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ABSTRACT

We establish the existence and uniqueness, locally and globally in time, of solutions to the
governing equations for fibre suspensions flows, for sufficiently small data. The linear and
quadratic closure rules are considered, and the rotary diffusivity is assumed to be constant. The
existence of a unique classical solution, local in time, is proven by using the Schauder Fixed
Point Theorem, for both the linear and quadratic closures. Global a priori estimates are then
derived to obtain a unique global classical solution for sufficiently small data. The solution is
found to be stable in the absence of a body force. Existence and uniqueness of solutions to the

steady problem are also established.
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1 Introduction

Mathematical models of fibre suspension flows take the form of a coupled system of nonlin-
ear partial differential equations, which bear some resemblance to the equations governing
the flow of viscoelastic liquids (see, for example, [9]). The primary variables are veloci-
ty and pressure, as in the case of Newtonian fluids, and in addition a tensorial variable
known as the orientation tensor, which captures in an average sense the orientation of

fibres in space and time.

The orientation tensor is one of second-order. The governing equations contain also a
fourth-order orientation tensor, which is normally expressed as a function of that of second
order through a closure approximation. Many such approximations exist [1, 2, 3, 4, 17],
and it is known that while particular closure approximations represent accurate models

in certain flow situations, there is no known universally appropriate closure rule.

There has recently been a series of theoretical studies aimed at gaining a better under-
standing of the properties of the equations governing the flow of fibre suspensions. In a
study of the well-posedness of these equations, GALDI AND REDDY [8] have shown that
for the linear closure there is a connection between stability and the particle number,
a constant closely related to fibre concentration: in particular, the rest state is unsta-
ble, in the sense of Liapounov, for particle numbers exceeding 35/2. These authors also
demonstrate the existence, locally in time, of a solution to the equations corresponding
to the quadratic closure, and for the case in which the rotary diffusivity is proportional to
|D|, the magnitude of the stretching tensor; this approximation is due to FOLGAR AND

TUCKER [6].

MUNGANGA et al. [12] have studied the stability of fibre suspension flows from thermo-
dynamic and energetic perspectives, for a wide range of closure approximations. Their
results for the linear closure confirm those obtained in [8], in that a necessary condition for
satisfaction of the dissipation inequality, and a sufficient condition for energetic stability,

are that the particle number be less than 35/2.

The aim of this work is to establish conditions for the existence of a unique classical

solution, locally and globally in time, to the equations for fibre suspension flows, for the



case in which the linear and quadratic closure are used, and for a constant value of the
rotary diffusivity D,. As indicated earlier, local existence of solutions was established
for the case in which D, satisfies the Folgar-Tucker assumption; in that case it was not
possible to establish global existence of solutions. The case of constant rotary diffusivity
is one of interest, since such a model is especially appropriate for suspensions of small

fibres, in which rotary Brownian motion may be present [16].

The methods used here are based on those employed by GUILLOPE AND SAUT [9] in their
study of the equations for viscoelastic fluids. We also make use of techniques employed

in GALDI AND REDDY |[8].

The proof of existence of a local solution uses a fixed point argument. Global a priori
estimates are derived to obtain a unique global classical solution for sufficiently small
data, and it is proven that that solution is stable in the absence of body forces. We also

derive results on the existence and uniqueness of steady flows.

The rest of this paper is organised as follows. In Section 2 the mechanics of fibre suspension
flows is reviewed. The problem of local existence of solutions is investigated in Section 3,
for both linear and quadratic closure rules, while the global existence of solutions and the
stability of those solutions are the subjects of Section 4. In Section 5 the existence and

uniqueness of solutions to the steady problem are established.

The authors are grateful to Professor G.P. Galdi for his assistance and suggestions that

have lead to an improvement in our results.

Notation and function spaces. We make use of coordinate-free notation wherever

convenient, and denote vectors and tensors by bold-face letters.

The scalar product of two vectors u and v is denoted by w - v, while the corresponding
product of two second-order tensors A and B is denoted by A:B. In index form these
expressions read u;v; and A;;B;;, the summation convention on repeated indices being
applied at all times. The magnitude of a vector w and a tensor A are then naturally
defined by |u| = (u-w)"/? and |A| = (A : A)'/2.

In what follows, Q will denote a bounded domain in R? (d = 2 or 3), with boundary T



We will assume that € is on one side of ', and that I is at least Lipschitzian or C*. We
set Qp =Q x T, for T'> 0.

We denote by C(£2) the space of all real-valued continuous functions on €2, and by C(Q)
the space of functions that are bounded and uniformly continuous on Q. The space C'(Q)

is a Banach space with the norm
[vlle@ = sup{lv(@)] - = € O} = max{|v(z)| : = € Q}.
For any nonnegative integer m, we likewise set
C™(Q) ={veC): D* e C(Q) for |a| < m}.

C(Q) and C(Q) will denote C°(Q2) and C°(€) respectively. The space C™ () is a Banach

space when endowed with the norm

||U||Cm(§) = Z ||Dav||0(ﬁ)-

la|<m

We define
CoQ) ={velC@Q): veC™Q)VmeZ,}.

We denote by LP(Q) (p > 1) the Lebesgue spaces consisting of equivalence classes of

functions whose pth powers are integrable on €2; these are Banach spaces with the norm

1/p
ol = [ / o(a)P dx] .

The modification for p = oo is made in the usual way.
The Sobolev spaces H*(Q), k = 0,1, ... are defined by
H*(Q) = {v e L*(Q), D*v € L*(Q), |o| <k},

where o = («y, -+, aq), «; being nonnegative integers. These are Hilbert spaces when

endowed with the inner product

(u,v)gr = Z /DauDav dx.
0

la|<k



The space HY(Q) is defined by
HE(Q) ={ve H*(Q): v|, =0 and D*f =0on ' for |a| < k}.
The seminorm ||v|| := |Vv] is a norm on Hj (), equivalent to the natural norm.

The topological dual of HY(Q) is denoted by H *().

We will require spaces of vector- or tensor-valued functions whose components are mem-
bers of a Sobolev space. Thus we denote by L”(€2) the space of vector- or tensor-valued
functions with components in L?(2). The space H*(Q) is defined likewise. We will also
require the spaces

H={v:v,€L*Q),divv=0in Q, v-n=0 on I},

V={v: v;€e H(Q), divv=0 in Q},

X= {A Aij S L2(Q), A Aﬂ, Ai; = 0 ae in Q}

These spaces are equipped respectively with the norms

- lm=1 e =10
|- llv=I-llg  and
- lx =0 e

We denote by P the orthogonal projection of I.?(Q2) onto H, and the operator £ by
L(v) = —PAw, (1.1)

where A is the Laplacian operator. The domain of £ is given by D(£) = VNH?(2), and

the norm ||v||p(g) := || L]/ is equivalent to the natural H*-norm.

