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Abstract The purpose of this work is to report on a method for overconiire effects
of severe mesh distortion in finite element analyses. Théodeentails the
replacement of arbitrary quadrilaterals, in computatidaysparalellograms that
re closes to the original elements, in a rigorous sense. &hdting method is
referred to as an affinie-approximate method, and is deedldp the context
of enhanced assumed strains with low-order elements. €tiealr results on
convergence of the method are presented, and its extengiosklems inviolving
Mindlin-Reissner plates is discussed, with examples pitese
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1. Introduction

The inherent economy of four-noded quadrilaterals in twoatisions, and
eight-noded hexahedral elements in three, results in thedag popular choices
of elements in finite element analyses. Unfortunately, #reynot without their
drawbacks. In problems of solid mechanics in which bendiefprinations
dominate, analyses based on these elements exhibit pooraagc at least
when coarse meshes are used. In addition, in the incomipie$siit, or when
the compressibility is small, locking behaviour is expeced.

There is a vast literature that is devoted to the constmatfanethods which
are intended to overcome these problems, while retainiagattvantages of
using low-order elements. Remedies include the use of umdgration and
stabilization (see [5] and [8]). Another popular approacthat of enhanced as
sumed strains [18], which contains as a special case th@nforming method
of incompatible modes [23, 20]. The method has been suadlyssktended
to nonlinear problems (see, for example, [LREDDY AND SiMmo [15] have
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shown, for linear problems and for affine elements, that titeaeced strain
method is stable and convergent, WWlBUNAKIRINATHAR AND REDDY [2]
have extended that work to include the case of arbitrary jasetals. In more
recent work [6], it has been shown that the method convergiésrmly in the
incompressible limit.

The method of enhanced assumed strains exhibits a declaeiumacy with
increase in element distortions. This problem leads to ttem of replacing
the arbitrary quadrilateral by the affine element (a paiaiem) that is closest
to it, in a manner that can be made precise. Such an elemenovenkas the
equivalent parallelogram in two dimensions, and the edgemigparallelipiped
in three. This set of ideas has been proposed, and then testaedrically,
first in the context of problems of linear elasticity in [13Jyd subsequently for
problems involving nonlinearly elastic materials, in [16). In all cases the
numerical results are encouraging, and suggest a sigriificggmovement in
effiency and accuracy when this approach is used, partigitecircumstances
in which element distortions are significant.

The purpose of this work is, first, to report on an analysisigamed at ver-
ifying the good approximation properties of affine-approate finite element
methods. The key result is that the method converges at tivaalpate pro-
vided that the element distortion is of the order of mesh, $izthe asymptotic
limit. These results are presented in greater detail in J3je second aim of
this work is to present results on the extension of these adstto the analysis
of Mindlin-Reissner plates, for which shear locking is a onahallenge in the
thin-plate limit. Preliminary results in this regard haygeaared in [14], and
some further results are presented here.

2. Formulation of the problem

Let Q be a bounded domain iR? (d = 2,3). We will make use of the
spaceL?($2) of square-integrable functions defined @n The inner product
and norm on this space are denoted respectively,by, and|| - ||o. We recall
also the definition of the Sobolev spake (2), which is the Hilbert space of
functions which, together with their first generalised datives, are members
of L?(£2). We also define the spaég! () of functions inH ! (2) which vanish
on the boundary, in the sense of traces. The semingins a norm ont; (),
equivalent to the standard nofm ||;.

Denote by := [H}(2)]¢ the space of admissible displacements, and define

the bilinear forma(-, -) and linear functionaf(-) by

a:VxV =R, a(u,v) = [ Ce(u) : €(v) de, (1)
Q

L:V =5 R, é(v):/b-vdw. 2
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e is the infinitesimal strain tensaw, is the displacement vectdt, is the fourth-
order elasticity tensor, aritlis a prescribed body force vector. For convenience
we assume that the displacement satisfies a homogeneouhkl&ithoundary
condition.

The properties of guarantee that(-, -) is symmetric, continuous, arid-
elliptic. The standard variational problem is as follows.

PROBLEM S. Givenb € V', find w € V which satisfies

a(u,v) = £(v) 3

forallv € V. Itis well known (see, for example, [7]) that Problem S has a
unique solution, which depends continuously on the data.

