Abstract

In the present contribution, an innovative stabilization technique for two-dimensional low-
order finite elements is presented. The new approach results in an element formulation
that is much simpler than the recently proposed enhanced strain element formulation,
yet which gives results of at least the same quality. An important feature in the regime
of large deformations is the stability of the element, which is addressed in detail. The
main advantages of the new formulation are, besides its simplicity, its computational
efficiency and robust behaviour. Only three history variables have to stored, making this

stabilization concept particularly interesting for large scale problems.



Introduction

The main incentive for the present work results from the observation that the performance
of enhanced strain elements in large deformation problems is not always satisfactory. In
particular, for compression problems, many numerical simulations show that enhanced
elements behave extremely sensitively and exhibit hourglass instabilitities (see WRIGGERS
& REESE (1996) and the study of DE Souza NETO ET AL. (1995)). Another drawback
is the fact that these element formulations are rather complicated, which makes coding
more difficult and increases the numerical effort. The goal of this paper is to develop
an element formulation which exhibits at least the same quality in the results as those

produced using enhanced elements, while being much simpler and robust.

There has already been a vast number of attempts in the recent literature at improv-
ing the performance of the orginal non-linear enhanced element formulation developed by
SIMO & ARMERO (1992) and SIMO ET AL. (1993). An interesting approach has been
followed, for example, by CRISFIELD ET AL. (1995), who initiated the so-called corota-
tional technique. This concept is based on the enhancement of the right stretch tensor
and yields a more stable element (no hourglass instabilities were found in the example
reported by WRIGGERS & REESE (1996)). But the element formulation shows rather

stiff behaviour and is difficult to extend to elastoplastic problems.

Another modification has been developed by KORELC & WRIGGERS (1996), who
derived additional orthogonality conditions. By modifying the basic enhanced strain in-
terpolation field in such a way that these conditions are fulfilled, they obtain a stable
element which reduces to the formulation of StMO & RIFAT (1990) in the geometrically
linear case. In the contribution of GLASER & ARMERO (1998) various possibilities for
the choice of the enhanced strain interpolation are discussed. The authors show that
the formulation of KORELC & WRIGGERS (1996) is not objective under rigid body ro-
tations, and suggest an appropiate correction. The performance of the formulations of
KoRELC & WRIGGERS (1996) and GLASER & ARMERO (1998) is satisfactory in the
hourglass instability compression test. In both works, however, there are no examples
involving inhomogeneous compression; it is known that this situation causes problems for
other enhanced strain formulations (see DE SOUZA NETO ET AL. (1995)). Moreover,
higher order quadrature rules are necessary to eliminate the hourglass instability effect in

elastoplastic problems.

A different and very innovative approach has been followed by KASPER & TAYLOR
(1997) who developed a so-called mixed-enhanced strain method. This concept is new

in the sense that the stress field is also interpolated. This interpolation field is also part



of the interpolation of the total deformation gradient, whence the term “mixed-enhanced
strain method”. An advantage of this method is that the standard Gauss integration
rule is sufficient to obtain stability. Moreover, the variational stresses can be recovered, a
feature that is not possible with the usual enhanced strain method. KASPER & TAYLOR
(1997) also investigate the behaviour in compression tests, and find that the element

exhibits excellent performance.

All these recent element formulations, however, are rather elaborate, and for this reason
difficult to understand and to code. An additional important drawback is the computa-
tional inefficiency which is caused by too many matrix operations on element level, and
the necessity to store a large number of history variables. Finally, higher order quadrature
rules also contribute to the numerical effort. One could argue at this point that with an
increasing number of degrees of freedom, the cost at element level loses its importance
progressiveley. This, however, does not hold for the storage of history variables, and for
most examples in academic investigations which are usually of moderate size. A possible
means of getting rid of many problems is through the use of higher order elements. Such
elements, however, have a disadvantageous band structure, are usually less robust than
standard low-order elements, and also more difficult to code. But in order to compete,
low-order elements are not supposed to lose their main advantages, which are simplicity

and robustness.

Therefore, in this paper, we take what is in our opinion the simplest approach pos-
sible. The suggested element formulation is very similar to the classical stabilization
concept originally developed by BELYTSCHKO and coworkers (see e.g. FLANAGAN &
BELYTSCHKO (1981), BELYTSCHKO ET AL. (1984) and BELYTSCHKO & BACHRACH
(1986)) for the geometrically linear theory. That is, only one Gauss point integration
suffices, and no internal degrees of freedom have to be determined. This reduces the
amount of history variables tremendously. The main difficulty then lies in correctly com-
puting the so-called stabilization factors which are important for the performance of the
element. For this purpose, we develop an innovative approach which leads to a stable
and astonishingly well-behaved element. One key point of this procedure is to exploit
the equivalence of the enhanced strain method with the stabilization concept valid in
the geometrically linear theory. Crucial to this step is the application of the concept of
the equivalent parallelogram derived by ARUNAKIRINATHAR & REDDY (1995 a,b), and
the notion that the error in evaluating quantities on the equivalent parallelogram rather
than on the actual quadrilateral is of the order of mesh size, and hence goes to zero with
refinement of the mesh. Of further importance is the fact that the computation of the
stabilization factors is based only on the material part of the tangent operator. Note

that the concept of the equivalent parallelogram has also been applied by STOLARSKI &



CHEN (1995) in the context of linear elastic problems. Their approach, however, is dif-
ferent in the regard that they define the shape functions on the equivalent parallelogram
but then extrapolate the assumed strain field to the actual element. This is not necessary
in the present work, where the concept of equivalent parallelogram is used only for the

calculation of the stabilization factors.

The paper is organized as follows. To begin, we review in Section 1 the variational
principles which are the foundations for the stabilization concept and the enhanced strain
method. This is followed by a discussion on stability phenomena in finite elasticity,
which includes also the argument that hourglass instabilities can be regarded as structural
instabilities rather than material instabilities which are due to the choice of a certain
material model. In Section 2, the new method is described in detail. The major task
is to compute the stabilization factors, and this requires that the three-field functional
introduced in Section 1 be linearized appropriately. In Section 3, the performance of the
new formulation is tested by means of several examples involving bending, compression

and stability problems. Finally, various concluding remarks are made in the final section.

1 Variational formulation

1.1 The continuous problem

Consider a nonlinearly elastic body that occupies a domain By in  ® with boundary 9B,
at some reference time ¢ = 0. The current configuration of the body is denoted by B, and
may be described in terms of the motion : By x [0,7] — B. Thus a material particle

originally occupying the position  in the reference configuration has current position

= ( 7t>'

We begin with the typical displacement boundary-value problem in finite elasticity.

The governing equations in the reference domain By are balance of linear momentum

Div + =, (1)
the constitutive relation
g
and the kinematic relation
= Grad . (3)

Here  denotes the first Piola-Kirchhoff stress tensor, the vector field of body forces,

the displacement vector, and  a so-called physical strain which is in (3) set equal to the
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displacement gradient. The first Piola-Kirchhoff stress is derived from a potential, the
strain energy per reference volume W = W( ). The function W( ) is chosen in such a

way that the constitutive law (2) is observer-invariant.

We prescribe tractions = - = on part of the boundary B , and displacements
= = on the remainder dB . Here 0By = 0B U dB and 9B N dB = , and the

vector  represents the outward unit vector normal to 9Bg.