Finally, we will require various Bochner spaces; these are spaces of functions which are
maps from a time interval to a Banach or Hilbert space. Let X be a Banach space and
T a positive number; then the space C™(0,T;X) consists of all m-times continuously

differentiable functions v from [0,7] to X. This is a Banach space with the norm

|vllem(orx) = 2 Igag;ﬂv t)]| x-
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For 1 < p < oo the space LP(0,T; X) consists of all measurable functions v from (0,7) to

X for which
T 1/p
]| zeo,rsx) == (/0 lo(®)]1% dt) < 0.

This is a Banach space with the norm [|v||zs(o,r.x). The extension to the case p = oo is

carried out in the usual way, as is the extension to vector- or tensor-valued functions.

2 Mechanics of fibre suspension flows

We give a brief but self-contained review of the equations governing the flow of fibre
suspensions. Detailed accounts may be found, for example, in the works of ADVANI and

TUCKER [1, 2, 15].

Fibre suspensions. For the purposes of this investigation, a fibre suspension is defined
to be a viscous incompressible fluid in which is suspended a distribution of axisymmetric,
rigid, and ideally massless fibres. The fibre volume fraction is denoted by h, and the fibre
aspect ratio r is defined by r = ¢/d, where ¢ and d are respectively the fibre length and

diameter. The orientation of each fibre is described by a unit vector p .

A suspension is said to be

dilute hr? <1
semi-dilute if ¢ 1<hri<r . (2.1)
concentrated r < hr?

We consider dilute and semi-dilute suspensions, for which fibres have a low probability of

making contact, though the motion of the fibres and fluid are coupled.
The suspension occupies a bounded domain 2 in R? (d = 2, 3).

A continuum theory for fibre suspensions may be constructed by introducing the proba-
bility density function ¢ (p), which gives the probability of a fibre having that particular
orientation. The probability density function is not a convenient variable with which to
work, but it may be eliminated in favour of orientation tensors, which are field variables

describing, in an averaged sense, the distribution of orientation in the domain €.



We define, for any function f, the averaging operator , < - > by

<> = [ 16,0)0(6,0)sin00ds, 2.2)

in which integration is over the unit sphere. Then the second- and fourth-order orientation

tensors A and A are defined by

A = (p®p), (2:3)
A = (ppRpRp). (2.4)

It is easily shown that orientation tensors of odd order are identically zero.

By making use of these definitions and of the equations of conservation of fibres, and of
the equation of motion of a single particle, it is possible to derive an evolution equation

for the tensor A: this is given by [17]

DA
—= = (WA~ AW) + \(DA+ AD —2AD) + D,(I - dA). (2.5)

DA A
Here D = aa—t—i-('v-V)A is the material derivative, D = 1[Vv+(Vv)’] is the stretching
tensor, and W = % Vv — (Vv)T] is the spin tensor, corresponding to a velocity field v;

r?—1

the quantity A\ =
4 Y r2+1

is a parameter that characterises particle slenderness.

The parameter D, represents the rotary diffusivity. The case D, = constant is an excellent
model for very small particles which experience rotary Brownian motion [16], and this

assumption is adopted throughout this work.

Closure approximations. Equation (2.5) contains the tensor A; in fact it is a feature
of such evolution equations that the equation for an orientation tensor of a particular
rank contains the tensor of the next (even) rank up. In order to circumvent this problem,
A is conventionally approximated by means of what is known as a closure rule. This
approximation consists of writing A as a function of the second-order tensor A. There
has been a great deal of work on closures (see for example ADVANI AND TUCKER [1],
HiNCcH AND LEAL [10], CINTRA AND TUCKER [3] and DUPRET AND VERLEYE [4]);
we focus on two examples, viz. the linear and quadratic approximations. The linear

approximation A% is defined by
A'D = —2D + i[2AD + 2DA + (A : D)I] (2.6)

7



for any symmetric second-order tensor D with tr D = 0, while the quadratic approxima-
tion A9 is defined by
A?=A® A. (2.7)

The linear closure rule is exact for random distributions of fibres, while the quadratic
closure is exact for perfectly aligned fibres. Each of these approximations is suitable for
only a range of physical situations, and there are situations in which neither is a good
approximation [2, 8]. Nevertheless, from a mathematical point of view the results on
well-posedness that are to be established here may be extended, with little difficulty, to

more elaborate closure rules, and so we concentrate on just the two above examples.

Constitutive equation for the stress. Coupling of the fluid and fibre motions implies
that the usual constitutive equation for the stress will be modified by terms that contain

the orientation tensor. This constitutive equation is given by
T=-pI+S8S, (2.8)

where

S =2u;[D+ N,AD + N,(AD + DA)|. (2.9)

Here p is the pressure, p; contains all the isotropic contributions to viscosity, while the
anisotropic contributions due to the particles are represented by NN, the particle number

and Ny, the shear number.

The initial boundary value problem. We assume that the fluid occupies a bounded
domain Q c R? (d = 2 or 3) with boundary T, and is subjected to the action of a body
force b per unit mass. The fluid has mass density p. It is required to find the velocity
field v(x,t), the pressure p(x,t), and the orientation tensor field A(z,t) which satisfy the

following set of equations:

conservation of momentum

ov

Pt (v-V)v —divT = pb; (2.10)

conservation of mass (continuity equation)

dive = 0; (2.11)



constitutive equation for stress

T = —pI +244[D + N,AD + Ns(AD + DA)]; (2.12)

and the evolution equation for the orientation tensor

DA

r = (WA - AW) + A\(DA+ AD —2AD) + D,(I — dA). (2.13)

These equations are supplemented by a boundary condition for the velocity field, and
initial conditions. For convenience we make use of the homogeneous Dirichlet boundary
condition

v=0 on I (2.14)

and the inital conditions
v(x,0) =vy, A(z,0)= A,. (2.15)

In (2.12) and (2.13) it is assumed that one of the closure approximations will be used to

express A in terms of A.

3 Local existence of solutions

In this Section we show, for the cases of the linear and quadratic closures, that the problem
(2.10)—(2.15) admits a unique solution locally in time, for the case of constant D,. GALDI
AND REDDY (8] have established the existence of a unique solution locally in time for the
case which which uses the Folgar-Tucker assumption D, = C|D|, and for the quadratic

closure.

3.1 Linear closure approximation

The dimensionless and traceless problem. We set

_ T _ v 7 tvV. _ pL
r = — vV = — e — = —
L v L PT v
(3.1)
_ b2 oVL AV
T - We — .
v T T YT AD L



Here V' and L represent a typical velocity and length of the flow. The constant Re is
the Reynolds number, while We is a dimensionless constant that plays a role very similar
to that of the Weissenberg number in viscoelastic flows (see, for example, [9]), and for

convenience is denoted in the same way.