Finite element approximations. We confine attention to plane situations,
so thatd = 2. The domair is assumed to be polygonal, and a finite element
mesh7 of quadrilateral elements is constructed @nin the usual manner.

A typical elementK in 7 is generated by an isoparametric mepfrom a
reference elemerk = (—1,1) x (—1,1). The mesh parametéris defined

by h = maxge7 sup{|x —y| : @,y € K}. We define basis functions
Na (A=1,...,4) 0onK by

NA(€) = 2L+ €€a) (1 +mma),

where¢ , = (£4,74) are the nodal coordinates @, with (&, - -- &) = (1 —

1 —11)and(n;---m4) = (11 —1 —1). Denote byQ; the space of bilinear
functions spanned byv4. Then it is convenient to express the mépn the
form

4
F:K—K, «=F¢&=) ziNa€) 4
A=1

in which x 4 are the nodal points ak. The Jacobian matrix and determinant
are denoted by andj.
We defineV’ = {'Uh ev: (vh)i|K oF € Ql}

The equivalent parallelogram.  The equivalent parallelogram associated
with a quadrilateral is obtained by perturbing the quatkila to obtain the
parallelogram that is closest to the quadrilateral, in @ipeesense. It has been
shown in [1] that the equivalent parallelograihassociated with is defined
by the affine map F' obtained simply by discarding the bilinear terms in (4).
That is, if we define the vectd by k = i(:z:l —x9 + x3 — x4), then the map
F may be expressed in the form

4
F(e) = F(&) — kén = 3 Na(€)aa
A=1



4

in which the nodal pointg 4 of the equivalent parallelogram are defined by
A= %wA + i(w,qﬂ — X2 +xays), A=1,...,4(modulo4).

These notions are illustrated in Figure 1.

equivalent parallelograrfy

quadrilateralK’

Figure 1. The equivalent parallelogram associated with a quadréhte

Suppose that the affine map fral to K takes the formz = C¢ + ¢, in
whichC andc are respectively a constant matrix and vector; themist®rtion
parameterri for elementk is defined by

T = |C k| (5)

The distortion parameter associated with a finite element mesh is defined by
T = maxie7 |TK|. We define ark-regular mesho be a finite element mesh
for which7 = O(h).

The enhanced assumed strain problem. In this formulation, proposed by
Simo AND RirAl [18], the discrete straig;, takes the form

€n = G(Uh) + Mhs (6)

the first term on the righthand side being evaluated a®%)) (hile the second
term on the righthand side is the enhanced strain, whiclgisined to have the
propertyn; — 0 ash — 0.

In order to formulate the problem in weak form it is necessargdd to the
spaces already defined the sp&¢eof enhanced strains, which is defined by

.= {’y P Y € L2(Q), Yii = Vijs / (C’7|K dzxdy = 0forall K € T}
K
(")
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In practicel™” will comprise functions of the formy = j~'4 on each element,
in which the components ef are simple polynomials defined on the reference

elementk’. A consequence of this definition is thf(g CH dédn =0 [2].
K

We Set¢h = (uh7nh) and,(/)h = (vh7’7h) for Up, Vp € Vh and’r’h? Yn €
I'", and define the product spagé := V" x I'*., The bilinear formA :
TP x ¥h — Ris defined by

Ay tby) = /Q Cle(un) +mn) : ((vn) +p) dzdy.  (8)

The weak formulation of the problem then takes the followfioign [15, 18].
ProBLEM E”. Find (uy,n;,) € V* x T'* such that

A(ep,¥y) = L(vy) forall g, € U )

We have the following result [15, 2, 6].

THEOREM 2. Let7 be a regular mesh of quadrilaterals on a bounded
polygonal domairf) € R2. Let the spac&™” be defined by3?), and the space
' by (7). Assume, in addition, that

(@) e(V*)nrh = {0}

(b) there exists a constami with 0 < ¢; < 1 such that, for anyy, €
T, |Py,lie < ety whereP is the L2-orthogonal projection onto
e(Vh).

Then there exists a unique solution to Problefh EFurthermore, ifu €
[H?(2)]?, then there exists a constafit> 0, independent of, such that

lw —wnllv + l[malle < Chluye.