Define the space of displacements V by
V= |veH" (By), = ondB |, (4)

where v is given by the index representation = v  (Einstein’s sum convention is
assumed to hold). Inserting (2) and (3) in (1), taking the scalar product of the resulting

partial differential equation in  with a test function € V., and imposing directly the

traction boundary condition — = on dB , we arrive at the one-field weak or variational
problem
aﬂa/( ):Grad dVv — - dV — . dA=0.
0 0 P

()
Note that only dead loading is considered, and that is required to fulfil the displacement

boundary condition = " on 9B .

An alternative, three-field formulation may be constructed by first introducing the

spaces of stresses § and enhanced displacement gradients &, defined by

S = |Q € L*(Bo) , (5)
E = | M € L*(By) (6)
( =@ @ , =M ® ). Next, we replace (3) with the equations
= Grad +

Y

in which  is the enhanced displacement gradient.

In the continuous problem it is zero, and in fact equations (7) are a trivial restatement
of (3). But in the following, we include (7) in the variational functional in order to make

the transition to the weak fromulation of the discrete case more clear.

The variational problem corresponding to the three-field formulation (1), (2), and (7)
may now be constructed by substituting (7); in (2), and taking the scalar product of (1),
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(2) and (7)y with test functions €V, €& and € S, respectively; this leads to the
problem of finding €V, €¢&,and € § that satisfy

: Grad dV—I—f() = 0,

- ): 4V = 0,

v = 0,

for all €V, € & and € 8. It can be shown that the weak formulation () is
equivalent to the classical formulation (1), (2) and (7) plus boundary conditions, provided

that the data is smooth enough.

1.2 The discrete problem

The situation is somewhat different for the discrete problem, which is defined on finite-
dimensional subspaces YV C V,§ C Sand & C & (in practice these would be conforming
finite element spaces). In general By may also be approximated by the domain B, (for
example, using isoparametric maps). Then the discrete variational problem corresponding

to () now consists of finding €V such that

oW .
#:Grad dV.o+t( )=0
w0
for all in }V and = Grad . Similarly, the problem ( ) now becomes one of
finding €V, €& ,and € S which satisfy

: Grad dV +f( ) = 0,

h
0

ow( )
—_— - : v =0
h 0 ’
0
v = 0,
h
0
for all eV, € & and € § . Thus we see that, whereas 3 implies that
= for the continuous problem, in the discrete case this is not so: 3 merely
requires that be orthogonal to the space of discrete stresses. We impose this condition
by invoking the stronger requirement, that
S L& or : dv =0 (8)

ox



for all e &, € & . That is, the spaces of stresses and enhanced strains must
be orthogonal in the L? inner product. This requirement immediately renders equation

3 trivial. Note that (8) also implies that, if the space of stresses contains piecewise

constants, then due to the fact that no interelement continuity is required for and
(their elements are members of L?), for piecewise constant we have
: dv = : dv = : dv =0, (9)
h h h
0 =1 Oe =1 Oe

the index e indicating the element number (n being the total number of elements). In
other words, we have the requirement that
dv =0. (10)

h
Oe

Thus, the space of enhanced displacement gradients must have zero mean value on each

element.

We also require that, in order to preclude rank deficiencies (see SIMO & ARMERO
(1992)),
GradV Nn€& ={ }, (11)

that is, the spaces of compatible displacement gradients and enhanced displacement gra-
dients must have as intersection only the zero element. The imposition of (8), and direct

substitution of (2) with

= QGrad + , (12)
now reduces to the two-field problem of finding €V and € & such that
oW .
#:Grad V. +t( ) = 0,
w0
ow( )
. — v = 0.
Note that is the variational principle upon which the original non-linear enhanced
element formulation of SIMO & ARMERO (1992) is based.
1.3 Stability
The variational form ( ) could have been also derived by interpreting as a so-called

physical strain quantity, whereas Grad  has a purely kinematical character. Arguing



further that the introduction of the enhanced displacement gradient should not have any

influence on the work of the external loading, we formulate the potential

n= W )dv — .dV - .V, (13)

h h h
which is useful in discussing the stability of the element formulation. The weak form
( ) derived above is alternatively obtained by setting the variation of II equal to

zero, which leads to

oIl = %:(Grad(s +6 )dV +i(6 )=0. (14)
h
0 —ph—
Exploiting the fact that the test functions and can represent variations §  and

& , respectively, and further considering that § and §  are arbitrary, shows that the

condition Il = 0 is equivalent to ( ).

The solution of ( ) is singular if the second variation of Il vanishes. Otherwise,
the solution is stable (6*I1 > 0) or unstable (61 < 0) (see standard texts on stability
theory for more details). It is important to guarantee that the application of a numerical

solution method does not lead to singular solutions which are of non-physical origin.

The second variation §°I1 reads

-
%L(a)[(Grad(S +46 ]:(Gradd 446 )dV

h

§*1

= A [(Gradé +3d )] :(Gradd +46 )dV

= L[5 ]:6 + 8 4V = ST, (15)

1
O (16)
and the stress quantity
=— (17)

have been introduced. The fourth order material tensor £ represents the derivative of
with respect to . Note that here and elsewhere we denote the action of a fourth-order
tensor £ on a second-order tensor by L[ ], which is a second-order tensor having

components L A . Depending on which of the two terms in (15) becomes negative
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in the case of 211 = 0, we speak of material instabilities or structural instabilities,
respectively; for more details, see REESE & WRIGGERS (1995, 1997). It is known that
material instabilities are detected locally, that is, 6°I also vanishes. This is not the
case for physical structural instabilities, where the global second variation, that is, the
sum over all elements of the second variation, leads to the vanishing of §%II . In contrast
to material instabilities, structural instabilities appear in compressive stress states. It
has been discovered (WRIGGERS & REESE (1996)) that many enhanced strain element
formulations exhibit so-called hourglass instabilities, which can be identified in finite
elasticity as structural instabilities. They are due to the fact that introduces internal
degrees of freedom which make possible bifurcations into artificial secondary solution
states. It is characteristic of these numerical instabilities that they appear at the element
level. Thus, with an increasing number of elements, the situation becomes even more
serious, making it all but impossible to differentiate between physical and non-physical
stability behaviour. There have been attempts to overcome the problem by modifying
the orginal enhanced strain method (see e.g. KORELC & WRIGGERS (1996), GLASER
& ARMERO (1998)). But a clear mathematical explanation of the hourglass instability
effect is still missing. Thus, one can never be sure that the undesirable effect is completely

eliminated, since it might appear in an example which has not been yet investigated.

In the theory of linear elasticity, the second variation takes the form

S = C [6e ] :de dV , (18)

=1 Oe

where the total linear strain tensor € is decomposed analogously to into a compatible

part € = sym(grad ) and an enhanced part € . Due to the fact that the elasticity
2" 6h
5h(5h)
in linear elasticity. On the other hand, C might lose its positive definiteness, if non-

tensor C = is positive definite, the hourglass instability effect does not occur
linear stress-strain relations are considered. It has been shown by means of a comparison
with analytical results (see REESE & WRIGGERS (1996)), however, that the use of the
enhanced strain method in this situation does not lead to any non-physical instabilities.
Note that these investigations were limited to elastic problems (refer also to the last
example in this work). The latter statement is confirmed by the results of DE Souza
NETO ET AL. (1995), who showed that “material” hourglass instabilities arise only in

elastoplasticity.