It is also useful to carry out an additive decompostion of A: we set
A=A+ A (3.2)

where A* is a diagonal tensor with trace 1, which implies that A is traceless. For conve-

nience, and without any loss in generality, we choose

1
A" =-1 3.3
; (3.9
for a problem in R?. We next make use of (3.1)~(3.3) in equation (2.10) and (2.13), and

use (2.6) for A, to obtain

Re(v' + (v - V)v) + Vp — vAv = b+ divS,,

S, =N(AD + DA) + N,(A: D)I

and
A+We{A +(v-V)A+ AW — WA -3\(AD + DA)}
(3.5)
= 2wD + 2 \We(A : D)I.

For convenience we have denoted A by A, and we have dispensed also with all overbars.

Here
2 _ 9 9 - A
7:2 1—£Np y Np:7Np, N:7(2Np+7N5), )\:?,
and
~13A
~ 35dD,
We introduce the bilinear mapping
b(v,w)=P(v-V)w. (3.6)

In the next section, we implement a fixed point argument, using Schauder’s Fixed Point
Theorem, to show the existence of a regular solution on a time interval (0,7*). This

solution satisfies an energy inequality, which implies its uniqueness in that class.

10



Linearised problems. We study two linearised problems, one for the velocity v, and
the other for A. We first recall, without proof, some well known results (see, for example,

[14]) for the time-dependent Stokes problem

Rev' +~vyLv=F
dive =0 (3.7)
v(0) = vy

where F' is a given body force.

Lemma 1 Assume that I' € C?) vy € V and Fe L*(Qp). If v > 0, then the Stokes
problem (3.7) admits a unique solution ve L*(0,T; D(L)) N C([0,T],V) such that v' €
L*(Q7) and p € L*(0,T; H"). Furthermore, there exists a constant C\(Re,~, Q) such that

2 112 2
||v||L2(0,T;D(£))H]L°O(O,T;V) + v ||L2(QT) + ||p||L2(0,T;H1)
< Culvoll g, + IF ) 35)

Lemma 2 Assume that I' € C®, F' € L*(0,T,H '), vy € D(L).
If v > 0, then the unique solution of problem (3.7) satisfies

v € L0, 75 H°) n C([0, T]; D(L)),
v € L*0,T;V)nC([0,T]; H),
p € L*(0,T; H?),

and there ezists a constant Cy(Re,y, Q) such that

) vl

||v||L2 (0,15 H*)NIL> (0,1;D(£L) IL2(0,75V)nIL> (0,7';H) T ||p||IL.2 (0,7;H?)

(3.9)

< Co{1L0ol + P11 12 e, + 1P O)

We now turn to the study of a linearised problem associated with the equation (3.5) for
A. For a given velocity field ©, we first show the existence and the uniqueness of a regular

solution A to the problem

11



We{A'+(0-V)A+ AW — WA -3\AD + DA)} + A

=2wD —2\We(A : D)I, (3.10)
A(0) = Ay a.e in €Q, (3.11)
where
1 — 1
D=3 (Vo+ (Vo)") and W= 3 (Vo — (Vo)").

Lemma 3 Assume that I' € C', v € L'(0,T;H?) N D(L), Ay € H*(2). Then the
problem (3.10) admits a unique solution A€ C([0,T],H?). Futhermore, there ervists a
constant C(Q,w, We) such that

2w _
||A||L°°(0,T;H2) < <||A0||1H[2 + m) eXP(C””“Ll(O,T;H?’))- (3.12)
In addition, if v € C([0,T], D(L)), then A" € C([0,T],H') and satisfies

||A,||L°°(0,T;1H[1) <

(3.13)

_ 1 2w _

Proof
The proof of existence of a unique solution follows directly by application of the method

of characteristics [5].
We turn now to the derivation of the estimates (3.12) and (3.13).

Estimate (3.12) We obtain three equations by, first, taking the product of (3.10) with
A in L*(Q); next, by applying the operator 9/0x; to (3.10), and taking the L-inner

product of this equation with A,;; and finally, by applying the operator 0*/0x,0z,, to
(3.10) and taking the L*-inner product with A,,,. Here subscripts following a comma

denote partial derivatives with respect to the corresponding spatial variable. We add

12



these three equations and simplify, to obtain

1d
2dt

—W@/{@k’l [A,k; . A,l + 2A,km . A,lm] +ﬁk,lmA,k; . A,lm} dZL'
Q

(Well Al + | AIE: = 20(D, A)ge + We(WA - AW, A)y

—2MWe (((A: D)1, A)y: +3M\We(AD + DA, A)ye) . (3.14)

The right-hand side of (3.14) may be estimated as in [8], and we deduce that

1d

5 (WellAllEe) + 1Al < 20Co|llgs|| Allge +2e Col[ollgs | Al (3.15)

The constant Cy entering the estimate (3.15) depends only on 2, and on the material

constants. Inequality (3.15) implies in particular that

d 2&)00
- (1Allg2) < 7~ llgrs + 2C0 0l | All g — —||A||H2 (3.16)
Now, for a given a € R, we deduce from (3.16) that

1d

S (1Al +0)°] = ([ Allge +0)— (||A||Hz)

< 20l (140 g + ) (1l + o
(3.17)

for some positive constant C. We set o« = 2w/We; it follows from inequality (3.17) that

Ll [(n Ol + o)

Integration of (3.18) over (0,t) C (0,7T) gives (3.12). Therefore A belongs to L>°(0, T, H?).

<00l (140 +o2) @19

Estimate (3.13) Let us first consider the initial-value problem

d
—A = A) in
p (t,z) =G(t,A) in Qp, (3.19)
A(O, w) = A[] in Q,
where
G(t,A) = WL (2wD +2AWe(A: D)I — A) — (v-V)A
e
—(AW — W A) + 3M\(AD + DA). (3.20)

13



We note that the solution of (3.19) is given by
t 1 o B
A(t) = A +/ {W (2wD + 2\We(A : D)I — A)
0 e
—(v-V)A— (AW — WA) +3)\AD + DA)] ds. (3.21)

If G € C([0,T],H?) then the solution (3.21) belongs to C([0,T], H?) (at least locally). If
v €C([0,T),H?), we have

At) = ﬁ (22D — 23We(A: D)I — A) — (5-V)A
—(AW —WA) + 3\(AD + DA) (3.22)

and the righthand side belongs to C([0,T],H'). Taking the H'-norm of both sides of
(3.22) we obtain

2w, 1 _
Comllvllms + mcollA(t)llﬂz + Co || e[| A () [ g2
2w

o (Il + - ) (140l + 2= ). (3.23

1A (#)] g

IN

IN

Equation (3.23) may be written in the form

% AW

|A®) ||z + > — : (3.24)
B We = ¢ (ol + 7)
We integrate (3.18) over (0,7), and deduce that
2w 2w _
Il + e < (1Al + e ) exPCTBI ) (3.25)

Next, we use (3.25) to deduce from (3.24) that

YO I—
_ 1 2w _
c ||v||L1(0,T;H3) + We ||A0(t)||L1(0,T;H2) + We eXP(C||’U||L1(o,T;H3))-

Thus (3.13) is proved.