That is, the method is uniformly convergent in the incomgitee limit.

Equivalence with underintegration plus stabilization. For the case in
which the finite element mesh comprises elements which aedi@agrams, it
can be shown [12] that, after the enhanced strain degreesaafdm have been
condensed out at element level, the stiffness matrix tdiesiécoupled form
K = K, + K,, inwhich K is the matrix corresponding to the constant part
of the strain, andK .. is the rank two stabilization matrix for the plane strain
problem, given byK . = \rerel + Ageges, in whiche; (i = 1,2,3) are
expressed in terms of the flexural eigenvaldes \g, anda.

Affine finite element approximations. An affine-approximate formulation
is constructed by replacing integrals over arbitrary quaigrals by integrals
over their equivalent parallelograms. Since the map ffono K is affine, the
associated Jacobian matrix and determinant are constahthe integrals can
be evaluated exactly.



Numerical results presented BWWESSNER AND REDDY [12] in the case of
linear elasticity, and bREESE and coworkers [16, 17] for problems involving
nonlinear elasticity and finite deformations, show in additthat, when this
concept is applied to enhanced assumed strain formulatiogsesults repre-
sent in many cases an improvement over those obtained byotiverational
approach.

Define

A (R Bp) = / C(&(ion) + By) : (E(@n) +7p) didy  (10)

K
and
) = [ b dady, 1)
K
wherex;, = (wy, 8,),
S o} o

(Vo) = 5=+, &@) = 5(Vo +[Va]"),

8xj
and superposed tildes on other quantities denote tranafanmnto the domain
K. Set

Al ) = Y Ag(Rpoby) and £(epy) = Y Le(dy). (12

KeT KeT

Then the affine-approximate problem is the following.

ProblemE".  Givenb € V', findx,, := (wy, 3,) € V" x ¥ which satisfy

Alxp, ¥y) = L(ypy,) forall g, € T, (13)

The following has been proved in [3].

THEOREM 3 LetT be anh-regular finite element mesh of quadrilaterals,
with the maximum distortion of quadrilaterals being bouthdethe sense that
7 < ch for some constant, independent of, ash — 0. Let¢p = (u,0) € ¥,
wherew is the solution to Problem S. Then Probld# has a unique solution
X, Which satisfies

I = xnllw < Ch,

the constant depending on the geometry, on the material teridcnd onu,
but not onh. a
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3. Application to Mindlin-Reissner plates

In this section it is shown how the theory and methods desdrdarlier may
be extended to the case of Mindlin-Reissner plates. Consigdate which
ococcupies the domaif? x (—t/2,¢/2). The plate midsurface displacement
and rotation are denoted respectivelydognd@, and the curvature and shear
strain-y are then given by = (61,1 022 6012+ 9271)T andy = -0 + Vw.
The Kirchhoff thin plate limit corresponds to the situatiorwhich 6, = w ,.

E, Ey 0
With the bending stiffness defined®, = | EF, FE; 0 |,whereE; =
0o 0 @G

L Ey,=vE;, andG = 1+iy,Eandz/ being Young’s modulus and Poisson’s

1—-v2>

ratio, respectively, the total potential energy of thegiatgiven by

I = %/ [gnTDbn + Gt’yT’y] dA —/ fw dA.
A A

The use of piecewise bilinear approximationsdcandé leads to shear lock-
ing behaviour when the thickness is very small relative éddteral dimensions
of the plate (see, for example, [9]. Various remedies, faneple, selective re-
duced integration [10], assumed strains or mixed intetwolg[13, 11, 4], and
linked interpolations [21, 22], have been proposed.

An attempt has also been made,31w10 AND RIFAI [18] to overcome the
problem of locking through an enhanced assumed strain appym which the
discrete shear strain is given By, = v(wy, 614, 602,) + Goy,; the displace-
ments and rotations are approximated by bilinear functmmgach element,
and the matrbG is given by

(&€ 0 & O
G_<077 ) 577) (14)

on the reference element. The strain energy for the disqetielem then
becomes

% /A [f—;nbenh + Gt(yy, + Gah)T('yh + Gah)] dA.

For arbitrary quadrilaterals it is necessary to use thesfoamation G =
(j/jo)JgTG in which J is the Jacobian at the centroid afd = detJ,.
This leads to a method that is identical to that proposediby:HES AND
TEZDUYAR [11] andBATHE AND DVORKIN [4] for rectangles.