Further insight into the possible causes of hourglass instabilities in the nonlinear case
may be gained if one returns to the mathematical analysis of the linear problem presented

by REDDY & SiMo (1995). In that work the authors show that one of the conditions for



convergent finite element approximations is that the enhanced strain € satisfies
Cle]dV = . (19)

This generalises the zero mean requirement (for example, as in (10)), which according to
the analysis by REDDY & SiMO, must be replaced by (19) for the case of inhomogeneous
materials. No corresponding analysis exists for nonlinear elastic materials; on the other
hand, solution algorithms based on consistent linearization lead to a linearized problem
of the form (24) which may be regarded as the analogue of the linear problem. If the
analysis in REDDY & SIMO is now applied to one of these problems, it is clear that the

counterpart to the condition (19) will now read, for example,

LA ]dV = | (20)

where A is defined by A =sym( -A ). Thus the modulus £ plays a role anal-
ogous to that of C in the linear problem. There is one important difference, though, in
the nonlinear case; whereas for a homogeneous material in the linear case the condition
(19) implies the zero-mean condition, since C is constant, in the nonlinear case £ will
be deformation-dependent and, even for an initially homogeneous material, it will not
be constant. It follows that the condition (20) will be violated in general if enhanced
displacement gradient basis functions are chosen in such a way as to satisy the zero-mean

condition.

There is also a close relationship between (19) and the patch test; this relationship,
which is discussed by CIARLET (1996, Section 34, page 224 et seq.), implies also a corre-

sponding relationship between (20) and the patch test in the nonlinear case.

To conclude, in finite elasticity the hourglass instability effect in the enhanced strain
method arises due to the geometrical non-linearity in the system and represents as such
a non-physical structural instability. We could overcome this problem by modifying the
enhanced concept in such a way that only the material part of the tangent is influenced.
It is shown in the remainder of this paper, that this goal can be achieved by developing a
new kind of stabilization technique which is equivalent to an enhanced strain formulation

in the case of a linearly elastic problem.
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2 A new stabilization technique for finite strain prob-
lems

The enhanced strain formulation of SIMO & RIFAT (1990) (or the method of incompatible
modes due to WILSON ET AL. (1973) and TAYLOR ET AL. (1976)) produces results
that are highly accurate for coarse meshes, and exhibits locking-free behaviour in the
incompressible limit. These remarks apply in particular, though by no means exclusively,
to problems of linear elasticity, with small strains. There exist, however, many alternative
formulations in the small strain linear elastic context which lead to similar quality in the
results; examples are the mixed (displacement-stress) formulation of PIAN & SUMIHARA
(1984), and the formulations based on classical hourglass control proposed by FLANAGAN
& BELYTSCHKO (1981), BELYTSCHKO ET AL. (1984) and BELYTSCHKO & BACHRACH
(1986). The latter concept is based on the fact that carrying out one-point integration
instead of full integration does not affect the rate of convergence to the correct solution of
a problem. Such elements, however, exhibit instabilities as a result of the rank deficiency
of the stiffness matrix, and some form of stabilization is required. BELYTSCHKO and
coworkers have developed such stabilization procedures, with which is generally associated

the notion of hourglass control.

MALKUS & HUGHES (1978) have shown that there exists a mixed variational problem
which is equivalent to the standard problem with underintegration. Due to this equiva-
lence, it is possible to determine the stabilization matrix directly (see e.g. BELYTSCHKO
& BACHRACH (1986)). A similar approach has been exploited by HUECK & WRIGGERS
(1995), who carried out a Taylor expansion up to second order of the basis functions
associated with the WILSON-TAYLOR element, in order to obtain a decomposition of the
stiffness matrix as the sum of the matrix obtained by underintegration, and the stabiliza-

tion matrix.

In the context of the nonlinear theory, the two approaches — enhanced strains, and
stabilization — are conceptually different. While the enhanced strain formulation requires
an update of the internal degrees of freedom in every iteration step, the stabilization
factors needed for the stabilization part usually remain constant. Thus the derivation of
the tangent operator is trivial and Newton’s method is easily applicable. Updating the
stabilization factors in each iteration step is possible in principle but would complicate
the iteration procedure noticeably. Note that convergence to the solution is any case

obtained.

It is a non-trivial problem, however, to determine the stabilization factors, particularly
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for the case of the geometrically nonlinear theory. This is one of the reasons why the
stabilization concept has not been found to be useful for large deformation problems.
Instead, research interest has focused on enhanced strain formulations, which are usually
based on the variational principle . Recalling the discussion in Section 1.3, it is clear
that this formulation should be approached with great circumspection in the geometrically
nonlinear case, at least until such time as the outstanding issues have been resolved. At
the same time, it is important to note that there are many examples of the outstanding

performance of such elements in bending dominated and nearly incompressible problems.

In order to circumvent the problems associated with the enhanced strain formulation
in the case of finite strain problems, we propose the following alternative approach. The
weak forms represent highly nonlinear equations which can be solved using standard
iterative algorithms such as Newton’s method. In such iterative approaches the first step
is usually based on the tangent operator computed in the last iteration of the previous
load state. In order to exclude hourglass instabilities we take only the material part of
this tangent operator as basis for the computation of the stabilization factors. Apart from

this step, the new concept can be considered as classical stabilization formulation.

2.1 Calculation of the stabilization factors

It should be emphasized that the foundation for the element formulation proposed in this
work is the variational functional . Only the calculation of the stabilization factors
requires the linearization of the weak form ( ), which is introduced below. Note also

that for convenience the subscript h associated with finite element quantities is dropped.

Using = - the weak forms ( ) are rewritten to give
= 6 dV+i§) = 0 (21)
Gg= 5 dV =0 (22)
where the tensor quantities § and § are defined by § := sym( - Grad ) and
§ :=sym( - ),suchthatd :=sym( -(Grad + ))=46 +3d . Now define

analogously the increments A :=sym( -GradA ),A :=sym( -A )and further
Ad by

Aé =sym (GradA 4+ A )(Gradd +46 ) . (23)
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Then consistent linearization of (21) and (22) leads to the pair of equations

g+ LA +A]:5§ + :sym((GradA +A ) -Grad§ dV = 0,

ga + LA +A ]:6 —|—7:sym((GradA +A ) -4 dVvV = 0.
° (24)

Note that in the first iteration step, g; can be expressed in the form

G = 6 dV - ( +A)-d dA=-— A -§ dA, (25)

0 P P
where  represents the prescribed traction vector of the previous load step. In (25), we
exploit the fact that for =  a converged solution is obtained. Additionally, in order
to improve the stability behaviour of the element (see the discussion in Section 1.3) we

neglect the geometrical terms. Equations (24) then reduce to

LA +A ]:6 dV - A -5 dA = 0,
0 P (26)
LA +A ]:8 dV = 0.
Carrying out a push forward of the latter two expressions to the current configuration,
we obtain
CI[A +A]:6 dV — .5 dA = 0,
0 P (27)
ClA +A]:6 dV = 0,

0

where J denotes the determinant of the deformation gradient . The increments A and

A are defined by

A = A - b = sym(grad A ),
(28)
A = A - b = sym(grad A ),
the last expression on the righthand side of (28;) being valid if the enhanced strain is
obtained from the incompatible displacement . The quantities § and § are defined
analogously.