14



Local existence of a regular solution. Let us now consider the problem

Rev' +5Lv =b— Re(v - V)v \

+div{[N(AD + DA) + N,(A : D)I|}

We{A'+ (v-V)A+ AW — WA -3\(AD + DA)} + A
=2wD — 2\We(A: D)I } (3.26)

v(-,t) €V, A(-,t) € H*(Q)NX for almost all t,
v(0) = vy, A(0)=A,

Theorem 1 (LOCAL EXISTENCE OF SOLUTION: LINEAR CLOSURE). Assume that ' €
C3,bel; (Ry;HY, b el (Ry;H Y, vy € D(L), Ay € H*(Q). If v > 0, then there
exist T* >0, v € L*(0, T H*) N C([0,T*], D(L)), with v' € L*(0,T* V) N C([0,T*], H);
p € L*(0,T%H?) (p is the associated pressure), and Ac C([0,T*],H?) N X, such that
(v, A,p) is a solution to the problem (3.26) in Qyp-.

Proof. Step 1. For T' > 0, B; >0 and By > 0, we define the set

Rr ={(9,A),5 € C([0,T], D(L)) N L*(0, T; H),
v € C([0,T],H) N L*0,T;V); A € L>(0,T; H?);
A e L>®(0,T;H");5(0) =7y, A(0) = Ay € ©Q,

-2 —I12

”"’||L”(0,T;D<c>)nL2<o,T;H3) +lv ||L°°(0,T;H)mL2(o,T;V) < By,

— —

||A||]:2L°°(07T7H2) S Bl; ||A ||L00(07T;H1) S BQ} . (327)

We show that, if By is large enough, then VI' > 0, Ry # (. Let v* be the solution of the

problem

Rev” +~yLv* =0 a.ein Ry,
'U*(t) eV in R+,
v*(0) = vy.

If v > 0, then from Lemma 2, there exists a constant D, (N,, Re, ) such that

* 112 2
1" 20,800 05000 T 1™ L0 pipme2 02wy < PrlEvol™ (3.28)

15



If we set
By > D1|Lvo|* + || Ao, (3.29)

then (v*, Ayg) € Ry, forall T > 0.

Next, we consider the mapping

¢: Ry — X =C((0,T];V) x C([0, T|; H'),
(T, A) — (v, A), (3.30)

where A and v are the unique solutions of (3.7) and (3.10) respectively, and with
F=—-Re(w-V)v+b+div{[N(AD+D A)+ N,(A: D)I|}. (3.31)
Clearly a fixed point of ¢ is a solution to the problem (3.26).

Step 2. We show that ¢ satisfies the conditions of Schauder’s Fixed Point Theorem [13].
First we show that there exists 7% such that ¢(Rp-) C Ry-. If (v, A) € Ry, then from

(3.31) and the Poincaré-Friedrichs inequality, we obtain

T
1Py < [ (Dol + VAR [910) + b1 ]t

where Dy depends on €2, N,,, and N,. Thus

||F||iz(0,T;Hl) < DyBIT + ||b||iz(07T;Hl). (3.32)
In the same way we find that
|F(0)* < Dy (|€vo|* + | Ao|” + 1) | Lwo* + [B(0)]” (3.33)
and
T !
9 —N2 (=<2 A2 =12
I e rry < / Dy (1012119 | + 14|12 012 |
T
+ / | DAY [9]1) + Bl | .
so that
“F’“]?E(O,T;H’l) < Dy(B? + BiB))T + ||b,||12[42(0,T§H71)‘ (3.34)

16



From Lemmas 2 and 3, we use (3.32)—(3.34) to get

2 112
Hv||L2(0,T;H3)mL2(0,T;D(c)) + v ||L2(0,T;H‘1)mL°°(o,T;H)

O,T;Hl) + ||F,||]?J(07T;H71) + ||‘F‘(0)||2

IN

Cy [|£vol* + | FIIZ,

< G [311)2(231 + BT + B2 gy, + DO
+Ds(|Lvol* + |Ao| + 1) | Lo 7] (3.35)
AN~ ormey < (1ol + 157, ) exp(CTB), (3.36)

and

1/2 1 2w 1/2
||A,||L°°(0,T;H1) S OO (Bl/ + m) <||A0||L2(0,T;H2) + m) eXp(C'lTBl/ )
(3.37)

Therefore (v,A)€ Ry-, if we choose T™* such that the righthand sides of (3.35)—(3.37) are
bounded respectively by By, B; and By. We make use of (3.29), and then choose B, Bs
and 7™ such that

2w
B = wmax{ Dol (1Al + 0 ) 0200 (1812 g

BO)P +Da(|Lvol? + |Ao + 1)|Loo] ), (3.39)
By > eCy (B;/2 + i) <||A0||L1 N 2—“’) | (3.39)
We OHD T e
and
T"<T< min{ L ! } . (3.40)
iC,D,(2B, + BY) ¢, B2

Therefore, we have defined constants B, and B,, depending on We, €2, w and on the data,
and we have defined a time, say T, satisfying (3.40), depending on B, By and on the
data, such that ¢(Rp+) C Ryp-.

Obviously ¢ is continuous, and by the Arzela-Ascoli Theorem, we deduce that Ry~ is
compact in Xy = C([0,T]; V) x C([0, T]; H"). Therefore, since Rp- is a non-empty convex
subset of X7, we deduce from the Schauder Fixed Point Theorem that ¢ has a fixed point,
(v,A) say, which is the solution to the problem(3.26).
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Step 3. It remains to show that A€ X; that is that AT = A and trA=0.
AT=A We take the transpose of (3.10), to obtain
We {AT’ + (@ V)AT + ATW - WA - 3\(ATD + EAT)}
+A" =2wD — 2A\We(A: D)I. (3.41)
Next, we set @ = A" — A, and substract (3.10) from (3.41) to get
WelQ + (0-V)Q+QW —WQ —3\(QD +DQ)} +Q = 0. (3.42)

We now take the L?-inner product of (3.42) with @, to obtain

Ld

2 A _ A, XN(OD - 1D 1 2 _
SZIQI +(@W -WQ.Q) - 30QD+DQ.Q) + —[QIP =0 (3.43)

Some terms in (3.43) are now simplified. Using the identity AB:C=B:ATC and the
skew-symmetry of W, we have
@W-WQ.Q) - [(@'Q:W-QQ" : W) ds—0
Q
and
(QD +DQ, Q) < 2||Q||} »[[ollpe-

Using the above results, we deduce from (3.43) the inequality

d, B |
i 2 < 3 -
@l < (Clolg + 7. ) Il

2
L2

Since v € ]L2(O,T*;]HI3) we may apply Gronwall’s Lemma to conclude that Q=0, or
AT=A.

trA=0 First we recall that trA=trA,=0. We set Z=trA, and take the trace of both
sides of (3.10), to obtain

We{Z' +((v-V)Z-2MA: D)} +7Z =—-2\We(A: D).