For arbitrary quadrilaterals the enhanced assumed stppiroach exhibits
sensitivity to distortions, and itis natural to enquire te an affine-approximate
approach is able to mitigate the effects of significant mestodion. The ap-
proach is very similar to that described earlier in the ceinté problems of
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plane elasticity, and some examples of the performanceioatiproach may
be found in [14].

Further insight into the behaviour of the new element may dieegl by
carrying out a spectral analysis of a single element. Cendidst a square
elementwith unit side length = 1, thickness varying from =0.1 tot =0.001,
modulus of elastictyy = 10, and Poisson's ratio = 0.3.

Table 1 shows the dependence of the eigenvalyem the thickness,for
the standard element, selective reduced integration,lenerithanced assumed
strains. Three of the eigenvalues, corresponding to rigilybmodes, go to
infinity as¢t — 0. A locking free element should exhibit only two further
eigenvalues going to infinity which correspond to warpinglem For the stan-
dard element a total of eight eigenvalues become unbouirdagreement with
the known shear locking response of thsi element. Selectsheced integra-
tion minimizes the problem of shear locking and exhibitsydnio eigenvalues
going to infinity, over and above those correspoding to rigpgdy modes. But
the fomulation possesses two additional zero eigenvatoesesponding to two
zero energy modes known as thehourglass mode and the in-plane twist mod-
e, which indicate the well known rank deficiency of the redlic¢egration [9].
The enhanced strain method exhibits four eigenvalues goingfinity, thus
leading to a formulation that still exhibits mild locking.

TABLE 1. Dependence on eigenvalues on thickness for a salaneent

Standard SRI EAS

h =0.01 0.001 0.01 0.001 0.01 0.001
48.08*1F | 48.08*10 | 48.08*1F | 48.08*1C | 48.08*1F | 48.08*1C
48.08*1F | 48.08*10° | 48.08*1F | 48.08*1C° | 48.08*1F | 48.08*10
28.85*1¢ | 28.85*10 | 0.12 0.12 28.85*1¢ | 28.85*1C
3.21*10 3.21*10" 0.06 0.06 3.21*1C0 3.21*10
3.21*10 3.21*10" 0.06 0.06 0.12 0.12
3.21*10 3.21*10 0.04 0.04 0.06 0.06
1.07*10 1.07*10" 0.04 0.04 0.06 0.06
1.07*10 1.07*10" 0.00 0.00 0.04 0.04
0.06 0.06 0.00 0.00 0.04 0.04
0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00

Table 2 reveals significant differences when the node a} id tfanslated to
(3,3). Results are shown for the case-0.01, and for the standard element,
selective reduced integration, enhanced assumed staaitienhanced asusmed
strains with the affine approximation (EAS-AFF). All fornatibns exhibit the
same number of eigenvalues which become unbounded and aieidero, as
in the undistorted case, but for enhanced assumed strairtertiency to mild
locking is much smaller.
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TABLE 2. Eigenvalues for quadrilateral obtained by moving

the node at (1,1) to (3,3)

Standard SRI EAS EAS-AFF
144.99*1F | 144.23*1F | 139.11*1¢ | 144.95*1C
66.95*1F 41.67*10 51.69*1F 43.77*10
38.21*1C 0.28 37.94*1C¢ 27.97*1C¢
9.62*1C 0.13 8.82*1C0 9.57*1C0
9.23*1C0 0.10 0.26 0.27
9.14*1C 0.06 0.13 0.12
2.95*10 0.02 0.06 0.06
2.83*1C0 0.00 0.06 0.03

0.19 0.00 0.02 0.01
0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00

Work in progress.. lItis clear, from investigations using the basis (14) for
the enhanced strain modes, that the resulting shear sttainst satisfy the
constraint of continuous transverse shear along the edgdbd case of an
arbitrary quadrilateral (see, for example, [22] for a d&sian of this criterion).
Preliminary studies indicate that the citerion is meGifis augmented by at
least two modes, so that it takes the form

G- €0 & 0 1-—39° 0
N0 0 &y 0 1-3¢ )

The consequences of such a modification are currently beusgtigated.
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