It is important to mention that in the standard enhanced strain method for nonlinear
problems, it is not possible to express the increments A and A in terms of spatial
gradients. This is due to the fact that in that situation, # and consequently
grad # Grad - ' O
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The equations (27) have been derived from ( ) by means of consistent linearization
and neglecting the geometrical part of the tangent. Due to the analogy of the equation
system (27) with the corresponding equations in linear elasticity, the computation of the
stabilization factors can be carried out like in the linear theory, where such a procedure

is more or less standard.

The following analysis requires approximations for the strain increments A |, A and
6 , 0 . Note that from now on we use matrix notation, with matrices being denoted by
boldface italic letters. The material matrix is denoted by C. The goal is to compute the

madtrices and in
A = A and A= A (29)

A representing the element vector of displacement increments and A the vector
containing the increments of the internal degrees of freedom within an element. Us-
ing the isoparametric concept, the analysis is based on the bi-linear shape functions
N =1(1+€€)(1 +nn), where £ and 5 are the local coordinates. For the deriva-
tion of  we use the incompatible shape functions £ (1 — ¢*) and £ (1 — 5?) according to

WILSON ET AL. (1973). § and é are interpolated analogously, so that we obtain
b = ¢ and b = 4§ . (30)

The use of these approximations in (27) gives

§ C dvV A + C dv A — AdA =0
=1 Oe Oe Pe
§ C dvV A + C dV A - 0
=1 Oe Oe
(31)

14



The matrix  can be expressed in the form = where the matrices  and

are given by

0 0 00
0 0 00
0 0 00
1 & &n 000 0 1 0 0 00 (32)
000 0 1 & &y 2 0 0 00
0 0 00
0 0 00
0 0 00
1 1
1 1
=—{-1,-1,1,1}; 25{1, 1,1,—-1} (34)
and  denotes the operator
0
— 0
dx 5
- U 3 (35)
9 9
Jdy Ox

The derivatives in  are taken with respect to the current configuration, the coordinates
of the element nodes * and y ([ node counter) referring to the last converged solution.
Note further that the calculation of the stabilization factors is carried out only in the center

of the element so that the material tensor C is evaluated for E=n=0 (é| e éo).

We begin by presenting details of the calculations for the case in which the element
is a parallelogram in the deformed configuration at step n. The extension to arbitrary

quadrilaterals is discussed thereafter.
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The case of an arbitrary quadrilateral complicates the situation considerably. This
aspect has been discussed by HUECK & WRIGGERS (1995), who proposed a split of
into a constant part and a part depending linearly on the element centroidal coordinates
x and y . In this way, one decouples the constant and the hourglass parts of | with
respect to the coordinates = , y , though, and by using the stabilization vector 4 of

BELYTSCHKO ET AL. (1984), rather than

We propose a computationally more efficient approach, which can also be extended
to three-dimensional problems, and which exploits the notion that the various integrals
can be adequately approximated by integrals over the parallelogram which is “closest”,
in some precise sense, to the actual quadrilateral. This is known as the equivalent par-
allelogram associated with the quadrilateral in question; the concept was introduced by
ARUNAKIRINATHAR & REDDY (1995 a), who analysed its properties and made use of the
approximation in obtaining error estimates for the enhanced strain problem for arbitrary

quadrilaterals (see ARUNAKIRINATHAR & REDDY (1995 b)).

Let =[xy x5 23 x4] be the set of z-coordinates of the equivalent parallelogram, with

being defined similarly. For convenience we drop the subscript e denoting an arbitrary
element. ARUNAKIRINATHAR & REDDY (1995 a) have shown that these nodal points
may be obtained from the nodal points of the quadrilateral by (Figure 1)

which gives

= 07 = b = b
— 0, = R e

(42)

It is important to note again that convergence is determined solely by the part ¢ .
Thus the part of the stiffness matrix associated with the hourglass mode can be modified
without losing this crucial property. For arbitrary quadrilaterals we therefore make use

of the equivalent parallelogram in determining the relevant matrices.

The equivalent parallelogram associated with a
quadrilateral.

Interestingly, the approach proposed here is to some extent similar to that taken by
TAYLOR ET AL. (1976). The motivation of that work was the amendment of the element
proposed by WILSON ET AL. (1973), in order to fulfil the conditions of the patch test
for arbitrary quadrilaterals. To overcome this difficulty TAYLOR ET AL. (1976) proposed

that all integrals involving the matrix  be computed in such a way that terms which
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are quadratic in ¢ and n are neglected. By analogy with the concept of the equivalent
parallelogram, this modification is only nontrivial if the shape of the element is different

from a parallelogram.

2.2 The stabilization procedure

After the computation of the stabilization factors, the stabilization procedure is carried
out in the classical way. One main advantage of such formulations is the fact that one-
point integration suffices. The hourglass part of the stiffness matrix is computed directly
and added to the constant part. The global tangent stiffness matrix then has the

structure
aq a3

= o+ ) (43)

« «
-1 3 2

In order to maintain the quadratic convergence characteristic of Newton’s method, the

global residual vector (=09 /0 ) must have the form

) o ( ))4as ( ()
ST e () )ta () (44)

e

the vectors () and () containg the nodal displacements in #— and y—direction,
respectively. Concerning the stabilization vectors, it should be noted that using , the
patch test is not fulfilled if a structure is discretized by means of distorted elements.
This undesirable effect, however, vanishes with increasing number of elements. In order
to avoid the problem completely, in (43) and (44), the vector  has to be replaced by
the stabilization vector 4 derived by BELYTSCHKO ET AL. (1984). In that work, the
stabilization vector is designed in such a way that the patch test is fulfilled. This holds

for arbitrary stabilization factors.

Note again that the constant part of the stiffness matrix and the residual force vector
are not influenced neither by the stabilization procedure nor by using the concept of the
equivalent parallelogram. The linearization shown in Section 2.1 is only needed for the
computation of the stabilization factors. The element formulation proposed in this paper
is special in the sense that the first iteration in each Newton iteration is treated differently

to subsequent iteration steps, as the following indicates:

(A) First iteration step within each Newton iteration

(1) Calculation of the equivalent parallelogram
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(2) Computation of the stabilization factors

(3) Calculation of the residual force vector and the tangent stiffness matrix
(B) Subsequent iteration steps

(1) Calculation of the residual force vector and the tangent stiffness matrix

A very important aspect of this method is the fact that only three history variables
per element (the three stabilization factors) have to be stored, which is especially advan-

tageous for computations with many degrees of freedom.

The performance of the new formulation is studied in detail in Section 3. For the
sake of simplicity, we introduce the short hand notation Q1SP for the element, where
Q1 refers as usual to the bilinear shape functions chosen for the displacement degrees of
freedom. The letter S stands for stabilization and P indicates the role of the equivalent

parallelogram. Note that in every example a plane strain state is assumed.