This implies that
Z'+(w-V)Z+KZ =0. (3.44)

18



Clearly, Z;(t) = 0 solves (3.44). Now assume that Z, is also a solution of (3.44); this is
a linear differential equation, so that if we set Z = Z; — Z,, then it follows, after taking

the L%-inner product of the resulting equation with Z, that
D21+ K| 2] =0
dt '

We now apply Gronwall’s Lemma and conclude that Z = 0; that is Z; = Z5. This

completes the proof of the theorem. O

3.1.1 Uniqueness of the solution

We now show that the solution obtained in Theorem 1 is the only one in the class of

regular solutions.

Theorem 2 Let T* > 0. The problem (3.26) admits at most one solution (v,A) in
L0, T;H*) N ([0, T); D(L)) x C([0,T];H?*). The pressure p is unique up to an additive
constant in L*(0,T; H?)

Proof. As usual, we take the difference of two solutions (vy, A1, p1) and (vq, A, p2),
corresponding to the same data. Set v=v; — v, and A=A; — A,. The functions v and

A satisfy the equations

Re{v' + (v - V)v + (v V)vo} + 7Lv = div(S; — Ss),
We{A"+ (v-V)A; + (vo- V)A} + A=2wD (3.45)
—25\W€(A1 : Dl - A2 : DQ)I —We (R(Al, v) + R(A, ’02)) y

where

R(A,v) = AW — WA -3\AD + DA). (3.46)

Now, we take the L2-inner product of (3.45) with v and A respectively, and integrate

over (), to obtain
1d 9 - )
Re § s—|lv(@)[[{> + (v V)vg,v) ¢ +7[Jo(0)|[jp = — (51— 52, D),
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We {2 dtHA( )“iz + ((v-V)Ay, A)} + |A(t)|]2L2 =2w(D, A(t)) (3.47)
—We (R(Ay,v) + R(A,vq), A(t)) .

Using (3.46) and the Sobolev inequality we obtain the estimates

IN

(v V)vy Collvz|lgs|vl,
[R(A,v5)| < Collva[pe| Al (3.48)
(v V) A + R(Ay,0)] < Coll Aullge|[v]]gp-

N

Also,
2
(S, — S,, D) = 7’”N (A,D + DA, + AD? + D*A, D). (3.49)
7

We make use of (3.48) and (3.49), we add (3.47); and (3.47)9, and use Young’s inequality
to deduce the energy inequality

22 (Rellolizs + Wel AJZ.) + [~ Cosll Al ol

~Cos [l + 20+ Well Au g 0]l

< 2% (Co||v2||]H[3 + 26 + 2wC + CoWe|| Ay + 26We||v||§ﬂ3) Az »

+or (Coll Al + 2eReloalle) o]

< (Belloliz: + WelAR) (Collvslge + ) (3.50)
where

k= — (2eRe||vs| s + Co|| Al + 2€ + 2wCy + CoWe + 26We||v2||ﬁ3) . (3.51)

|
VS

Equation (3.51) is true for any € > 0; we choose € small enough, for example,
Y
Coll|Aullge + llv2llge + 2w + Well Ailg)”
such that the coefficient of ||'v||2 , on the left hand side of (3.50) is positive (this requires
also that N, < 35/2). Then (3.50) reads

1d
2dt

€ =

(Re||v||Lz + We||A||L2> <K (Re||'v||Lz + We||A||]L2> (3.52)

with
K = C[]H’UQHHS + k
We deduce from (3.52) and Gronwall’s Lemma that Re||v||iz + We||A||12L‘2 = 0, and hence

also that the pressure p is constant. O
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3.2 The quadratic closure approximation
Now we turn to the the quadratic closure approximation for the problem studied in Section
3.1. We prove the local existence of the solution, as well its uniqueness.

Dimensionless and traceless problem. We use the decomposition (3.2) and (3.3),

and again write A for A and use trD = 0 to obtain

AD = (A+A")®(A+ A")D

1
= (A:D)(A+ EI) (3.53)
We also set,
1V

The system of dimensionless equations corresponding to the quadratic closure is therefore

2 Ny
Re(v' + (v-V)v)+Vp— = (1 + 2—) Av =b+div Sy,

7 d
n[A"+ (v-V)a+ (AW —WA) - \(AD + DA)|+ A (3.55)
=2 \nD — 2 \n(A: D)(A + é[),
where
So(A,v) = % [NP(A :D)(A + %I) + Ny(AD + DA)] . (3.56)

REMARK. Lemmas 1 and 2 are still valid with  replaced by 7 := 2(1+4 2J+), but Lemma

3 will be modified appropriately below.

The linearised problem. For a given admissible velocity field v and orientation tensor

field A, let us consider the problem

n[A'+(@-V)A+ (AW —WA) - \(AD + DA)| + A
=2 D —2X\n(A : D)(A + éI), (3.57)
A(0) = Ay a.ein .

Lemma 4 Assume that I' € C*, v € L'(0,T;H*) N D(L), A € XnC([0,T],H"), and
Ay € H*(Q). Then the problem (3.57) exists a constant C(Q,w, We) such that

||A||L°°(0,T;H2)
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< (I ollggz + 1) exp [C (10122 g, | + AN 2 gy + 1Bl o) |-
(3.58)

In addition, if v € C([0,T], D(L)), then A" € C([0,T],H') and satisfies
1A =gy < C [Illge 2nAAllge + 02X+ 1)) + 1] (|| Aol +1) X

exp {C (181122 g 1,250 | + 1A 20 12, + 010 o gy )

(3.59)
Proof. See the proof of Lemma 3.
Local existence of a regular solution. Let us consider the problem
Rev' —yLv = 2div [N,(A : D)(A + 3I) + N,(AD + DA)] )
+b — Re(v - V)v,
n{A'+ (v-V)A+ (AW -WA) - \AD + DA)} + A
=2\nD —2\n(A: D)(A+ iI), > (3.60)

v(,t) eV, A(,t) €H*(Q) and A(-,t)€X for almost all ¢
v(0) = vy, A(0) = Ay. )

Theorem 3 (LOCAL EXISTENCE OF SOLUTION: QUADRATIC CLOSURE). Assume that
rec?® bel; (R, H), bcli (R, H"), w,€DL), AycH(Q)NX.

