b�Re(v � r)v;� f(v � r)A+ (AW�WA)� �(AD +DA)g+A= 2��D � 2��(A :D)(A+ 1dI);v 2 V; A 2 H 2(
) \ X
9>>>>>>>>>>=>>>>>>>>>>; (5.2)

5.1 Linear 
losureIn this se
tion, we show that the problem (5.1) has a solution whi
h is unique if the dataare small enough.Linearized problems. Let us 
onsider the linearized problem of (5.1), viz.
Lv = Fdivv = 0v 2 V 9>>=>>; (5.3)
31



where F is a given body for
e.And for a given velo
ity �eld v, we 
onsider the problemWef(v � r)A+AW �WA� 3��(AD +DA)g+A= 2!D � 2��We(A :D)IA 2 X
9>>>>>>>=>>>>>>>; (5.4)

Lemma 6 Assume that � 2 C3, and F 2 H 2(
). If 
 > 0, then the Stokes problem (5.3)admits a unique solution v2 H 3(
) and there exists C0(
;
), su
h thatkvkH 3(
) � C0kF kH 1(
): (5.5)Proof (See [14℄, page 33.)Lemma 7 Assume that � 2 C1, and that v 2 H 3(
)\D(L), with kvkH 3 � CD. Then theproblem (5.4) admits a unique solution A 2 H 2(
). Futhermore, there exists a 
onstant
(
; !;We) su
h that if D < 
 then kAkH 2 � D: (5.6)ProofEstimate (5.6)We pro
eed exa
tly as in Lemma 3 to obtain the analogue of (3.14), in the formkAk2H 2 = 2!(D;A)H 2 +We(WA�AW ;A)H 2�We Z
fvk;l [A;k : A;l + 2A;km : A;lm℄ + vk;lmA;k : A;lmgdx�2��We ��(A : D)I;A�H 2 + 3��We(AD +DA;A)H 2� : (5.7)The right-hand side of (5.7) may be estimated as in the 
ase of (3.14), and we dedu
ethat kAkH 2 � C0(kvkH 3 + 2WekvkH 3kAkH 2):� C1(CD + CDkAkH 2):We impose C1C(1 +D) < 1, to obtain (5.6).32



Theorem 7 Assume that � 2 C3; b 2 H 2(
). If 
 > 0, then there exists a positive
onstant 
 = 
(
; !;We) su
h that (v;A; p) 2 (H 3(
) \ V)� (H 2(
) \X � H 2(
)) is theunique solution to Problem (5.1), withkvkH 3 + kAkH 2 � 
: (5.8)Proof. The proof draws substantially from [7℄.Step 1. For B >0, we de�ne the setR = f (v;A); v 2 H 3(
);A 2 H 2(
); kvkH 3 � B; kAkH 2 � B g : (5.9)Next, we 
onsider the mapping � : R �! X = V � H 1(
);(v;A) 7�! (v;A);where A and v are the unique solutions of (5.3) and (5.4) respe
tively, withF = �Re(v � r)v + b + div�N(A D +D A) + �Np(A : D)I	 :From Lemmas 6 and 7, we see that � is well-de�ned and, ifD is suitably 
hosen, �(R) � R.As in the proof of Theorem 1, one 
an show that � is a �xed point (v;A), and is obviouly asolution to problem (5.2). The estimate (5.8) is dedu
ed immediately if we 
hoose 
 = D2:For uniqueness, as usual, we take the di�eren
e of two solutions (v1;A1; p1) and (v2;A2; p2),
orresponding to the same data. Set v=v1� v2 and A=A1�A2. We make use of (3.48)and (3.49), and �nd that the fun
tions v and A satisfy the estimateskvk2H 2 � C0
 fNkA1kL2kvk2H 2 + kAkLkv2kH 2g (5.10)kAk2L2 � 2C0!kAkL2 jvkH 2 +WeC0fkA1kH 2kvkH 2kAkL2 + kv2kH 3kAk2L2g� 12C1�(C0 + C2kA1kH 2)kvk2H 2 + 12kAk2L2 +Wekv2k2H 3kAk2L2� (5.11)where C1 = C1(We;
; 
), C0 = C0(!;
).Next, we add (5.10) and (5.11) to obtainkvk2H 2 + kAk2L2 � C2(kA1kH 2 + C3)kvk2H 2 + C4(kv2kH 2 + 12 +Wekv2k2H 3kAk2L2� C5(C + C0)kvk2H 2 + C5(
+ 12)kAk2L2� �kvk2H 2 + � (5.12)33



where � = C5(
 + 12)kAk2L2 , and � and � depend on We;
; �I=� and !. Uniqueness isestablished if � and � are small enough. 25.2 Quadrati
 ClosureWe state the result on existen
e and the uniqueness of a solution to the problem (5.2).The proof is obtained by modifying that for the unsteady problem in the same way as forthe linear 
losure.Theorem 8 Assume that � 2 C3; b 2 H 2(
). There exists a positive 
onstant 
 =
(
; !;We) su
h that (v;A; p) 2 (H 3(
) \ V) � (H 2(
) \ X � H 2(
)) is the solution toProblem (5.2), with kvkH 3 + kAkH 2 � 
: (5.13)This solution is unique if the data is small enough.Referen
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