3 Examples

3.1 Two-element test

First, we check the performance of the element formulation in the limiting case of linear
elasticity. We choose as benchmark the well-known two-element test proposed originally
by P1AN & SUMIHARA (1984) (see Figure 2). Two cases are considered: (I) Poisson’s ratio
v = 0, (IT) Poisson’s ratio v = 0.4999, both with Young’s modulus F = 210000 N/mm?.
The purpose of this example is to compare the sensitivity to mesh distortion of the new
element, in comparison to that of other elements. For the system shown in Figure 2, an
analytical solution using the Euler-Bernoulli beam theory is available, so that the results
can also be quantitatively compared. In the first calculation, we intend to study only
mesh sensitivity. Thus, the load increment is taken to be very small in order to exclude
any dependence on the time step chosen. The percentages are rounded up to one decimal

place.

. Two-element test: geometry and loading.
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Table I gives values of vertical displacement at nodes 3 and 6, for different values of the

mesh sensitivity parameter d. The quantity w represents the mean value % (w3 + wg).

: Mesh sensitivity, v = 0, linear elasticity (Q1SP)

d: 0 1 2 3 4 4.9
wy - 104 | 7.1429 | 7.8574 | 8.5719 | 9.2864 | 10.0010 | 10.6442
(0 %) | (10 %) | (20 %) | (30 %) | (40 %) | (49 %)
we - 101 | 7.1428 | 6.4287 | 5.7145 | 5.0003 | 4.2860 | 3.6432
(0%) | (-10 %) | (-20 %) | (-30 %) | (-40 %) | (-49 %)
w 10 | 7.1429 | 7.1431 | 7.1432 | 7.1434 | 7.1435 | 7.1437
0%) | (0%) | (0%) | (0%) | (0%) | (0%)

Interestingly, the error in the displacements w3 and we 1s proportional to mesh distor-
tion d, which is related to the fact that also the deviation of the equivalent parallelogram
from a rectangle is proportional to d for the special geometry of this example. At the
element midpoint the results are almost correct, even for an extremely distorted mesh
with d = 4.9! This is in contrast to most other element formulations (see e.g. QM6 (TAY-
LOR ET AL. (1976), 56-1 (PIAN & SUMIHARA (1984), 56-NT (D1 & RaMmm (1994), QS6
(HUECK & WRIGGERS (1995)), for which the midpoint displacement is underestimated
(Figure 3b). Evidently, the new element formulation shows excellent results, especially in

the regime of a moderately distorted mesh (Figures 3 a,b).

. Mesh sensitivity of various element formulations
(linear elasticity, compressible case): (a) displacement wg, (b) dis-
placement w .

The situation changes only marginally for the case of an almost incompressible problem.
This would be different, of course, if we considered here also element formulations for
which only the so-called volumetric locking is avoided (e.g. mixed element formulations
with pressure and displacement degrees of freedom). Note that such element formulations
show locking in bending problems like the two-element test investigated here. The results

for Q1SP are given in Table II.
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: Mesh sensitivity, v = 0.4999, linear elasticity (Q1SP)

d: 0 1 2 3 4 4.9
ws - 101 |[ 5.3579 | 5.8938 | 6.4207 | 6.9656 | 7.5016 | 7.9840
(0 %) | (10 %) | (20 %) | (30 %) | (40 %) | (49 %)

we - 104 | 5.3578 | 4.8221 | 4.2864 | 3.7507 | 3.2149 | 2.7327
(0%) | (-10 %) | (-20 %) | (-30 %) | (-40 %) | (-49 %)

w -10% || 5.3579 | 5.3580 | 5.3580 | 5.3582 | 5.3583 | 5.3584
0%) | (0%) | (0%) | (0%) | (0%) | (0%)

To conclude, the new element QQ1SP shows superior behaviour with regard to sensitivity
to mesh distortion. It remains to verify, however, whether this tendency is also observed

for large deformations.

The same example is now investigated for the case of large deformations. For this purpose,
we increase the load to Fy = 10 F. The material parameters are y = 80.194 N/mm?, A =
120.291 N/mm? and p = 80.194 N/mm?, A = 400889.806 N/mm? for the compressible
and nearly incompressible problems, respectively. A neo-Hookean constitutive law is used,

with the strain energy function given by

A
xvzg@r-—@—umj+zgﬂ—1—zm@, (45)
where = , and the Cauchy stress tensor by
2 OW
=——" 46
o==— (46)

The results are given in the Table III. The percentages are relative to the converged solu-
tion which was obtained with 20 x 4 elements. This reference solution is w3 = 4.57 mm,

we = 3.95 mm.
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: Mesh sensitivity, finite elasticity, compressible case (Q1SP)

: ] o | 1 [ 2 | 3 | 4 | 49

ws || 4.70 4.19 3.70 3.28 2.93 2.66
(1%) | (-83%) | (-19%) | (-282%) | (-35.9 %) | (-41.8 %)

we || 3.95 3.02 2.27 1.72 1.36 1.16
(0 %) | (-23.5 %) | (-42.5 %) | (-56.5 %) | (-65.6%) | (-70.6 %)

. Mesh sensitivity of various element formulations
(finite elasticity): (a) compressible case, (b) nearly incompressible
case.

The comparison with other element formulations (QS6 (WRIGGERS & HUECK (1996)),
Q1/E4 (StMO & ARMERO (1992), Q1 (standard displacement formulation)) in the com-
pressible case is depicted in Figure 4a. Again, the element QQ1SP behaves especially well
for a moderately distorted mesh. Note that the average displacement w is underesti-
mated for all element formulations. The error in the result of Q1SP, however, is much

smaller than that for other element formulations.

The situation is even clearer in the nearly incompressible case (Figure 4b). Here the
converged solution is w3 = 3.77mm, wg = 3.37 mm, and the percentages in Table IV are

relative to this solution.

: Mesh sensitivity, finite elasticity, nearly incompressible case (Q1SP)

] o | 1 | 2 | 3 | 4 | 49

ws || 3.82 3.52 3.21 2.92 2.66 2.45
(13 %) | (-6.6 %) | (-14.9 %) | (-22.5 %) | (-29.4 %) | (-35 %)

we | 3.32 2.59 1.9 1.53 1.20 1.00
(-1.5 %) | (-23.1 %) | (-40.9 %) | (-54.6 %) | (-64.4%) | (-70.3 %)

It remains to discuss the sensitivity of the results with respect to the chosen load incre-

ment. We examine here the formulation based on the element Q1SP, for the compressible
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and the incompressible cases, and a moderately distorted mesh (d = 1). Convergence to
the final solution with decreasing load step is shown in Figure 5 for the displacement ws.
For the present example, the final solution is obtained up to an error of -5 % by using

only eight load steps.

. Sensitivity with respect to the load increment.

Already for a simple example such as the two-element test, one observes that enhanced
element formulations sometimes react with extreme sensitivity if large load steps are
applied. This is particularly so for the nearly incompressible case. For instance, on
average about eight load increments were necessary to compute the solution depicted in
Figure 5. Thus, the disadvantage of the element Q1SP which lies in the necessity of
smaller load increments, is compensated for by its greater robustness in comparison with
the enhanced element formulation. Moreover, using too large load steps with Q1SP still
gives a result which might be inaccurate, but which serves as an approximate check on the
order of displacements or reaction forces. The enhanced element formulation, on the other

hand, tends to exhibit instabilities which often lead to an interruption of the calculation.

Certainly, the latter statements have to be verified in the context of more sophisticated

examples.