Then there exists T* > 0, ve L*(0, T H*) N C([0,T*]; D(L)), with v' € L*(0,T*V) N
C([0, 7% H), pe L*(0,T*H?) (pis the associated pressure), and Ac C([0,T*],H*) N X

such that (v,A,p) is a solution to the problem (3.60) in Qp«.

Proof. The proof of this theorem is similar to that of Theorem 1, since the difference
between problems (3.26) and (3.60) lies in an extra term of the form M(A : D)A in
equations (3.60); and (3.60),, where M is a constant. One can follow the same steps as

in the proof of Theorem 1 to obtain the necessary estimates.

Uniqueness of the solution. We can show, as in Theorem 2, that the solution obtained
in Theorem 3 is the only one in the class of regular solutions. The proof follows that of

Theorem 2 very closely, so we merely state the result.
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Theorem 4  Let T>0. The problem (3.26) admits at most one solution (v,A) in
L2(0,T;H*) N C([0,T]; D(L)) x C([0,T); H?). Furthermore, the pressure p is unique up
to an additive constant in 1*(0,T; H?).

4 Global existence of solutions

In this section, we show that the unique solutions obtained in Theorems 1 and 2 for the
linear closure and in Theorem 3 and 4 for the quadratic closure, are defined for all t > 0,
for small enough data. These global solutions are proved to be stable in the absence of

body forces.

We reiterate here the observation that it is possible, as will be shown in this Section, to
obtain results on global existence for the model (2.12)-(2.13) in which the rotary diffusivity
is assumed constant. GALDI AND REDDY [8] have studied local existence for the case in
which D, is non-constant, and proportional to |D|, and have indicated that it is not clear

how their analysis may be extended to include global existence.

The approach used in this section draws substantially on the analysis by GUILLOPE AND
SAUT [9].

4.1 Linear closure

We start by deriving some a priori bounds uniform in time, satisfied by the solution in

Theorem 1.

Some a priori estimates. We recall first that (v,A) is the unique solution to problem

(3.26). We rewrite (3.15), with ¥ = v, and using Young’s Inequality, to obtain

1d

5%(W€||A||ﬁﬂa) + [|A[|Z < 20Co||vllgsl| Allge + 2We Collv|lye | AllZe
2,2 € 2 1 2 2,2 4 1 2

< 4w 005“0“11{[3 + 2_6||A||H2 + 4We CO§||A||H2 + %HUHH?’
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We choose € = 5 and a = 3/(2w?Cg); then the previous inequality reads

d 1 6W e?
LWl AlEe) + AL < 67 Cullolls + S0 LA (41

Next, we write (3.26); in the form
2
YLv = —Rev'+ b — Re(v - V)v + div {? [IN(AD + DA) + N,(A : D)I)} :

We take the H'-norm of both sides by Lv, and use the Poincaré-Friedrichs and Young’s

inequalities to obtain

C
||£’U||E_I[1 < 7—(; <Re2||v’||ﬁﬂl2 + ||A||?HI2 + ||b||ﬁ-{[1 + 02R32|£’U|4) .

Using Korn’s Inequality, we deduce from the previous inequality an estimate for ||v||ys,

in the form
[0llZs < Co [Re?||0 3 + | AlIZ: + B3 + CoRe?|Lof!]. (4.2)
From (4.1) and (4.2), therefore,

d 1
SOVelAlE) + (5 - 6°C0 ) 14T

3We?

w2

S 6&)200 <R€2||v,||ﬁﬂz + ||b||1%[1 + 02R62|L’U|4> + ||A||L@1HI2 (43)

REMARK. Inequality (4.3) will be used only for values of D, such that the coefficient of
||A||ﬁE12 in the left-hand side is positive. In particular, we will choose D, such that the
coefficient of [| A7, is larger than Cow?. That is,

1
5~ 7w Cy > 0. (4.4)
We return to (3.26);, which we write in the form

! ! w2 : — Re(v - V)v
Ev:§ —Rev +b+d1v{?[N(AD+DA)+Np(A.D)I]} Re(v - V) ]4.5)

We now take the scalar product of (4.5) with Lv in H, and use the Cauchy-Schwarz

inequality, to obtain

1 _
1ol = = [Re?|v'[|Lv] + [b]| L] + (N[[(AD + DA)||[|v]| + N,| A| D] |[]])

+Rel|(v - V)| Lo]]].
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Using the Poincaré-Friedrichs and Young inequalities, we deduce from the previous ex-

pression that there exist constants Cy > 0 and C'; > 0 such that
C
|Lv)? < ?0 Re?|v'|> + |b]* + ||A||§_H2 + CoRe?||v||* (4.6)

where
ol = [ [VoPde
Q

is the Dirichlet norm.

Again we take the scalar product in H of (3.26); with Lv, and get

d .
—(Rel|v]’) + 7] Lvf* < [bl|Lv] + Re|(v - V)ol[[v]| + 2N|AD||[v + N,|A[|D||[v]].

Using the Young and Poincaré-Friedrichs inequalities, we deduce from the previous in-

equality that there exists a constant C5 such that

4 Rellol?) + 11Cof2 < = (B + Coll A2 + T o] (4.7)
dt Y ~ 2y 2 m? 3 2 ' '

Next, we differentiate (3.26); with respect to ¢, and take the scalar product in H of the
resulting equation with v’, to obtain

1d

S (Belo' ) +o|[v' |2 < [B||Lo] + Be | (@ - Vo] + (v V)o'|| |Lo]
+2N[AD|||v|| + N,| Al D||v]].

Using the Cauchy-Schwarz and Young inequalities, we deduce that there exists a constant
C = C(N,, N, ) such that

1d 307 Re? €
(R 12 ~ /2<_b/2 [ AT - 2
i Belv'P) + 101 < SIBE + Sl Sl
02
o (A5 + [0l + AN + (LA - (4.8)

We also differentiate (3.26), with respect to ¢, and take the scalar product in H of the
resulting equation with (3v/4w?C3)A’, to obtain

1d [37We v We? (1 €
3t (CelAl) + A < o+ —|v'|4+—||A||ﬁl

3We? ’y

AT+ ol
v o[€ 4 14
— | =|All5e + — . 4.9
.l (2” I+ o1 (49)
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Adding (4.8) and (4.9), we obtain

d 3yWe
& (Relo? 4 T4 ) Al + 4

_BC Ly L (WE N W

e+ ;(W bR ) o g Al

y 5 3yW e? 37W e?