3.2 Cook’s membrane

The following example is a standard test used to check element performance in bending-
dominated problems. The geometry and the loading of the structure are plotted in Figure
6. In this figure, the deformed structure (compressible case) computed with Q1SP is
also depicted. The material parameters are the same as in the previous example (y =
80.194 N/mm?*, A = 120.291 N/mm? for the compressible case and y = 80.194 N/mm?,
A = 400889.806 N/mm? for the incompressible case). The vertical displacement at the
upper right node is calculated for various numbers of elements (see Figures 7 a,b) and
different element formulations. The sensitivity of the Q1SP formulation with respect
to the time step is shown in Tables V and VI. Note that for the compressible case, we
have Fy = 250 N and for the incompressible case Fy = 125 N. The load is consistently
distributed over the boundary nodes. The convergence to the correct solution for the
compressible case is comparable with the enhanced strain element formulation. For the
incompressible case QISP behaves even better. It has been shown already by SiMO &
ARMERO (1992) that mixed formulations like the Q1/P0 element according to SIMO ET
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AL. (1985) and StMO & TAYLOR (1991) do not show superior behaviour for this example
(for the small deformation case, see NAGTEGAAL ET AL. (1974)). We therefore omit this

example.

. Cook’s membrane: geometry, loading and deformed
configuration (compressible case)

. Study of convergence for various element formula-
tions: (a) compressible case, (b) nearly incompressible case.

: Sensitivity with respect to the load step, compressible case (Q1SP)

clements: | 1x1 | 2x2 | 4x4 | 8x8 | 16x16 | 32x32 | 64x64
AF =1F, | 1770 | 15.36 | 15.61 | 15.89 | 15.98 | 16.01 | 16.02
AF=1F, | 19.00 | 15.44 | 15.62 | 15.89 | 15.98 | 16.01 | 16.01
AF =1F, || 19.38 | 15.46 | 15.62 16.01
AF =1F, |[19.34 | 15.47
AF =L Fy | 19.27 | 1547
AF =& Fy | 19.23
AF=2LF, | 19.21
AF = L Fy | 19.20

128

AF = L [ | 19.20

256

: Sensitivity with respect to the load step, nearly incompressible case (Q1SP)

elements: || Ix1 | 2x2 | 4x4 | 8x8 | 16x16 | 32x32 | 64x64
AF=1F [ 961 [792] - | - - - -

AF=1F |1032]792 - | - | - - B

AF=1E, | 1067 789 [8.11 | 823 | - -
AF=1F, | 10.83 789 (811 -~ | 828 | 831
AF =L Fy | 10.90 823 | — | 831
AF =L F | 10.93 8.28

AF =L F | 1094
AF = Fy | 10.95

128

AF = -2 I, | 10.95

256
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: Sensitivity with respect to the load step, nearly incompressible case

(Q1SP/r, see Section 3.3)

clements: || Ix1 | 2x2 | 4x4 | 8x8 | 16x16 | 32x32 | 64x64
AF=1F [961]792] - | - - - =

AF=1p 967790 | — | — | - - .
AF=1F 970|790 | 7.87 | 8.10 | 8.22 | 828 | -

AF=1Lp | 972 787|810 | 822 | 828 | -
AF=2LF 973 8.31
AF=2LF | 973 8.31

With an increasing number of elements, the solutions based on QQ1SP become increas-
ingly insensitive with respect to the load increment chosen. In other words, in order
to study convergence behaviour, it is not even necessary to take small load increments,
since at the end the converged solution is obtained in any case, even for the largest load
step possible. This insensitivity is very advantageous and is unexpected, considering the
theoretical background presented in Section 2.1. In the incompressible case we need even
fewer load steps with QISP than with Q1/E4, since for this case the enhanced element

does not behave robustly, making it necessary to use more load steps.

The dependence on the size of the load increment can certainly be eliminated by
assuming the stabilization factors to be constant. A good choice is then usually to set
them equal to the shear modulus. For this example such a modification yields acceptable
results, although the convergence behaviour is not as good as that described in Table VI.

We obtain the following results (a; = az = p, as = 0):

elements: || Ix1 | 2x2 | 4x4 | 8x8 | 16x16 | 32x32 | 64x64
| 4.52]6.10 | 7.46 [ 8.03 | 8.22 | 8.29 | 832

Another interesting test can be carried out by discretizing the structure using an
automatic mesh generator, and then comparing the results with those obtained using
regular meshes. We use here the mesh generator developed by RANK ET AL. at the
University of Dortmund (Germany) (see RANK ET AL. (1993)). Various discretizations
have been investigated. The mesh with 33 elements in the deformed configuration is

depicted in Figure 8.

Cook’s membrane: irregular mesh (33 elements),
incompressible case.
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We have also carried out a study of convergence for the irregular discretization. The
results are: 7.94 (33 elements), 8.19 (143 elements), 8.27 (592 elements), 8.32 (2395
elements). Evidently the element is not sensitive to mesh distortion; the convergence
behaviour is just as good as in the calculation with the regular mesh. We see that even

fewer elements are needed to obtain results of the same quality.

3.3 Compression test

It has been observed in the past that the sensitivity of enhanced element formulations
causes difficulties especially in compression problems. We therefore have to check the
performance of Q1SP in precisely these situations. The geometry and the loading of the
structure are plotted in Figure 9, and the deformed configuration is computed for the
incompressible case (element QQ1SP). The material parameters are the same as in the
example before. The boundary conditions at the top of the structure are chosen in such

a way that the nodes cannot move in the horizontal direction.

. Compression test: geometry, loading and deformed
configuration (nearly incompressible case).

In Figures 10 a,b, the convergence behaviour of Q1SP is plotted for various load states.
The load factor v = p/po refers to pg = 20 N/mm? (thickness ¢ = 1mm). A sufficiently
accurate solution is obtained in the compressible case with load increments of Av = 1,
and in the incompressible case with Arv = 0.5. The percentage of compression refers to
the upper middle node. For a low number of elements, the slope of the curves becomes
steeper with increasing load factor. This can be explained by the fact that in the range
of large compression, more elements are needed to display realistically the distortion of
the structure. Note that the Q1/P0 element formulation according to SIMO & TAYLOR
(1991) shows faster convergence to the final solution (see Figure 10b).

. Study of convergence (Q1SP): (a) compressible case,
(b) nearly incompressible case (Q1SP and Q1/P0).

In the compressible case, even the standard displacement element Q1 shows excellent
results. The convergence behaviour is comparable with that shown in Figure 10a. The
enhanced element formulation of SIMO & ARMERO (1992) modified according to SIMO ET
AL. (1993) exhibits severe hourglassing already at a compression of 58 % (see Figure 11).
Note that one of the modifications proposed in SIMO ET AL. (1993) is to use a five-point
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integration rule. The use of the usual four Gauss points leads to the breakdown of the
calculation in the range of 50 % (eight elements over the height). The situation becomes
even more serious in the range of almost incompressible problems. Here, Q1/E4 confirms
the results obtained using Q1SP. At v = 33.5 (with 32 elements over the height), however,
the calculation with Q1/E4 collapses due to the presence of instabilities. Thus, we can
conclude that due to their extreme sensitivity, the enhanced element formulation Q1/F4

(and also QS6) are not appropiate for a complete investigation of the present example.

. Hourglassing for Q1/E4: compressible case, 58 %
compression.

In the range of large compression, the computation using Q1SP displays a problematic
zone in the upper layer of elements. Some of the elements lose their convex shape and the
upper middle node moves up in relation to the neighbouring nodes (see Figure 12a and,
for a comparison with Q1, Figure 12b (compressible case)). These effects are observed for
QISP in the compressible as well as compressible cases, whereas they are not displayed
by Q1/P0. For this reason, we have evidently found a deficiency of the new formulation.
Note that this undesirable behaviour diminishes progressively with an increasing number
of elements (see Figure 13 (compressible case)). Interestingly, the effect can be avoided
by carrying out the computation of the stabilization factors with respect to the reference
configuration (element formulation Q1SP/r). This can be explained by the fact that every
deformed configuration associated with a converged solution has to be considered as the
reference configuration for the next load increment. In the case of large compression, the
shape of the elements becomes very disadvantageous for the accuracy of the calculation,
since the ratio between the longer and shorter sides of elements is very high. In such
cases the stabilization factors are also too high, leading to locking in the high compres-
sion zone of the structure. Thus, an adaptive method would be necessary in order to
obtain satisfactory accuracy of the solution. Basing the calculation of the stabilization
factors on the undeformed configuration while still using the current material tensor is,
interestingly, a simple means of overcoming this difficulty, since in the undeformed state,
the elements have a reasonable ratio of sidelengths. It should be additionally noted that
the element formulation QISP /r is still consistent with the variational functional ,
since the stabilization factors can be chosen arbitrarily. Moreover, the rate of convergence
is controlled only by the constant part of the stiffness matrix. The results for Cook’s mem-
brane do not change noticeably but the sensitivity with respect to the time step is further
reduced (see Table VII). Concerning the present example, the convergence behaviour of
Q1SP/r is even better that that of the Q1/P0 element formulation, which is already very

appropriate for compression tests in nearly incompressible large compression problems.
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The comparison between Q1SP/r and Q1/P0 is shown in Figure 14 (nearly incompressible
case). The deformed configuration for an extreme compression is plotted in Figure 15a.

For a comparison with Q1/P0, see Figure 15b.

. Deformed configuration (85 % compression, 8§ ele-

ments over the height): (a) Q1SP, (b) QL.

. Deformed configuration (85 % compression, 32 ele-

ments over the height): (a) Q1SP, (b) QL.

. Study of convergence (nearly incompressible case):

QISP /r and Q1/PO0.

. Deformed configuration (65 % compression, incom-
pressible case): (a) QISP/r, (b) Q1/P0, (c¢) QLISP/r (distorted

mesh)

If the stabilization factor is held constant, and equal to the shear modulus, we obtain
with 8 x 8 elements the following results: 23.6 (v = 10), 39.4 (v = 20), 49.8 (v = 30),
57.3 (v = 40), 63.1 (v = 50), 68.2 (v = 60). With the use of more elements the same
solution as depicted in Figure 15 is achieved. Thus, as in the previous example, holding

the stabilization factors constant reduces the performance in regard of convergence.

The convergence behaviour for distorted meshes is displayed in Table VIII.

: Study of convergence nearly incompressible case, irregular discretization

load factor v: H 10 ‘ 20 ‘ 30 ‘ 40 ‘ 50 ‘ 60
23.5139.0 | 49.3 | 56.5 | 62.2 | 67.1

23.5 1 39.1 | 49.2 | 56.0 | 60.9 | 64.6

51 elements

182 elements

The convergence behaviour is comparable with that displayed in Figure 14. Note,
however, that also in this example fewer elements are needed to achieve this result. This
is due to the fact that in the compression range a finer discretization is chosen than in

the areas close to the left and the right boundaries of the structure.

A last task is to compare the computational efficiency of various element formulations.
As a bench mark test, we apply the load associated with v = 40 in 80 steps (incompressible

case). The CPU time needed for this calculation is compared below.
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CPU [s] || 16 el. (528 eq.) | 32 el. (2080 eq.)

QISP/r 32.90 229.84
Q1/P0 84.35 438.43

Ql 44.23 278.33
Q1/E4 > 100 > 500

Evidently, computations based on the new element are very efficient. This should be
expected, since we carry out only a one Gauss point integration. The calculation of the
stabilization factors can be done partly analytically, which reduces the computational
effort enormously. Note that such an analytical approach is usually only possible in the
theory of small strains but can still be employed here due to the use of the linearized

variational principle (see the analysis in Section 2).

3.4 Stability behaviour

An important aspect of the new element is the issue of its stability. It has been shown
that enhanced elements exhibit excellent performance in problems which exhibit mate-
rial instabilities, for example, a rubber sheet under biaxial tension (see e.g. REESE &
WRIGGERS (1996)). In structural stability problems, however, such as the problem of
axial compression of a solid cylinder, severe problems due to hourglass instabilities arise
(REESE (1994), KORELC & WRIGGERS (1996). This hourglass instability can be in-
vestigated analytically by considering the homogeneous compression of a sheet which is
modelled using only one element (WRIGGERS & REESE (1996)). This example has sub-
sequently been examined by KORELC & WRIGGERS (1996) and GLASER & ARMERO
(1998). In both of these works, a modification of the original enhanced element formula-
tion is developed, in order to circumvent hourglass instabilities. As already mentioned,
however, a clear explanation as to why these hourglass instabilities do not then appear,
is not given. Moreover, inhomogeneous compression tests, which constitute a difficult
test problem, are not treated in these two works, so it is unclear how the new enhanced

elements would behave in such a situation.

The interesting question at this point is whether Q1SP exhibits any hourglass instabilities.
One could assume that, due to the fact that the stabilization factors are calculated by
means of a comparison with the enhanced element formulation, Q1SP has inherited also

the hourglass instabilities.
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We investigate here the same example as that discussed by WRIGGERS & REESE
(1996). The geometry and the loading of the structure are depicted in Figure 16. The
material parameters are y = 20 N/mm? and A = 100000 N/mm?. We investigate at all

times the four singular points which first appear.

The associated eigenforms are plotted in Figure 17. They are physically reasonable,
in that these four singular points represent physical bifurcation points. The compression
states (in percentages) associated with the four singular solutions are given in Table VIII

for various numbers of elements.

. Homogenous compression test: geometry and load-

ing.
. Eigenforms associated with the first four bifurca-
tions.
: Compression states associated with the first four bifurcations
L2 3[4 [ 1. ]2 [3 [4 ] ]2]3 |4
elements Q1SP Q1/P0 Q1
Ix1 - | - - = 1-=-1-1 - - | -
2x2 95 | — | - 60 | — - - - | -
4x4 8 | — | - 55165 80| — || — - | -
8x8 55 | 85195 50 |55 (60|65 | — - | -

16x16 50 [ 55| 70 | 85 || 50 | 50 | 50 | 55 || 95
32x32 50 150 |50 |55 |50 |50 505019095 — | —
64x64 50 | 50 | 50 | 50 || 50 | 50 | 50 | 50 || 75 | 90 | 95 | 95

As Table VIII shows clearly, we observe extreme locking for Q1, since one needs a
very high number of elements to detect a bifurcation at all. The associated compression
state is, however, much too high. This is different for Q1SP and Q1/P0; the use of these
elements leads to a converged solution for all four bifurcations with about 32 x 32 ele-
ments. In this example Q1/P0 shows faster convergence to the correct solution, but it is
important to note that Q1SP, like the modified enhanced strain element versions of KO-
RELC & WRIGGERS (1996) and GLASER & ARMERO (1998), does not exhibit hourglass
instabilites. KORELC & WRIGGERS (1996) investigated only the first bifurcation and
achieved convergence with 20 x 20 elements. This is comparable to the result obtained
with Q1SP (see Table VIII). The computation of GLASER & ARMERO (1998) was based
on the material parameters ¢ = 80.2 N/mm?* and A = 40000 N/mm?. The results for the
four bifucations are (10 x 20 elements): 1.) 50 %, 2.) 50 %, 3.) 56 %, 4.) 73 %. With
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QISP we obtain for the same material parameters 1.) 48 %, 2.) 52 %, 3.) 60 %, 4.) 73 %.
Thus, again, the results are approximately equal, though it has to be borne in mind that
this is still not the converged solution, since all four bifurcation points should be detected

at about the same compression state.