1 A A’
+e( + g ) ol + 220 (Sllal + 20 e

i I4 202 AI 4 Al 4 4.10
oo 25 (A + ol LA ) (1.10)

We multiply inequality (4.3) by 7/(12Re*w?Cy), add the resulting inequality to (4.10),

make use of (4.2) to estimate ||v]|2 s, and use also (4.4), to obtain

| | H3®
3yWe 37We

d 2 gl 2 4 2 4
o (ReloP + T AP 4 RS AR ) + T+ AT+ 2R2||AI|H2

< Gy (1 + ZC2> { R0 + 1| Al + Bl + CoRe?|Lof* | + 7|b'|2

C’ofy Wezfy W 3’7W€2

A > At

o QC’
v (—||A||;glz - ;||v'||4) L2 (||A'||H1 + ||v||4 A+ o))

||b||H1 + = 1Lol* +

4w
6 14
- . 4.11
+- (‘8‘ ) v/ (4.11)

We choose € = (yw?Cy/(Re?(4w?CE + 7)); inequality (4.11) now reads
d 3vWe 3yWe Y
‘ (R o LG o Al ) + 101 + e AT+ AT
3037 We?y Allt CsyW e?
G Al + g
C5R€2
G A + S

[Lol* +

b2 + 7|b’|2 1Al

- 4R 2
3C5W€ Re
A 2
202
=l

C5R€ |’UI|4 05’)’
4Re?

1A [z + lloll* + A"+ [['] ) (4.12)

A"+ l']l*

where

4w2C2 + 7 Co 402C2 +7 (We?
Cs = ; C ) Re*) ¢.
i Hax { 42C) T AwCE+ " WG, ( g2

We multiply (4.7) by 7%/(12C3Re?), add the resulting inequality to (4.12), and make use
of (4.6) to estimate |Lv|* in (4.12). It follows that there exists Cs > 0 such that

3yWe, ., 3Wey
AT AL )

d o 2 12
p 71202R62H’UH + Re|v'|* + +
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37We

b 2||A||Hz + o) + |A'|2 T
< ) = o

1 Re? Re2
1 4 1 4 4
e {?HAIIHI + 2ol + o+ —||A||H2 + 2 o) }
207 207 3Ret

+—||A||4 5 ||A'||fﬁp+||v||6+07 || I, (4.13)
with
05” 62 306R€ 2 03 2 5 W 62 05 30306
= .2 =5
Cr rnax{ S + = C+SC’2 , 3ceRe +C’,400w4+4 Foa
Csy  20% ,
12 T R C6C

We now state an important result which will help us to show the global existence of

regular solution.

Lemma 5 [9] Let f be a non negative, absolutely continuous function satisfying the in-
equality

frarf<a(fP++ 1+ + )+ (4.14)
where m> 2, k>0, a>0 and [ >0 are some constants. Let My > 0, be the unique

solution of M*™ 1 + M> + M3+ M*+ M — £ =0, and 0 < M < M,. If f(0)<M, and
B < kTM, then f(t) is bounded by M for all t>0.

Corollary 1 Under the hypotheses of Lemma 5, f(t)<M ¥t >0, and inequality (4.14)
implies that

[T+ Ekf <nf*+5, (4.15)

where

n=o(l+M+M + M +M™")>0.

Global existence and stability of regular solution: linear closure. Let

72 YW
£ = TogalPOIF + Relo' O + 5 AOF + 75140

(4.16)
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Then inequality (4.13) takes the form:

PO +Ef) < a(f2(0)+ (1) + F1(1) + B, (4.17)

where £ >0, «a >0 and > 0 are constants depending on the data.

Theorem 5 (GLOBAL EXISTENCE FOR THE LINEAR CLOSURE)

Let 0 € C*. If v > 0, there exists wy satisfying (4.4) and depending on the data, such
that, if wy < w and vy € D(L), Ay € H?>, b € L®(R,,H?), and b € L*(R,,H")
are small enough in their spaces, then the problem (3.26) admits a unique solution (v,A)

defined for all times t > 0, and

v € G(R,, D(L)) NLZ, (R, BY)
v' € Cy(Ry, H) NL;, (R4, V)

AcCR,H)NX, A €Cy(R,,HY.

Proof. Step 1. From (4.13), we see that the local solution obtained in Theorem 1 satisfies
inequality (4.17) with

5Cy
47y

— 2 b4.
8 4R62|l 1 o 0" 80R2 14

bl + X+
v

By Lemma 5, there exists a constant My, depending on the data, such that if f(0) <

M < M, and g <% then f(t) is bounded for all t € R,. Observe also that f(0) < M

if vy, Ay and b are small in their respective spaces. Therefore from the hypotheses, if

bcL®R,;H?), b € L*(R.,H"), we deduce that

vE LOO(R-I-JV) N LlQOC(R-i-J D(E))J
v € L®°(R,,H)NL} (R, V), (4.18)

loc

A e L™(R,,H?), A €L®R,,L?.

Step 2. From inequality (4.6) we deduce that v € L>(R,;; D(L)) and from (4.5), that
v € L} (R.,H?). In the same way (4.18) implies that v € Cy(R,; D(L)), and (3.26),
implies that v' € Cy(R,; H).
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We write (3.26) in the form

We{A'+(v-V)A+ A} = —-We{AW — WA -3M\(AD + DA)}
+2wD — 2\We(A : D)I. (4.19)

The right hand side of (4.19) has its first and third terms belonging to L2 (R, H?), so
that Ac Cy(R,, H?). This together with (4.18) implies that the right-hand side of (4.19)
belongs to Cy(R,,H") and that A" € Cy(R, H'), because we also have A’(0) € H' (from

the hypotheses of the theorem). O

Corollary 2 (STABILITY OF SOLUTION IN THE ABSENCE OF BODY FORCE)
Under the hypotheses of Theorem 5, and in the absence of body force, the solution (v,A)

obtained in Theorem & is exponentially stable.