We consider now the same structure as in Section 3.4.1 (see Figure 18). The loading is,

however, chosen to be different, and is such that a biaxial tension state is obtained.

. Homogeneous tension test: geometry and loading.

We investigate here only a compressible material with g = 80.194 N/mm? and A =
120.291 N/mm?, since in the incompressible limit in this example, due to the plane strain
state, no deformation takes place. The present example can be analysed analytically (see
e.g. REESE & WRIGGERS (1997)), and one can find quite easily that a singular solution
(bifurcation) is obtained for the stretch A = (14w)/(2mm) = 1.527. As already discussed
in Section 1.3, such a so-called material instability is detected locally, i.e. in each element
if the investigation is carried out by means of finite elements. Thus, we can expect that
with an increasing number of elements more and more zero eigenvalues of the tangent
operator would be obtained, leading to a clustering of zero eigenvalues. It is interesting to
observe that the element formulation Q1SP shows hourglass instabilities in this example
(A = 1.238). Some hourglass eigenforms are plotted in Figure 19. The occurrence of this
effect is due to the fact that the calculation of the stabilization factors is based only on
the material tensor, i.e. the material part in the tangent operator, whereas the stresses,
which have a stabilizing effect here, are not taken into account. Consideration of also the

stresses eliminates the hourglass instablity effect completely.

We then observe, in agreement with the analytical calculation, the clustering of eigen-
values for A = 1.527 (see for some physical eigenforms Figure 20). The hourglass in-
stability effect is already noticed, if only one element is taken. If the calculation of the
stabilization factors is based only on the material tensor, we obtain two physical eigen-
forms for A = 1.366 and A = 1.527, but also one hourglass eigenform for A = 1.527. If the
stabilization is based on the total tangent operator, the calculation yields two physical
eigenforms for A = 1.527 according to the analytical result (for the one-element eigen-

forms, see Figure 21).

. Hourglass eigenforms.
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. Physical eigenforms.

. Bifurcation forms obtained with only one element:
(a) hourglass eigenform, (b) physical eigenforms.

In this example, the enhanced strain element formulation shows superior behaviour,
and gives results that are in complete agreement with the analytical result. The element
formulations Q1 and Q1/P0 do not perform satisfactorily and exhibit strong locking

behaviour.

Note that in the case of a structural stability problem, the stresses have a destabilizing
effect which would cause hourglass instabilities also for the present element formulation.
Thus, it can be expected that the enhanced element Q1/F4 would be free of hourglass
instabilities in compression problems, if the geometrical part of the tangent operator
were not taken into account in the calculation of the internal degrees of freedom. Such
a modification might also improve the overall performance of the element. For material
stability problems, however, the geometrical part is needed for the stability of the element.
Certainly, “a problem-dependent change of versions” is not desirable from the point of
view of the average user of a professional finite element code. But, fortunately, for the
present element formulation the problem can be easily overcome by controlling the sign
of the stabilization factors: if one of the factors turns negative it is set to be equal to the
shear modulus. The geometrical part is left out generally. Since the stabilization factors
can be chosen arbitrarily this is a “legal” choice. Note that the stabilization factors are
theoretically allowed to be negative, but experience shows that the element reacts then
very sensitively. This simple check prevents hourglass instabilities while the performance
of the element is still satisfactory. It remains to investigate, whether a similar modification

can be developed for the enhanced strain method.

Conclusions

The goal of this paper has been to develop an element formulation which exhibits at least
the same quality of results as that obtained using enhanced elements, while at the same

time being much more simple and robust.

For this purpose, we have developed a new stabilization technique, where for the com-
putation of the stabilization factors the equivalence of the three-field variational problem
to the corresponding standard problem with underintegration (one Gauss point integra-

tion) has been exploited. The main steps in the derivation are the linearization of the
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mixed variational principle and the application of the equivalent parallelogram concept.
The calculation of the stabilization factors boils down to an almost completely analyti-
cal analysis, so that the new formulation is extremely efficient from the computational
point of view. Another main advantage is that only three history variables are needed.
Of further importance is the fact that the first iteration step within a Newton iteration
loop is treated differently from further steps, since only in the first step the calculation
of stabilization factors is carried out. Consequently, the results depend on the size of the

load increment chosen, which represents a disadvantage of the proposed formulation.

The examples have shown, however, that the dependence of the load step decreases
very rapidly with an increase in the number of elements. Therefore, if the discretization of
a structure is chosen in such a way that a more or less converged solution is obtained, the
non-physical sensitivity of the results with respect to the load increment can be considered

to be negligible.

The applications investigated in this paper show that the new element formulation
displays superior behaviour, especially with regard to the rate of convergence, robustness,
computational efficiency, and the sensitivity of the results with respect to mesh distor-
tion. The overall excellent performance is maintained as well for nearly incompressible
problems. In many examples, results obtained using other elements could be noticeably

improved. This holds in particular for the usually difficult compression problem.

With regard to structural stability problems, the undesirable hourglass instability effect
does not occur. The quality of the results is comparable to that achieved by means of
recent highly sophisticated enhanced strain element formulations. In material stability
problems, however, non-physical instabilities appear. These can be avoided if the sign of
the stabilization factors is required to be always positive. Note that this might lead to
locking, since for certain cases the stabilization factors have to be negative in order to show
superior convergence behaviour. In general, however, the influence of the stabilization

factor check is only marginal.

The developments presented here have all been in the context of plane problems, and
this begs the question whether it is feasible to extend this approach to three dimensions.
This would of course be highly dependent on the notion of an equivalent parallelipiped as-
sociated with a hexahedral element. Such an extension has been carried out by IKUSSNER
& REDDY (1998), and as one might expect, it is considerably more complicated than the
notion of the equivalent parallelogram, though the principle is the same. The development
of a stablilized hexahedral element based on an equivalent parallelipiped is a subject that

awaits investigation.
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The extension of the present element formulation to more complicated material models
is trivial as long as no side conditions, such as for instance those required in plasticity
problems, have to be considered. Thermomechanical influences may also be easily incor-
porated. The difficulties in plasticity problems are due to the fact that the calculation of
the stabilization factors is based on the material tensor in the first iteration step. The
material tangent, however, can change substantially when plasticification comes into play.
Thus, basing the stabilization only on the elastic tangent would lead to locking, whereas
the use of the plastic tangent might lead to hourglassing, if unloading occurs. Problems

of elastoplasticity would therefore require a partially new approach.
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