Proof. We choose wy such that it satisfies (4.4). Therefore the solution (v,A) satisfies
(4.13), (4.17), (4.14) and consequently (4.15), with § = 0. Therefore, from (4.15) we
deduce that (0)e-*
f(0)e~
f(t) < =, (4.20)
1—#(0)

with 1 — %f > 0. In particular, we use (4.16), which with (4.20) implies that
ol > + |A]lf . < Ke ™™, (4.21)

where K is a positive constant depending on the data. O

4.2 Quadratic closure approximation

In this Section, we show, as in the previous Section, that the unique solution obtained in
Theorems 3 and 4 is defined on R, if the data are small enough. As in the case of the
linear closure, a priori estimates may be derived for the quadratic closure, and we find

that v and A satisfy the inequality (see [11] for more details)

d :)/2 2 12 8 ¥
- AI 2 I A 2 ,
dt <92C’2Re||v|| + Relo' + 8002)\2n| "+ 126’0)\277}%@2“ H]HI

29



5 =3

+garalAlle + 5501+ foamas 4T+ see el

< S LBl + g6l + Coxtulbly + 5ol + S
20 (ol + 141+ Reo'1) + Crpyts (ol + 1200l

r0s (10104 141 ) + 5 (LAl + 14T+ o])

+Re4% (Ret o'l + Al + ||A||8) + ﬁi;ReQnAngﬂz

R S (LA + CaRet| A1), (4.22)

where C, Cy, C, Cy, C5, Cs, C7 and d are positive constants depending on the data.

We state without proof the results concerning global existence and stability of solutions,

for the quadratic closure.

Theorem 6 (GLOBAL EXISTENCE FOR THE QUADRATIC CLOSURE)

Let 00 € C*. There exists ny depending on 0, Ny and on the data, such that, if ny < n
and vy € D(L), Ay € H?, b€ L™®(R,,H?), and b’ € L>®°(R,,H") are small enough in
their spaces, then the problem (3.60) admits a unique solution (v,A) defined for all times
t, and

v € Gy(Ry, D(L)) N LY, (R, HY)
v' € Cb(R-H H) N L?OC(R‘i‘? V)
Ac R, H)NX, A €Cy(R,,H.

Corollary 3 (STABILITY OF SOLUTION AROUND ZERO FOR THE QUADRATIC CLO-
SURE)

Under the hypotheses of Theorem 6, we assume also that b=0. Then the solution (v,A)

obtained n Theorem 6 is exponentially stable.
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5 Solution to the steady problem

We turn now to the steady versions of problems (3.26) and (3.60). These are, for the

linear closure,

Lv=b— Re(v-V)v \
+div{N(AD + DA) + N,(A : D)I}

We{A' + (v-V)A+ AW — WA -3\(AD + DA)} + A ; (5.1)
=2wD — 2 \We(A: D)I

veV, AcH(Q)NX

/

and for the quadratic closure,

¥Lv = 2div [N,(A: D)(A+ I) + N,(AD + DA)] ]
+b — Re(v - V)v,
n{(v-V)A+(AW-WA)—AAD + DA)} + A

(5.2)
=2\nD —2X\n(A: D)(A+ 1),

veV, AcH(Q)NX

5.1 Linear closure

In this section, we show that the problem (5.1) has a solution which is unique if the data

are small enough.

Linearized problems. Let us consider the linearized problem of (5.1), viz.

vLv =F
divo =0 (5.3)
veV
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where F' is a given body force.

And for a given velocity field ©, we consider the problem

We{(T-V)A+ AW — WA —3\(AD + DA)} + A )

=2wD — 2\We(A: D)I ; (5.4)

AeX )

Lemma 6 Assume thatT' € C?, and F € H*(Q). Ifvy > 0, then the Stokes problem (5.3)
admits a unique solution v€ H*(Q) and there exists Co(7,2), such that

ol < Coll Pl (5.5)
Proof (See [14], page 33.)

Lemma 7 Assume thatI' € C', and that © € H*(Q)ND(L), with ||[v]|gz < CD. Then the
problem (5.4) admits a unique solution A € H?(Q). Futhermore, there exists a constant
c(QY,w,We) such that if D < ¢ then

|Allg: < D. (5.6)

Proof
Estimate (5.6)

We proceed exactly as in Lemma 3 to obtain the analogue of (3.14), in the form
[Allf = 20(D,A)p + We(WA - AW, A)ppe
—We/{@k,l [Ayk : Ayl + 2A,km : A,lm] +Ek,lmA,k : A,lm}daz
Q

—2M\We (((A: D)I, A)y: +3A\We(AD + DA, A)ppe) . (5.7)
The right-hand side of (5.7) may be estimated as in the case of (3.14), and we deduce
that

[Allgz < Coll[vllge + 2Wel[o]|gs|| Allg2)-

< Ci(CD+CD||Allge)-

We impose C1C(1 + D) < 1, to obtain (5.6).
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Theorem 7  Assume that T' € C,b € H*(Q). If v > 0, then there ewists a positive
constant ¢ = c(2,w, We) such that (v, A, p) € (H*(2) NV) x (H*(Q) NX x H*(Q)) is the

unique solution to Problem (5.1), with

ollge + | Allge < c (5.8)

Proof. The proof draws substantially from [7].
Step 1. For B >0, we define the set

R={(,A),5 e H(Q);AcH(Q); |[tllg<B, [Alg<B}. (59
Next, we consider the mapping
¢: R— X =V xH(Q),
(0, A) — (v, A),
where A and v are the unique solutions of (5.3) and (5.4) respectively, with
F=—-Re(v-V)ov+b+div{N(AD+D A)+ N,(A: D)I}.

From Lemmas 6 and 7, we see that ¢ is well-defined and, if D is suitably chosen, ¢p(R) C R.
As in the proof of Theorem 1, one can show that ¢ is a fixed point (v, A), and is obviouly a
solution to problem (5.2). The estimate (5.8) is deduced immediately if we choose ¢ = D?.
For uniqueness, as usual, we take the difference of two solutions (v, A, p1) and (vs, As, pa),
corresponding to the same data. Set v=v; — vy and A=A; — A,. We make use of (3.48)
and (3.49), and find that the functions v and A satisfy the estimates

Co
ol < SN Aol + AT ol (5.10)
A < 2CusllAllelollge + WeCh {14 e ol Al s + ol |AJE)
1 1
< S0 { ot Al ol + JIAR: + WelvalZsl Al 61

where C) = C1(We,Q,7v), Cy= Co(w, ).
Next, we add (5.10) and (5.11) to obtain
vl + 1Al < CalllAsllge + Cs)llwllge + Calllvallge + 5 + Wellvallgs Al »
< C5(C+Co)llvlige + Cs(c + 3) 1Al
allvlffe +n (5.12)

IN
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where n = Cs(c + %)||A||]2LZ, and « and # depend on We,Q, ur/pu and w. Uniqueness is

established if o and S are small enough. a

5.2 Quadratic Closure

We state the result on existence and the uniqueness of a solution to the problem (5.2).
The proof is obtained by modifying that for the unsteady problem in the same way as for

the linear closure.

Theorem 8  Assume that I' € C3 b € H?*(2). There exists a positive constant ¢ =
c(Q,w, We) such that (v, A,p) € (H*(Q) NV) x (H*(Q) N X x H*(Q)) is the solution to
Problem (5.2), with

|vllge + | Allge < e (5.13)

This solution is unique if the data is small enough.
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